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This paper, which is the first of three, is concerned with the general properties of the noncompact
group SU(2, 2), the Lie algebra of which is isomorphic to the Dirac algebra. In the course of our study
of the unitary representations, we first obtained all the finite dimensional irreducible representations..
The associated Young diagrams are shown to have simple properties; the degenerate Young diagrams
always denote degenerate representations. Through a theorem of Harish~Chandra, which relates the
finite representations to the unitary representations in the discrete series, we are able to obtain explicitly
all the unitary infinite-dimensional irreducible representations in this series, both degenerate and non-
degenerate. The notion of multiplicity for nondegenerate representations is introduced and discussed in
connection with a new operator Fy, which is required for a complete labeling of states.

I. INTRODUCTION

ECENTLY there has been much activity in the
area of noncompact groups.! The motivation for

such studies among physicists is the attempt to
understand the hadron spectrum and its interactions.
The two groups that have received the most attention
are SL(6, c) and SU(6, 6), since they can be regarded
as “relativistic versions” of SU(6), which has a certain
amount of success. Therefore, the primary task in the
study of these moncompact groups is the under-
standing and classification of unitary irreducible
representations which are all infinite dimensional.

1 See for instance, Proceedings of the Conference on Non-Compact
Groups in Particle Physics, Y. Chow, Ed. (Milwaukee, May 1966)
(W. A. Benjamin, Inc., New York, 1966), Proceedings of the Confer-
ence on High-Energy Physics and Elementary Particles (Trieste, May,
1965); (International Atomic Energy Agency, Vienna, 1965); Y.
D(;than, M. Gell-Mann and Y. Neeman, Phys. Letters 17, 148
(1965).

2 C. Fronsdal, ICTP, Trieste, preprint IC/66/51 (1966); W. Ruhl,
Nuovo Cimento 44, 572 (1966); A. Salam and J. Strathdee, ICTP,
Trieste, preprint IC/66/5 (1966).

This is a very ambitious and complicated program,
and no complete answer is yet in sight.

In this paper, we plan to study the much simpler
group SU(2,2), the noncompact version of SU(4).
This group appears in the decomposition of

SU(6, 6) > SU(3) x SU(2, 2),

and its Lie algebra is isomorphic to the Dirac algebra
of 15y matrices. Furthermore, this group contains two
important subgroups, 0(3,1), the homogeneous
Lorentz group, amd SU(1,1), the noncompact
version of SU(2), which are the first two noncompact
groups studied exhaustively by Bargmann® and by
Gel’'fand and Naimark.* Since SU(2, 2) is also the
covering group of 0(4, 2), the conformal group in six
dimensions, it contains the two deSitter groups

3V. Bargmann, Ann. Math. 48, 568 (1947).

41. M. Gel'fand and M. A. Naimark, Izv. Akad. Nauk SSSR,
Ser. Matem. 11, 411 (1947); M. A. Naimark, Linear Representations
of the Lorentz Group (Pergamon Press, Inc., New York, 1964).
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0(4, 1) and 0(3, 2) as subgroups. Therefore, we see
that the group SU(2,2) has a very rich structure,
and a knowledge of its unitary irreducible repre-
sentations is highly desirable.

Several years ago Murai made the first study of the
representations of this group.® Unfortunately, he
omitted one operator in the specification of states
within an irreducible representation. Consequently,
he was able to study only the so-called degenerate
unitary irreducible representations; the nondegenerate
representations were completely ignored. Furthermore,
even for degenerate representations, Murai did not
obtain all the unitary irreducible representations.
Subsequent workers on this subject seem to realize
some of Murai’s inadequacies, but no clear statement
on this deficiency was made. Esteve and Sona®
applying Graev’s general theorem? obtained the three
fundamental series of unitary irreducible repre-
sentations; the discrete series were, however, not
studied. Furthermore, the “physical content” was not
given, i.e., the decomposition into unitary irreducible
representations of the maximal compact subgroup.
Within the past year, several papers have appeared
dealing with the representations of SU(2,2).! Un-
fortunately, because of the complications involved,
these authors all /imited themselves to special cases.
There is some overlap between these new results and
Murai’s work, but to what extent is not very clear.

In the present paper, we start by studying the
structure of the Lie algebra of SU(2, 2), Sec. 1I, in
which the generators of the group are defined,
commutation relations are written down, and the
maximal compact subgroup is introduced. Section III
deals with the complete set of commuting operators;
it is seen that besides the three Casimir operators of
SU(2, 2), we need a fourth operator, called Fg, and
the five operators of the maximal compact subgroup
SU2) x SU(2) x U(1) to uniquely specify a state
within an irreducible representation. The omission of
F; leads directly to the consideration of degenerate
representations only. In this connection, the important
idea of multiplicity is introduced; this is the number
of times an irreducible representation of the maximal
compact subgroup appears in an irreducible repre-
sentation of SU(2, 2). For degenerate representations,
all multiplicities are zero or one, while for non-
degenerate representations, some of the multiplicities

5 Y. Murai, Progr. Theoret. Phys. (Kyoto) 9, 147 (1953).

¢ A. Esteve and P. G. Sona, Nuovo Cimento 32, 473 (1964).

7 M. L. Graev, Tr. Mosk. Math. Obs. 7, 335 (1958); M. I. Graev,
Dokl. Akad. Nauk SSSR 98, 517 (1954).

8 A. Kihlberg, V. F. Muller, and F. Halbwachs, Commun. Math.
Phys. (Germany) 3, 194 (1966); R. Raczka and J. Fischer, ICTP

(1966), preprints I1C/66/16, 1C/66/36; 1. T. Todorov, ICTP, Trieste
(1966) preprint IC/66/71.
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may be greater than one. In Sec. IV, we discuss the
general expressions for the three Casimir operators
and Fy, and several recursion relations among the
“raising” and “lowering” functions are derived.
Section V deals with the finite irreducible repre-
sentations which are not unitary. However, they play
an important role in the classification of unitary
irreducible representations in the discrete series.
Several interesting results in the classification of
degenerate and nondegenerate finite representations
are obtained and they are summarized as theorems in
this section. Section VI deals with the unitary
irreducible representations in the discrete series.
Here a theorem due to Harish—-Chandra is used, from
which we know that for every finite irreducible
representation, there exist two unitary irreducible
representations in the discrete series with the same
values for the Casimir operators. This correspondence
holds true for both degenerate and nondegenerate
cases. An explicit enumeration of this correspondence
is given.

Due to the lengthiness of this paper, we have
decided to present our results in three parts. This
paper consists of Secs. I-VI described above. Paper II°
will be devoted to a general study of the degenerate
case, in which we present all the unitary irreducible
representations belonging to the several discrete and
continuous series. Paper III'® will be concerned with
the much more difficult study of the nondegenerate
representations in which the operator F; plays a
central role.

The reason we have presented the representations
of the discrete series in this paper is our feeling that
this series may be of particular physical interest.
Harish-Chandra’s theorem gives an intimate con-
nection between this series and the finite nonunitary
irreducible representations; this fact may be of
special relevance when application to particle physics
is attempted. Here, we do not engage in any
speculation of that nature, but restrict ourselves to
the algebraic aspect of the problem.

II. STRUCTURE OF THE LIE ALGEBRA

The group SU(2,2) is defined as the group of
transformations on a four-dimensional complex
space leaving invariant the indefinite quadratic form
|Z,]® + 1Z,]* — |Z4|* — |Z,[®. The compact version is
the group SU(4) which leaves invariant the positive
definite quadratic form |Z,]? 4 |Z,|2 4 |Zg|? + |Z,}2.
Let A% be the canonical generators of SU(4), «, f =

? Tsu Yao, J. Math. Phys. (to be published).
1% Tsu Yao, J. Math, Phys. (to be published).
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1, 2, 3, 4, then the canonical commutation relations
are
[45, A% = 6847 — 8iA8, «,B,7,6=1,2,3,4
' 2.1)
Because of the unimodular condition 3%_, A% =0,
we have 15 independent generators.
A. Definition of the Generators of the Group

Since SU(2, 2) has SU(2) x SU(Q2) x U(1) as its
maximal compact subgroup, it is convenient to
define the generators of SU(2, 2) slightly differently.
We start with the two SU(2) subgroups, and define

Jo=A41, J_=4, JL=§4i-4), Q2
K,=A% K_=A3, K,=§4L—4Y. (23)
Next, we have four noncompact SU(1, 1) subgroups,
P, =id}, P.=id;, Py=}4i—4), (24)
Q. =idl, Q_ =id}, Qo=3}4i—4), (5

S, =iA}, S_=id}, S,= 34} — 4D, (2.6)

To = 3(43 — 4)). (2.7

T, = id}, T_=iA},
The noncompact character of these subgroups is
obvious from the definition of their generators, e.g.,
the subgroup whose generators are P, , P_, and P, is
the group of transformations which leaves invariant
the quadratic form |Z,[2 — |Z,{

Equations (2.2)-(2.7) give us 18 generators. Since
there are only 15 independent ones, we have the
following three relations:

Js — Ky = Py — Q,, (2-8)
Js + Kz = So — T, (2.9
Py+ Qy=So+ Ty = R,. (2.10)

We have introduced the operator R, in Eq. (2.10), and
together withJ_.,J3, K, , K3, Py, Q., S, Ty, they are
considered as the 15 generators of the group. However,
for convenience we keep on using Py, @y, Sy, and T,

B. Commutation Relations

From the canonical commutation relations (2.1),
we can write immediately all the commutation
relations which define the Lie algebra of the group:

[Ja’ J+] = J+’ [Jaa J—] = —J_, [J+9J—] = 2J,;
@.11)

[Ks, K\ ] = K,, [Ks, K ] = —K_, [K,, K ] = 2K;;
(2.12)
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[PO’P+] =Py, [Py, P_]= —P_, [P+sP—] = —2P,;

2.13)
[QO’ Q+] = Q+s [Qo: Q—] =-Q_,

[Q., Q1= —20,; (2.14)

[SO’ S+] = S+: [SOa S——] = _S—,
[S,, 5] = —25y; (2.15)

[To, T+] = T+, [To, T—] =-T_,
[T, T.] = —2Ty; (2.16)
[Ji’ Kj] = 0’ i’] = +’ ) 0; (2'17)

Ve, Pl =0, [y, P) = =T, [J,, P = —4J,,

[J-:P+] =T, WV_,P =0, [J,P] =3}/,

Vs, PL] = }P,, [J5, P_] = —3P_, [Js, Po] = 0;
(2.18)

[J+, Q+] = S+’ [J+, Q—] = 0: [J+, Qo] = %J+,

V-, 0.1=0,[0,0 1= -5/, Ql=—-3,

Vs, Q11 = —10,, [V5, Q-1 = $0_, [Us, Qo] = 0;
2.19)

[J+, S+] =0, [J+’ S.1=-0_, [J+’ Sol = ""%J+,

V-, S]=0,,[V,S1=0, [/, S]=14%_,

Vs, S1] = 3S,, /5, S_]1 = —38_, [J5, So] = 0;
(2.20)

[J+, T+] = P+’ [J+a T—] = 0, [J+’ To] = %J+,

V., T,]=0,[V_, T J=—P_,[J_, Tl = —3%J_,

Vs, To] = —4T, [, T_]1 = 4T_, [Js, To] = 0;
(2.21)

[K|-’P+] = -5, [K+,P—] =0, [K+,Po] = ‘}K+,

[K.,P]=0,[K_,P]=S_, [K_, P]=—3K_,

[Ks, Pl = —3%P,, [K;, P_] = $P_, [K;, Py] = O;
(2.22)

K, 9:1=0,[K,,Q.]1=T_, [K,, Qo] = —3K,,
[K_,Q.0=—-T,,[K,0Q01=0, [K_, Q] = 1K,
[Ks, Q.1 =10, [K;, 01 = —10_, [K;5, Qo] = 0;
(2.23)
K., 5, =0, [K,,S]=P_, [K,, So] = —3K,,
[K.,S]=—-P,,[K,S5]=0,[K,S])=3K_,
[Ks, S.1 = 1Sy, [K3, S_] = —1S_, [K;, So] = 0;
(2.24)
[K+, T+] = _Q+a [K+7 T1=0, [K+, T, = ‘}K,,,
K., T,]=0,[K_, T 1=0Q_, [K., T)] = —$K_,
[Ks, T.] = —3T,, [K;, T_] = 3T_, [K;, T} = 0;
(2.25)
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[Pis Qj] =0 i’j= +, —,0; (226)

[P+a, S+] =0, [P+: S_1=K_, [P+,So] = _%P+y

[P—s S+] = _K+, [P-,S—] = 0’ [P—’SO] = %P—’

[PO’ S+] = %S+’ [POs S—] = _%S—s [P09 So] = 0’
.27

[P+, T+] =0, [P+’ T]= _J+’ [P+s To] = _%P+’

[P—-s T+] = J—’ [P—’ T—-] = 0, [P—! TO] = %P-—’

[(Po, T.) = 3T, [Py, T_] = —3T_, [Py, T} = 0;
(2.28)

[Q+: S+] =0, [Q+s S—] = —-J_, [Q+’ So] = _%Q-l-’

[Q—’ S+] = J+’ [Q—’ S—] =0, [Q—’ So] = %Q—:

[Qo, 541 = 1S, [Qo, S_] = —3S_, [Qy, So] = 0;
2.29)

[Q+s T+] =0, [Q+, T—] = K+, [Q+a To] = _‘}Q+a

[0, T\ l=—-K,[Q.,T1=0,[Q_, T)]=13C_,

[Q, T.1 = 1T, [Qo, T_] = —3T_, [Qy, To] = 0;
(2.30)

S, T,)=0 i,j=+,—,0. (2.31)

C. Maximal Compact Subgroup
The maximal compact subgroup
SU(2) x SUQ2) x U(1)
has J,, J;5, K., K3, and R, as its generators, and a
unitary irreducible representation of this group is

specified uniquely by the three members j, k, A, where
J2=j(]+ 1)"]8: _j9 _j+ 1;.",j,j=0:%,1’.'.

K? = k(k + 1), Ky = —k, —k + 1, -+, k,
k=041, 2.32)
R0=l.

From the definition of R, in Eq. (2.10), and using Eqs.
(2.8) and (2.9), we see that for j+ k = integer,
A = integer, and for j + k = half-integer, 4 = half-
integer.

We rewrite some of the commutation relations from
Egs. (2.11)-(2.31) as follows:

[Js ] 3

Ky, Pi|==%| —%|Ps,
| Ry i 1

[Js -3

Ky, Q== $10:,
| Ry i

TSU YAO

e - /
Ky, Si|=4& 3 ]Ss,
P 1/
[/ i -3
Ky, Ti|=|—3]T,,
&, | . (2.33)
where
3
| -%},
1

etc., are the roots.

Now let |, u; k, v; A) be a canonical basis which
span a unitary irreducible representation of the
compact subgroup SU(2) x SU(2) x U(1). The basis
vectors are so normalized that
Joljspi kv )

=[(G+u+DG—-mwiEljp+ kv,
J_1js sk, v 4)
=[(+wW(—p+DRlj,p— 1Lk,
Jsljs s kyv; A) = plj, ps k, v; 2),
p=—j—j+1,",j
K ljuik,vi 2)
=[k+v+ Dk -9, pkr+1;2),
K_1j,psk,v; %)
= [k + 9k —v+ DE|j,uk,v—154),
Ksljspsk,v; Ay =vl1j, us k,v; 4),
v=—k,—k+1,---,k,

Rolj, sk, v; Ay =2\j, us k,v; 4). (2.34)
D. Determination of the
Operators P, Q., S, and T,
Let
Iny = Py |, ps k, v; . (2.35)

Then, from Eq. (2.33), we have
Jsln) =T3P | j, u; k, v; 4)
=@+ DP j,uk,v; ) =@+ ln),

Kyln) = (v — §) In),
Ryln) = (A + 1) |n). (2.36)
From Egs. (2.18) and (2.21), we see that P, and T,
transform as a J-spin doublet;

[Jss P+] = %P+, [Ja9 T+] = —%T+s

[J+, P+] =0, [J+, T+] = P+;

V.,Pl=T,, [/, T,] =0. (2.37)
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Similarly, we see that —S, and P, transform as a The symbol ~ here means transform like. Similarly,
K-spin doublet;

(K, .1 = 1S, [Ks, P,] = —}P,, O~—lji=bhpu=-bhLk=4v=41=1),
X,,S,]=0, [K.,P]=—S,, Sp~—lj=bpu=Lk=%4rv=42=1),
K., 8]=—-P,, [K,P]}=0. (238) 1.~ |j=tpu=-hk=%trv=—}2i=1).

Therefore, under the compact subgroup SU(2) x
SU(2) x U(1), P, transforms like

Po~lj=tu=%k=4%v=—§4=1). (239 We can immediately write the following expressions:

Poljpusk,viy =[G +pu+Dk—v+DEa,(,k,Dj+ 3 pu+hk+hv—441+1)
+[(+p+DEk+DBaG ke, D)j+hp+hk—hv—3i+1)
+ G-k —v+ DBk, Dj— b+ Hk+4v—5Hi+1)
+ [ — Wk + )Ba( b, D |j—bp+ hk—hv—5A+1), (2.412)

Oilimsk,v;y=—=[(j—p+ Dk +v+ DlaG kL, Dj+hp—Lk+Lhr+ 11+ 1)
+ [(—p+ Dk —NBa( b, Dj+ e —Hk—3 v+ 14+ 1)
+G+wEk+v+ Dlas(k, D) j—bp—bk+drv+H44+1)
— G+ &k —=a,(k, D j—tp—hk—hv+ 1141, (2.41b)

Silphmsk,v;y=—=[G+p+Dk+v+ DEaG D+ e+ bk+hr+ 51+ 1)
+(+o+Dk—-PRaG D j+he+bk—bv+ A+
— W =mk+r+ DGl Dj—bp+ B+ v+ 54+ 1)
+ [ — &k —Nla,G. kD j—bp+ bk—by+ HA+ 1), (2.41¢)
T ljpsk,v; Dy = [(—p+ D&k —v+ DRk, D 1j+ o —hk+ v =424 1)
+ [ —p+ D&+ Pk, Dj+ b u—Bk—4v—344+ 1)
—[G+mE =+ Dia( b, D j—bp—bk+dv—3544+1)
_ ~ [+ W&+ Bk, Dj—bp— B k—4y— B+ 1), (2.41d)
We have defined our phase convention in such a way that we have all positive signs in Eq. (2.41a). Equations
(2.41b), (2.41c), and (2.41d) can be obtained from Eq. (2.41a) by using the commutation relations. The four
functions a,(j, k, 4) are functions of j, k, and 1 and depend on the irreducible representation of SU(2, 2) with
which we are dealing.
In an analogous manner, we can write the results when P_, Q_, S_, and 7_ are applied to the state

| j, #; k, »; ). From Eq. (2.33), we observe that Q_ behaves like P, under J-spin and K-spin transformations.
Similarly, we also have

(2.40)

O_~P,
P_.~Q,,
T_~3S,,
S_~T,; (2.42)
Q_ljsmsk,v; =1 +p+DEk—v+ D,k j+ o+ hk+bv—521-1)
+ [+ p+ D&+ 5D j+ e+ hk—4ry—34i-1)
+G—wk—v+ DGk, D j—bp+hk+hrv—Hi-1)
+ [ — Wk + )Gk, D j—dp+ k-4 v — 14— 1), (2.43a)
P_ljusk,vidy=—=[(j—p+ Dk +r+ DE0GEDj+hp—bk+ v+ 141
+(—p+ D&k =G e j+he—Lk—4rv+ 5i-1)
+ G+ W& +v+ Db kD j—bp—hk+ v+ 54-1)
— [+ @k =)ok, D |j— s — B k-4 v+ 34-1), (2.43b)
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T ljpsk,v;y=[+p+Dk+v+DEGEDj+dhue+hk+hv+51-1)

- [(j+u+1)(k—v)]¥b2(j,k,1)lj+é,u+1};k—1},v+é;l—1)

+ [(j—wE&+ v+ DGk, Dj—bp+hk+ 3,7+ 54-1)

— [ — Wk =G e, D j—hu+hk—bv+14-1), (2.43c)
S lpkvly=—=[G—p+DE—v+DE0G. e Dj+ha—bk+hy—Hi-1)

—[(G—p+DE+ 0,06, j+hp—hk—3,v—34—1)

+ [+ mk—v+ DR kD] j—bu—hk+iv—5i-1)

+ [+ W&+ Dbk, DN j—bu—bk—4v—Hi-1). (2.43d)

From the arbitrary nature of the basis

a2(j’ k’ ﬂ')
|j,‘u;k,'v; l)y b3(1+%’k—%,}'+1)
) _ 9 vy,
we may define a new basis, = I:w(] thk—%a4 1)] - ay(), k, 1) s
[j, 15k, v; 2 = w(j, k, 1) |j, ps ks v5 ), (2.44) as(j, k, A)
where w(}, k, ) is an arbitrary function of j, k,and . b(j — %, k+ 4,2+ 1)
Then, we have _ [w(,- —bk+d A+t I)T agtj, k, A)
o(j, k, Day(j, k, 2) = o(j + 3,k + 3, A+ Day(j, k, ), o(j, k, 1) by(j— 3 k+4,4+1)
o(j, k, Nax(j, k, ) = o(j + 3,k — 3, A+ Day(j, k, 1), ay(j, k, 1)

o(j, k, Nag(j, k) = 0(j — b k+ b A+ Das(, k4, bl—bk—$321+1)

w(j, k, Nag(j, k, A) = o(j — 3,k — b, A+ Day(j, k, 2, _ [w(j —k—%24 1)]2 : ay(Jj, k, ) .
and (2.48)

w(j, k, Mby(j ks A) = w(j + 3,k + 3, A — 1)by(j, k, #), ~Consequently, from the very beginning, we have the

Wy Db,k D)= 0 + bk = 4, A— Dbk, 7),  (Teedom (o choose

(s k Dba(js ks ) = 0(j — bk + 3,2 — Db, k, ), o 2 ? A IZ T i N 1)’
o, ks Db, ko B = () — §, K — 4= Db, K, D). albl =5 +d k=424 1,
(246) as(j9 k’ }') = b2(] - %a k + %9 }' + 1)’
Therefore, we have a(j, k) =b(j—4k—-%21+1D (249
, . by defining the w’s appropriately.*
(), k, l)b“({ +ik + bi+) So far, the development of the subject is very
=a,(, k, Db(j+ 4,k + 31+ 1), simple and straightforward, and we have essentially

recapitulated what Murai had done in the first part

as(j, k, bs(j + 1,k — 4, A+ 1) of his paper. However, Egs. (2.41) and (2.43) are not

=ay(j, k, Dbs(j + 1,k — 4,4+ 1), correct, since an implicit oversimplification has been

. . assumed. In the next section dealing with the problem
a5, b Dbo(j = bk + 3,4+ 1) of state labeling, we show why another operator
=ay(j, k, Dby(j — 3, k+ 3, A + 1), besides J2, J3, K2, K;, and R, is needed to uniquely

. . specify a state within an irreducible representation of
ai(j, ks Db — 1k — 4,2+ 1) SU(2, 2), and what the correct version of Egs. (2.41)
= ay(j, k, Dby(j — %,k — 4,2+ 1), (2.47) and (2.43) should be.

and
. . COMPLETE SET OF
ai(J, k, 4) COMMUTING OPERATORS
b(i+Hk+3A+1) A. Casimir Operators
_[oG+3k+3,2+ D)7 ai(j. k. A We start out by considering the three Casimir
o(j, k, 4) b + 3, k+13, A+1)’ operators of the group. There are three Casimir
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operators, since SU(2, 2) is a group of rank 3. From expressions like

2 Aldg, 3 AlApAT,
a,p af.y

and

7.8

S A5,

we can construct the three Casimir operators C;, Cy, and C,, which commute with all 15 generators of the

group. We write

C=2F+K)+ R(Ry+4) —2{P_ P, +0 0, +S5SS,+T.T}
=2(* + K + R(R, — 4) — 2{P, P_ + 0, 0.+ S,S_+ I.T.},

Co= — (R + 2)(F — K9)

(3.1a)
3.1v)

+ L PT + S0+ (TP, + QS)+ (PP, —Q 0, + 5SS, — T.T)}

+{K (S P . +QT)+K(P S, +T Q)+ KPP —QQ,—SS +T.T))}

= — (R, — 2)(I* - K?)

(3.2a)

+ {J+(T+P -+ Q+S-—) + J—(P +T- + S+Q—) + Js(P +P - Q+Q— + S+S- - T+T —)}

+ {K}.(P +S_ + T +Q—) + IL(S.;.P 4+ Q+T-) + KS(P +P - Q+Q— - S+S— + T +T-—)},

(3.2b)

Cy = 3R(Ry + 2)C; — IRy(Ry — 2)(R,y + 2)(R, + 4) + 4J°K?

+ 2(Ry + D{—(Ro + 2)(I* + K?)

+ (P T, + S Q)+ J (TP, + Q.8+ Jy(PP, — Q Q.+ 8.8, —TT,)]
— [K.(S_P;, + Q_T,) + K(P_S, + T_Q,) + Ky(P_P, — Q_Q, — S_S, + T_T)}

+4(PQ_ — S.T)P,Q, — 5.T.)

+ 4{[J K. ST, +JKPQ,+J KQP, +JKTS,]
+ LK (S_P, — Q_T,)+ K (P.S, — T Q)] + K. (P_.T, — S Q)+ J(T_P, — Q_S,)]

+ JaKs[P—P+ + Q—-Q+ - S-S+ - T—T+]}

(3.3a)

= }Ro(Ry — 2)C; — 1Ro(Ry — 2)(Ry + 2D(Ry — 4) + 4TK*

+ 2(Ry — D{—(Ry — 2)(I* + K?)

+ VTP + Q.8) + (P, T_ + S,0.) + (P P_ — 0,0+ S,S_ — T, T)]
— [K(PiS_ + T,0) + K(S,P- + Q. T.) + Ky(P P — 0,0 — 5,8+ T,T)}}

+4P.Q, — S, TYPQ —S_T)

+ 4, K, T,S_ + JLK.Q,P_+ JK.P.Q_+JKS,T]
+ Js[Kr(P +S—- - T +Q—) + &(S+P - Q-i-T ~)] + K3{J+(T+P - Q+S—) + J—(P +T - S+Q—)]

+ LK, [P P_ + Q.0 — 8,5 — T, T

In the following, we use C,, C3, C; to denote both
the Casimir operators and their eigenvalues.

B. Problem of Labeling States

A given irreducible representation of the group is
uniquely specified, if the eigenvalues C,, C;, and C,
are given.* The question now is, are the states
within a given irreducible representation uniquely
specified when j, u, k, v, and 1 are given? The answer

1t This statement is correct for compact groups only. For non-
compact groups this is not true. In fact, as we shall see, for a given
set of eigenvalues C;, C,, and C, there may exist several inequiv-
alent irreducible representations.

(3.3b)

to this question is negative, and the reason is very
simple. Let us consider the descending chain of
subgroups

SU(2,2) 28U, 1) > SUQ2).

We need C,, Cs, and C; to specify an irreducible
representation of SU(2,2), C;, C,, [the Casimir
operators of SU(2,1)] to specify an irreducible
representation of SU(2, 1), and C, = J? to specify
SU(2). In addition, we need the “magnetic” quantum
members u, v, and 1. We therefore see that in place of
the two operators C, and C,, we have only K* when



1938 TSU

we consider the chain
SU(2,2) 2 SU(2) x SU(2) x U(1).

Hence, our job is to construct an operator, called Fj
(presumably it is a cubic operator to replace C;) which
commutes with J2, J;, K2, K, and R,. This is an easy
task, and we proceed systematically.

1. We observe that there does not exist an inde-
pendent quadratic operator apart from C, which
commutes with J2, J;, K2, K,, and R,.

2. We observe that any cubic operator that
commutes with J2, J,, K2, K5, and R, also commutes

F= —(R + 2@ + K9

YAO

with J,, J_, K, , and K_, and there are two such
operators,
Gy=J,(P.T . +S Q)+ J (T_P.+Q_58,)
+ (PP, -0 0, +585, —T.1T,),
Hy=K (S P, +QT)+K(PS . +T.0Q,)
+ Ky(P P, -0 0, —S S, +T.T);
[Gs, J] = [Gy, K] = (G5, R)] =0, (3.52)
[Hy, J] = [H,, K] = [H3, R)] = 0. (3.5b)
Since G, + Hy appears in Cj, there is actually only

one independent cubic operator. For symmetry
reasons, we define F; as

(3.4a)

(3.4b)

+ {(PT, + S Q)+ J (TP + Q_S,) +Jy(P_P, —Q Q. + S_S, —T_T,)}

- {K+(S—P + + Q—T +) + K—(P —S-e + T -Q+) + Ka(P _P. + = Q—Q+ - S—S+ + T—T+)}

= —(R, — 9@ + K

(3.6a)

+ VT P_ + Q,8) + (P, T_ + S,0) + Jy(P,F_ — Q.0+ S,S_— T.T)}

—{K(PS_ + T.0) + K (S, P_ + Q. T_) + Ko(PL.P_— Q.0 — S,S_+ T,.T)}

3. We observe that any quartic operator that
commutes with J2, J5, K2, K;, and R, also commutes
withJ, ,J_, K, , K_, and there is only one independent
operator, apart from R,F,, which can be chosen to be
(P_Q_ — S_.T)P,Q, — S,T,). Indeed,

[P —-ST ,J=[PQ, — ST, ,J]=0,
[P—Q— - S__T_, K] = [P+Q+ - S+T+, K] = 0,
3.7
but
[Ro, PO — S T])=-20PQ —S.T),
(R, PQ,—S8,T,]= 2(P+Q+ - 8,1,
and
[Ro, (P_Q_ — S_T )P, Q, — S5, T)]=0. (38

Now we have a complete set of commuting operators
C,, Gy, Cy; Fy, 3%, K2, J3, Ky, Ry, and every state is
uniquely specified when the nine eigenvalues are
given. Therefore, in Eq. (2.34), we add one additional
label o,

Fylj,psk,v; A5 0) = a|j, us k, 5 4; o),
Bljpsk,vid o)y =jj+ DIjpusk, v A a),
Jsljsms ks vy As o) = pl|j, ps ke, vs 45 o),

K2|j, usk,v; A o) = k(k + 1) |j, us k, v; 4; ),
Ksljo s ksvsds0) =v|j, pus k,v; 45 00,

Rolj, psk,v; As o) = A1j, us k,v; 4; o). 39

Now Eqs. (2.41) and (2.43) have to be modified.
The functions a,(j, k, 2) are now matrices with

(3.6b)

elements a,(j, k, A),5. In general, a,(j, k, 1) are not
square matrices. Equation (2.41a) now looks like
Piljpsk,v; A0

=G +p + Dk — v+ DF T a0, k, A

4

Xli+hu+ihk+iv—444+1;p)
+ 1[G + ¢+ D& + DEY (s k, A,

Xlj+hu+ik—4v—424+1;p)
+ 1 — Wk — v + DT as(j, k, D),

X Ij-—%,/z+%;k+%,v—%;/1+‘1;p>
+ (G — @k + DS au(j, k, D,y

3.10)
Equations (2.41b)—(2.41d) and (2.43a)-(2.43d) can be
written in the same way. In Eq. (3.10), the index p is
summed over. For example, a,(j, k, ) may be a
n X m matrix, where we have oy, o, - «,, and
P1s P2 Pms 1 is called the multiplicity of the
state |, k, A), and m, the multiplicity of the state
|j+ % k + 1, A + 1). Equation (2.49) now appears
as
a(J, ks Nap = b + 3,k + 3, 4 + Dy,
a2(j9 k: )')aﬂ = bs(] + %’ k - i‘a }‘ + 1)ﬁa9
as(ja k, ;')aﬁ = b2(j - %’ k + %’ 2' + l)ﬂzi
a4(ja ks l)aﬁ = bl(] - %: k— ‘%a A + 1)[31'
3.11)
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C. Multiplicity and Degeneracy

Let us define the multiplicity to be M(j, k, ). It is
the number of times the irreducible representation
(j, k,A) of SU(2) x SUQ2) x U(l) appears in an
irreducible representation of SU(2, 2). M(j, k,2) =0
means the irreducible representation (j, k, 4) does
not occur at all; M(j, k,A) =1 means (j, k,4)
occurs only once, and so on. If M(j, k,4) =0 or
1 for all j, k, 4 in an irreducible representation
of SU(2,2), then we say that we are dealing
with a degenerate representation. In general, some
M(j, k, 2) > 1 for some j, k, A, and we have a non-
degenerate representation.

For the degenerate representations, F, becomes a
redundant label, and hence can be omitted. Since
Murai neglected the operator F; from the beginning
of his work, he dealt exclusively with degenerate
representations.

IV. GENERAL EXPRESSIONS FOR
THE CASIMIR OPERATORS AND F;

We now express the Casimir operators C,, C3, C,
and also Fj in terms of the functions a,(j, k, 1), and
b,(j, k, A),p. Using the matrix version of Egs.
(2.41a-d) and (2.43a-d) in conjunction with Egs.
3.1), (3.2), (3.3), and (3.6), we obtain for the
diagonal elements [after some straightforward cal-
culation in which Eq. (3.11) is used]

Co—2(j+1) —2k(k + 1) — A4 + 4)

=83 {(J + Dk + Dai(j, k, D,

P

~ (J + Dkai(j, k, Do, — j(k + ai(i, k, ),
+ jkai(j, k, 2}, (4.12)
Co—2j(j+1) — 2k(k + 1) — A2 — 4)
=38 ; {( + Dk + Db, k, A)ap

— (j + DkbL(j, k, A, — j(k + Db, k, ),
+ jkbi(j, ks D}y (4.1b)
CG+@A+290U—-bGi+k+1
=4 g {—( + Dk + D — K)ai(, k, Aap

+ (G + Dk(j + k + 1)ai(j, k, D,
— jlk + D + k + Da3(j, k, Ay
+ jk(j — K)ai(j, k, Do}
CG+A=2(G—KkG+k+1
=4 ; {G+ )k + D) — k)b, k, Dy
—( + Dk( + k + Db, k, ),
+ jlk + DG + k + D3, k, A),,
— jk(j — k)b, k, Doy}

(4.2a)

(4.2b)
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Ci— 3 A4+2DC, + YA -DA+2)(A+49)
+ 204 + DA + DG + 1 + kk + 1]
— 4i(j + Dk(k + 1)
— 4{(P_Q_ — S_T)(P,Q; — 5, T}
=38 g {U + Dk + DI2jk — A + DG + k)]

X ai(j, k, Dy + (G + DKLk + 1)

+ (A + DG — k — Dlax(, k, D), + jlk + 1)

X [2( + Dk — (A + 1D — k + D]as(j, k, 1),

+ k20 + Dk + D+ @A+ DG + k + 2)]

X ai(j, k, D)y, }, (4.3a)
Cy — 3AMA — 2)Cy + FA(A — 2)(A + 2)(A — 4)

+2(A — DA — LG + 1) + k(k + 1]

— 4j(j + Dk(k + 1)

- 4{(P+Q+ - S, T, (PQ_— S—T—)}aa
=8 ; {(G + Dk + DRjk + (A — D + K)

X bi(J, k, ),

+ (G + Dk2jtk+ 1) — (A= D[ — k ~ D]

X by(j, k, Ay

+jk + DI2G + Dk + (A — DG — k + 1)]

X b3(J, k; Dy

+ jk[2G + Dk + 1) — (A — D + k + 2)]

X b3, ks Dy} (4.3b)

where

{(P —Q— - S—T—)(P +Q+ - S+T+)}aa
= z (P+Q+ - S+T+)aa(P—Q— - S—T—)fm,

{0, — S,T,XP_Q_ — S_T))},,
= ; (P—Q- - S—T—)ar(P+Q+ - S+T+)rau

and (from Appendix A)
(P +Q+ - S+T+)aa
= —2(2k + 1) Z {(’ + 1)a1(j’ k’ }')ap
X a4(j+%’k+%,)'+l)pa
- jaa(j, k, A)apaZ(j - %9 k + %’ A+ 1)pa}9
(P—Q—— - S—T-—)o'a = (P+Q+ - S+T+)aa ’
(P—Q— - S—T—)ar
= =22k + 1) 2 {(J + Dby(J, k, Dy
X b4(1+%’k+é’}'_ l)pr
- .]b3(.l’ ka j')apb2(j - %9 k+ %’ A— l)pr}s

(P1Qy — 8, Ty)u = (P_Q_— S_T),. (44)
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For the operator Fy, we have
a«+ A+ 2L+ 1D+ k(k + 1]
=43 {—( + Dk + D) + K)ai(j, k, D,
p

+ (.] + l)k(.] —k— l)dg(], k’ A)ap

— jlk + D — k + Dai(j, k, A,

+ k(G + k + 2)ai(j, k, A, },
«+ (A =2+ 1)+ k(k + 1)]

=43 {( + Dk + D + Kb, k, Dy
P

— (G + Dk(j — k — 1)b3(j, k, A),,

+ ](k + 1)(] —k + l)bg(.” k’ }‘)ap

- Jk(.} -+ k + 2)bi(.’1 k’ }‘)ap}' (45b)
For completeness, the off-diagonal elements are
given in Appendix B, and the commutation relations
between Fg and P,, Q,, S., and T, are included in
Appendix C.

Equations (4.1)-(4.5) are the most important and
useful equations in this paper, and they are used over
and over again. We observe that the problem of
solving for a;(j, k, 4),5 and b,(j, k, A),5 is extremely
complicated when we deal with the nondegenerate
representations, even though we have the many
relations in (3.11), Appendices A and B. The functions
a,(j, k, A),p and by(j, k, ), are coupled in a very
intricate manner, which makes a systematic approach
rather difficult. However, because of the close relation-
ship between the finite irreducible representations
which are nonunitary and the unitary irreducible
representations in the discrete series, much information
about the discrete series can be obtained. Before we
proceed to a study of the finite representations, we

first derive the recursion relations among the 4,(J, k, 1)
and b,(J, k, 4).

D. RECURSION RELATIONS
From Egs. (4.1a), (4.1b), (4.2a), and (4.2b) we can
express

z ag(j, k’ l)ap’ 2 ag(j’ k, }')ap ’ Z bg(]: k’ }‘)ap ’
14 p P

and

(4.5a)

z bg(]a k’ }')ap
as follows: ’
2(j + Dk(j + k + 1) 3 a3(j, k, 2),,
P

= 3 {(j + Dk + Qi + Daij, k, A,

& k(@K + 1DaX(, k» Ay}

+ HCs+ A+ 2)(— b + k + 1)}

—3i+k+D

x {Cy = 2i(j + 1) — 2k(k + 1) — XA + 4)},
(4.6)
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2j(k + DG + k + 1) 3 a3(j, k, A
=2 {(J + Dk + D2k + Dai(j, k, Dy,

+ jk(2j + Dai(j, k, Dy}
—HG+A+0 -k +k+ 1}

-3 ji+k+D
X {Co — 2j(j + 1) — 2k(k + 1) — A(A + 4)},
4.7
2(j + Dk(j + k + 1) 3 b3(Jj, k, A),,
=D {(J + Dk + 1)2j + Db, k, Ay
+ jk(2k + 1)b3(j, k, ), }
—HC+ G =2 -k +k+ 1)}
—¥ji+k+D .
x {Cy — 2j(j + 1) — 2k(k + 1) — A4 — 4},
(4.8)
2tk + D)(j + k + 1) 3 b2(j, k, D),
=2 {(U + Dk + D2k + 1)bY(j, k, A),,
+ jk(Q2j + Db, k, A, }
+HG+@A - -+ k+ 1}
—3j+k+1
x {Cy — 2i(j + 1) — 2k(k + 1) — A(A — 4)}.
(4.9)

Substituting Eqs. (4.6)-(4.9) into Egs. (4.3a) and
(4.3c), we obtain a relation among

z a%(ja k’ l)ap’ z ai(j’ k’ }')ap s z bf(.]’ k’ }')ap’
3 P ]

and
2 b3, k, Ay -
P

Similarly, from Eqs. (4.5a) and (4.5b), we obtain
another relation. From these two relations, we can
solve for 3, a3(j, k, 4),, and 3, b2(j, k, A),, in terms
of 3, a%(j, k, A),, and Y, b2(j, k, A),,:
(J+ (2 + Dk + D + Dk + 1) 3 ai(j, k, D,
p
=jk(2j + D2k + 1)
X X {—ai(j, k, Doy + (G + k + Db, k, 2),,}
P

+ 37+ BG +k+ 1DC — 3(j — kC,
-3+ RG+E+1)
x {(A+2f +2)(A + 2k + 2)

+2(+ k= D0+ k+ 2}, (4.10)
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U+ B@j + D2k + DO+ Dk + 1)§b§(j, k, Dap

= jk(2j + D2k + 1)
X 3G + k + Dai(j, k, Dy, — bi(J, k, ey}
4

+3G+ G+ Ek+DC+ Hj— G,

-3+ G+ Ek+1)

x {(A— 2 — (A — 2k — 2)

+2+k—-DG+k+2)} 4.11)
Therefore, once 3, al(j, k, 4),, and 3, b3(j, k,A).,

are known, Y,a(j,k, A, and 2, bi(j, k, Ay,
i =1, 2, 3, can be calculated, Since

04(}', k’ j’)aﬁ = bl(} - %’ k- %9 A -+ I)ﬂa
and
by(J, k, Z).m =a,(j— %k — 3,A- Dges

(notice the transpose nature of the relations,) Eqgs.
(4.10) and (4.11) are almost recursion relations in
a%(j, k, )and b2(j, k, ). Unfortunately, in Eqs. (4.10)
and (4.11), the second index p is summed over, this fact
prevents these two equations from being true recursion
relations. However, we may sum over « in Egs. (4.10)
and (4.11), but now the terms that do not depend on
« and p must be multiplied by the multiplicity of the
state |j, k, 4y, M(j, k, ). For clarity, we rewrite
Egs. (4.10) and (4.11):

G+R+D2k+DU+ D+ %ai(}', k, Dy

= jk(2j + D2k + 1)
X 3 {—al(j, k, Dy, + (G + k + DDLU, k, Aep}
a€,0

+ M(j, k, V3G + G + k + 1)C,

— - RC =3+ G +k+ D)

X {(A+2/+ 24+ 2k+2)

+2(j + k=D + k+ 2)}],
G+R+ DR+ DG+ DE+D 2 b3, k, A,y

= jk(2j + )2k + 1) ”

X 2;,’ {(J + k + Dai(j, k, Dy — b3 K, D)y}

+ M(j, k, A + (G + k + DC,

+3j—RC -3+ RG+k+1)

X {(A—2 —2(A~2k—2)

+2(j+ k=D + k+ D},

(4.12)

(4.13)
and

2 Gi(}., k, l)zp = 2 bi(} - %5 k— %’ A+ 1}9:2’
a.p ap

z bi(j» k, }“)ap = zai(] - %a k — %» A— I)paz'
a.p a,p
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For degenerate representations M(j, k, 1) =1,
Eqgs. (4.10) and (4.11) are truly recursion relations, and
the equations can be solved easily. In the general case,
M(j, k, 2) is unknown and depends on j, k, 1, this
fact acts as the major obstacle in the solution of the
problem. (A detailed discussion will be given in
Paper IIL.) For the unitary irreducible representations
in the discrete series, it is shown that we are able to
solve the coupled diaphantine recursion relations
(4.12) and (4.13).

V. FINITE IRREDUCIBLE
REPRESENTATIONS
Since the representation is finite dimensional, there
must exist a state | j,,, ky,, 4,,), (We omit the labels y,
¥, and «,) such that

al(jm’ km, Am) = a2(jm’ km’ Zm)a
= aS(jMQ km9 Rm)‘ = a{(jm’ knu ;('m) =0, (5'1)
and all the allowed A satisfies A < 4, [actually

[4] € 4,,, because of Eq. (5.5)]. From Eqs. (4.1a),
(4.2a), and (4.3a), we get

Co = 2/, (jm + 1) + 2k, (ko + 1) + 2,(4,, + 4),
(5.2)

Cs = _(A'm + 2)(jm - km)(jm + km + 1): (5'3)

Ci = tH(@p + 2 — 4ju(Jm + D]
X [(An + 2 — dkulk, + D] — (A + 2% (54)

By symmetry, we observe that there must exist the
state |j = k,, K = j,, A = —4,), such that

bl(km’jnv “"m) = bz(km’jma —‘}'m)
= bB(km!jmo —'}*m) = b4(km9jm’ _Zm) = Os (55)

and Eqs. (5.2)-(5.4) satisfy Eqs. (4.1b), (4.2b), and
(4.3b). Therefore, j,,, k,,, and 4, uniquely determines
the Casimir operators C,, Cg, and C,; the converse is
also true. Hereafter, we use the symbol ((j,,, k.., 4,.))
to denote a finite irreducible representation of
SU(2, 2). From Eq. (4.5a), we see that

a(jm’ km5 Am)

Since « is uniquely determined above, the state
jms Kms Ay occurs only once, M{j,,,k,,4,) = 1.
We see shortly that all states on the “boundary” have
multiplicity one.
Let
p=j+k g=j-k
and

|17, q, 3-) = lfv k, A}a lpmsqmy Zm) = ‘jﬂn km’ lm>
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From the state |p,,q,,, 4,), we reach (along the
boundary by applying P_, Q_, etc.)

Ipm + ls 9m> ﬂ'm - 1)
and

|pm - l’ 9m> }*'m - 1)
In general, we have |p,, + $,¢pns 4, —5), s=0,
Leer,sp,and|p, — t,q4p, A — 1), =0,1,-- 1.
These states have the following properties:

N S
j _’km —alm—s
al(]m+2 +2 )

-s',k,,.+5,zm—s)

= a2(]m + 2 2

. S
=a3(]m+§,km+-2—,lm—s) =0,

s=0,1,---,s,,
a4(jm+ ,km+5s,lm—s);é0’ s=1,2,...sm,
(5.6)

Nl N

,Am—t)=0,
t=0’152,“':tm’

al(jm—é,km—zt,zm— t) # 0,

t=1,2,---,t,. (5.7
Equations (5.6) and (5.7) follow from Egs. (5.1) and
the uniqueness of the state |j,,, k,,, 4,,). Using Egs.
(4.1a) and (5.2), we can solve for

. t t .
al(]m_i’km—E’Am—t)
and

_ tAmtint km—t+3)
Qi — t 4+ D2k — 1+ 2)
t=0,1,2,---,t,, (582)
and using Eq. (3.11), we get

. t t
bi(]m—zskm'—'z_,im_t)
_+ DA+ intka—t+2)

Qjm — t + D2k, — t + 1)
t=0,1,2,---t, — 1, (58b)
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where t,, = 2k,,, if j,, > k,,

=2, T kp, > jms
and
t t
b} .m—ﬁ’km—ﬂa}“m—tm =0,
4(] 2 > )
since j > 0, k > 0.
Similarly,
S

ai(jm+2’km+-2§’1m'—s)
_s(}'m_jm"'km—s'l'l)
(%m + )2k + 5)

§=0,1,2,---

(5.92)

b sm 3
and

bf(jm+§,km+§,/1m—s)

= (s+1)(lm'—jm_km_s)
Qim+ s+ D2kn+s+ 1)’
s=0,1,2,-"",s5,.

(5.9b)

For finite representations, there must exist a finite s,,,,
such that

From Eq. (5.9b), we see therefore
(5.10)

Sm = }'m _jm - km’

where s, is an integer.

Now, we have a complete classification of finite
irreducible representations. Since the Casimir operators
C,, C;, C, are determined by j,., k,,, and s,(2,, =
Jm + ky + 5,,), we obtain all finite representations
when j,., k,,, and s,, take on all possible values:

jm=03%51’%’23“"
km=0,%’13%523"'3

5, =0,1,2,3,---. 5.1

In passing, we give without proof the formula for the
dimensionality of the finite irreducible representation

(Gms K s Am)):

D(.]m’ km > Sm)
= (312072 + Dk + DG, + 1)
X 2m+ Sm+ 2)2km + 5m +2)

X (2 + 2k + S, + 3)- (5.12)

Before proceeding to a study of the problem of
multiplicity and degeneracy, we wish to complete
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the discussion of the states |p,, + 5, ¢, 4, — 5) and
Pm =t qms Ay — ). These states are said to be on
the “boundary” of a p — A diagram. (See Fig. 1.)
There are, in general, six boundaries given by the
following equations:

p+i=p,.+1,, (5.13a)
p—A=p,— i, (5.13b)
p =Pm + sm = }'m, (5.130)

P=Pm—tm = ljm— Knl- (5.13d)

Because of symmetry, the states
Ipm + 8 —Gm> _2‘m + S)

and
IPm -t ~YGm> —}'m + t)

also exist and are on the boundary, and we have

(5.13¢)
(5.13f)

It is obvious that on the boundary, «(j, k, 1) is
uniquely determined by C,, Cj, j, k, and A, and
M(j, k, 1) = 1. For clarity, we state this fact as a
theorem.

P—}'=Pm+}'m’
P+A=Pm_lm

Theorem 1: All states on the boundary have multi-
plicity M(j, k, 1) = 1.

Proof: 1. For states on the boundaries (5.13a) and
(5.13b), we have Eqs. (5.6) and (5.7) , hence, «(j, k, A)
is uniquely determined through Egs. (4.1a) and (4.5a).

2. Similarly, for states on the boundaries (5.13¢) and
(5.13f), a(j, k, A) is determined through Egs. (4.1b)
and (4.5b).

3. For states on the boundary (5.13d),

a4(jm — t’m/2’ km - tmlz’ z') = 0’
B — tml2s kg — 14[2, ) =0, ifj, >k,,
as(jm - tm/2’ km - tm/2’ j’) = 0, lfkm >jm,

therefore, a(j, k, A) is determined through (4.1a) and
(4.2a).
4. For states on the boundary (5.13c),

al(p = }‘m’ q, A) =0, bl(P = zm’ q, ﬂ-) =0,
then a(j, k, 4) is determined through (4.6)-(4.11).

A. Degeneracy and Multiplicity

Our task now is to classify the irreducible repre-
sentations of Eq. (5.11) into degenerate and non-
degenerate representations, find the associated Young
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diagrams, the multiplicity of the states, and the
decomposition of each representation with respect to
the maximal compact subgroup. The results of this
investigation are quite simple, in a sense even
intuitively obvious, and we state them in the form
of several theorems. However, the algebraic steps
involved in this derivation are rather lengthy, and are
relegated to Appendix D.

Theorem 1: The finite irreducible representations
of the group SU(2,2), and the associated Young
diagrams are classified as follows:

(a) Degenerate representation:

ClassI. s5,,=1,2,3,---,

ii. km =0’jm= %, 1’%32""’
iii. j,, =k, =0,

Class II. s,, = 0,
jm’k'm=0a%, 1’%9'..;

(b) Nondegenerate representations:

ClassIII. s, =1,2,3,---,

n__V_JW—_J
2km  Sm

jm’km=%r 1,%,2,"’

Proof: See Appendix D. We see that the Young
diagram for nondegenerate representations is the most
general diagram. When j,,, k,,, and s,, are all non-
vanishing, we have Class III. When j,, = 0, we have
Class I, (i); when k,, = 0, we have Class I, (ii); when
Jm = k,, = 0, we have Class I, (iii); when s,, = 0, we
have Class II; these are all degenerate representations.
Therefore, for finite representations, degenerate also
means that the Young diagram is degenerate.

The relation between a Young diagram and j,,
k.., 8, can be shown very simply. When we decompose
SU(2, 2) with respect to SU(2) x SU(2) x U(1), we
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have for the three basic Young diagrams

O= (j=0’k=%,j'= -P
+(j=%k=0,2=1})
=((jmn=%kn=0,4,=1),
B =(=%k=0,A=-})
+(j=0k=3%i=1%
= ((]m =0, km = %’ }'m = %))’
B =(=0k=01=-1)
+(=0k=0,A=1)
= ((]m =0,k, =0,4, =1)),
where we recall (j,k, ) is an irreducible repre-
sentation of SU(2) X SU(2) x U(l)and ((j, ks Am))
is a finite irreducible representation of SU(2, 2).
Therefore, for a given Young diagram which has 2j,,

columns of [, s, columns of B, and 2k,, columns
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of B, the state of maximum weight (maximal 2) is

constructed from

2 X (j=4%,k=0,A=1})
+2%,X(j=0,k=4%1=1%)
+s5,X(j=0,k=0,A=1)

= (_]=Jm’k =Ky, 4 = jm + kpm+ 5pm = A)-

We now consider the problem of the decomposition
of a finite irreducible representation of SU(2, 2) into
unitary irreducible representations of the maximal

compact subgroup SU(2) x SU(2) x U(1), and the
multiplicities of these representations.

Theorem 2: The decomposition of a finite irreducible
representation ((j,,, K., 4,,)) of SU(2, 2) into unitary
irreducible representations (j, k, A) of the maximal
compact subgroup SU(2) x SU(2) x U(l) and the
multiplicities M(j, k, A) of these representations are

given as follows:

Letp=j+k,q=j—k,pp=Jjn + k,, then |g| < p always, and for p > p,., lg| < po-
(a) Degenerate representations: M(j, k, 4) = 1 for all allowed values of j, k, and 4.
ClassI. s, =1,2,3,:--.

(i)jm=09km=%al,%’2""

P =Pm P=Ppnt+1
~S5m<q+ A< s, —Sm+1<g+24< 5, — 1
2 =5y LG = AL 2+ 50) =2 =5 +1<q—A< 2P0+ 85— 1
P=Pmts P=Pm+t Sp
S+ s<Lg+1Ls,—5 g+i=0 , (5.14)

”‘ZPm—Sm‘FSSQ"}»Ssz'i‘sm—S
where s =0, 1, 2,---,s,. Here, we have the general restriction,
P <qgLpn. —Sm+s5s<q+4i<s, —s, means

g+i=—s.+s,

—Spt+s+2, —s,+s+4,-,5,—5;
and
2, — 8, +5<Lqg—-—A<L2p,, + 5, — s means

q—A=—-2p,—S,+s5, —2pp—Sp+s+2, -2p,—5,+s+4,-,20,+ 85, —5,
@) k, =0, j,=14%,1,%, 2, is the same as (5.14) with ¢ > —g.
(iii) j, = k,, = 0 is the same as (5.14) with p,, = 0,49 = 0.
ClassII. 5, =0, j,,k, =0,%,1,%,---

) Jm > ko
Jm — k, = integer, or half-integer
P =jn=kn P=Jn—knty
—2jm — k) KqFAL20m—kn) ) ) —20(m— k) — 7 <q+ AL 20jm— k) + ¥}
g—4=0 —y<q—4<Ly

P=jntkn
2 Lq+ 1L 2, )},
—2k,<q—21<L2%,
wherey =0,1,2,-++,2k,. —y<g—A<ymeansthatg — A= —y, —y + 2, —y + 4, -+, y.

(5.15)
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(i) k,, > j,, is the same as (5.15) with j,,— k., ¢ —> —q.

(iii) j,, = k., is the same as (5.15) with j,, = k,,, .

(b) Nondegenerate representations M(j, k, 1) > 1 for all allowed values of j, k, 4.

ClassIIlL. 5,, =1,2,3, ** , ju, kn=%, 1, %,

@) jn > Ko

P =jn—km,
2y —fem) — 5, g+ AL 2(j,, — k) + S,
-5, <qg—AL s,
lgl < p
P=jm—kn+s
2 — k) — S — 5L g+ AL 2(jn—kp) + 5, + s
—Gmt+)Lg—A<s, +s o
lgl <p
P=Pn=]ntkn P=Jjntknty
QU+ Sqg+ ALY+ 50| | @t = NG AL Y5 —
-k +5,)<qg—AL2k,+s, 2K+ S — VL qg— AL 2%, +5,— ¥
gl <p=pm 91 < pm
P=jm+kpy+s,
TUnSEHAST o)

—2k, < q— <2k,

: 191 < Pum
wheres=0,1,2,---,2k,,andy=0,1,2,---,5,,.
The multiplicities of (j, k, 4) are given as follows:

(a) p=jm'—km+s’ S=0,1,2,"‘,2km

q=jm—km+y’
l=jm—km:|:(s+sm—'y_2t)’
M0=M km+§+§k=§—zj)=mmﬂ+L%m+%—s+Ls—y+&
where t=0,l,2,-~-,s+s;" 4 (s + s, — y = even)

Sy o = odd)

2 )
y=0,1,2,-"",s.

q=jm_km’ \

}'=jm'—km:l:(s+sm_2t)5

s

A4j=m—km+ik=5J)=mng+L%m+%—s+Ls+n,

where t=0,1,2,-",s+—s"‘ (s + s,, = even)
s+ Sm—1 (s + s,, = odd)
’ 2 m . J )
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q=jm_km_y’
A=j,—k,—v +(+s,—21t),

M(j+jm—km+§—z,k=f+z,l)=min{t+1,2km+sm—s+1,s+1},

2 2 2
where t=0,1,2,---,s—-‘-2—s'-" (s + s,, = even)
’_s_+_s;,,_—_1 (s + s,, = odd)

y=0,1,2,-..,jm—km (jm—km=integer)
sjm — km— 3%  (jm — kn, = half integer).

Due to symmetry, when j== k, ¢ — —q, A — —1, M(j, k, 1) = M(k, j, —4).

b) p=jn+k,+s s=012-,5,
q=jm_km+ya
A=j,—kn+xQk,—s+s,—y—20,

M(j=jm+§+§,k=k,,,+§—§,a)=min{t+1,zk,,,+s—y+1,zk,,,+1,sm—s+1}

2k, — S+ Sp — ¥

2
2y =5+ 5, —y—1
’ 2

2k, — s + s, — y = even)

where t=0,1,2,---,

k,, — s + s,y — y = 0dd)

y=0,1’2:'."2km
q=jm—km
A=ju—kn+tQCk,—s+ s, —21)

M(,-=jm+§,k=km+§,z) = min {t + 1, 2k, + 1, 5, — s + 1}

where t=0,1,2,---,%ﬁ%+s'—" (2k,, — s + s,, = even)
,2km_s2+s'"_1 2k, — s + s,, = odd)

q=jm'—km_79
A=ju—kn—vxQk,—s+s,—21t),

M(j=jm+§—-§,k=km+§+§,l)=min{t+1,2km+1,sm—s+1},

where t=0,1,2,---,@ (2k,, — s + s,, = even)
,Zk’"—sz"’sm_l (k,, — s + 5,, = odd)
y=0,1,2,-",j,—k, (jm'—km=integer)
sIm =k — % (jm — ks = half integer).

Again, when j 2>k, q— —q, A— —4. M(j, k, ) = M(k, j, —7).

(5.17)

(5.18)
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(i) k,, > ju, is the same as (5.16)-(5.18) with
j m< km > 9.

(i) j,, = k,, is the same as (5.16)-(5.18) with
Jm =k

Proof: See Appendix E. We remark that for non-
degenerate representations, the multiplicity M(j, k, 4)
is given by the minimum of four numbers. Three of
them are given by [see (5.17) and (5.18)] p = + k,

@@ t+1, (5.192)
®p—=po+1 (gl £pospo=\|jm=—kul)>
(5.19b)

p—lgl +1=27+ 1(k > ) (4l = po)s
=2k + 1(j > k), (5.19¢)
© pp+Su—p+ 1. (5.19d)

They are all “distances” in the p-A diagram: (a)
for given j, k the allowed A ranges from i = 4,,
A+2, 4, +4,--, 4, and 2t =min{dl — A,,
Ay — A} (b) for |g| < py, p — po = distance to
the boundary (p =p,); for gl > po, p—1lgl =
distance to (p = |gq|, the minimal value of p where ¢
first appears). (¢) p, + s, — p = distance to the
boundary (p = p,, + 5,.)-

Equation (5.19c) gives the maximal possible value
for M(j, k, ). This is the result of a theorem due to
Harish—Chandra® and Godement.!® For completeness,
in Appendix E we state this theorem and apply it to
our problem.

The fourth number is

(@) pu—po+1=2,+1
=2k, +1

Ko 2 Jim)
(m 2 km), (5.19)

and is the absolute upper bound for all M(j, k, ) in
the irreducible representation ((J,,, k.5 Am))-
To summarize the above remarks, we have

M(j, k, 3)
=min{t+ I’P_P0+1’P—Iq|+ 1,

Pm +Sm iy 4 + lapm — Do + 1}' (5'20)

VI. UNITARY IRREDUCIBLE
REPRESENTATIONS IN THE
" DISCRETE SERIES

We now proceed to the study of unitary repre-
sentations. Let

SGopsk,v; Ay ) = |j, pus ke, v; 25 )
12 Harish-Chandra, Trans. Am. Math. Soc. 75, 185 (1953); 76,

26 (1954); 76, 234 (1954),
13 R. Godement, Trans. Am. Math. Soc. 73, 496 (1952).
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be vectors (states) in a unitary representation. Then,
we have

fG+tet+bk+d,v—521+1;P),
P f(j, g ks vy A @)
=P fG+hu+hk+hv—Li+ 1P,
S, pi k,v; ;) (6.1)

and using Eqs. (2.41a) and (2.43b), Eq. (6.1) reduces
to

0,k Deg = =0y + bk + 3, 2 + Dge. (62)
Using Eq. (2.49), we finally have

al(j’ k, )')aﬂ = _ar(j’ k, }*)aﬁ .

Therefore, a,(j, k, A),4 is purely imaginary. Similarly,
we can show that a,(j, k, )5, and as(j, k, 1), are
purely real, and a,(j, k, 1),5 is purely imaginary;
also b,(J, k, A).p and by(j, k, A),gare purely imaginary,
and by(j, k, N),5 and by(j, k, 4),5 are purely real.
Hence,

a%(j’ k’ A‘)aﬂ ’ ai(.ja k’ }*)aﬂ ’ bg(]; ks A)aﬂ s
bi(.]’ k’ }')aﬂ S 0

(6.3)

(6.4)
and
ag(j’ k’ l)aﬂ ’ ag(ja k’ }')aﬁ ’ bg(]’ k’ )')aﬁ ’
b§(15 k; l)aﬁ 2 0.

Equations (6.4) and (6.5) are the only conditions
imposed on the functions a%(j, k, 4),5 and b3(j, k, A)qp
from the unitary nature of the representation. They
are sufficient to determine all degenerate unitary
irreducible representations. For the nondegenerate
unitary irreducible representations, due to the
difficulties mentioned in Sec. IV, the general solution
of the problem is much more difficult to obtain. In
this paper, we study the unitary irreducible repre-
sentations in the discrete series, where we have been
able to classify all degenerate and nondegenerate
representations.

First, we state an important theorem due to
Harish-Chandra.!*

(6.5)

Theorem: (Harish-Chandra) If the rank of a semi-
simple noncompact group G is equal to that of its
maximal compact subgroup, then for any finite-
dimensional representation F of G, there exist two
irreducible unitary representations in the discrete
series of G which have the same infinitesimal char-
acter as F and can be represented over the space of
holomorphic functions on G/A4, where A is the
maximal Abelian subgroup of G.

14 Harish-Chandra, Acta Math, 113, 241 (1965); 116, 1 (1966).
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In our case G = SU(2, 2), SU(2) x SU(2) x U(1)
is its maximal compact subgroup. Both groups are of
rank 3, and the theorem is applicable. For the finite
irreducible representations, we have

C2 = 2Jm(.]m + 1) + 2km(km + 1) + Am(lm + 4)’

(.2)
X [(Ap + 22 — dkplk, + D] — (4, + 2% (5.4)

According to Harish-Chandra’s theorem, for a given
finite irreducible representation ((j,,, k., 4,.)), there
exist two inequivalent unitary irreducible repre-
sentations in the discrete series which take on the
same eigenvalues for C;, C;, and C, as given in Eqgs.
(5.2)-(5.4).

There are actually two discrete series, namely the
D~ series, and the D* series. The unitary irreducible
representations in D~ are semi-infinite dimensional,
where all the allowed values of 1 are negative. For such
a unitary representation in D, there exists a state
|j=Jm, k=K, A= A,), (we omit the labels u, v,
and «), such that

&, Ky Ay = ax(,, K, AL
= ay(J,,, K, A) = a,(J,,, K, Ay) =0, (6.6)
and all the allowed 1 satisfies
ALA,,.

We see, therefore, that if (Refs. 9 and 10)
Jp=ky, K,=jm, and A, = —1, — 4,
Egs. (4.1a)-(4.3a) give us
C,=2,J,+1)+2K, (K, + D+ A, A, + 4

= Ypn(fm + D + 2k, + 1D + 2,2, + 4),
(6.8)

(6.7)

Co=~Ap+2Up— KU+ Kp+ 1)
— A + DUm = k) + b + 1),
HAn + 2 — 4,0 + D]
X [(Ap + 2 = 4K, (K, + D] — (A, + 2)?
= (G + 2)* — 4jn(jm + D]
X [(An + 2)* — 4k plkp, + D] — (A + 22
(6.10)

(6.9)
C,

Similarly, we next consider the Dt series. The
unitary representations in Dt are also semi-infinite
dimensional, and all the allowed values of A are
positive. For a given unitary irreducible representation

TSU YAO

in D+, the state
lJj=Kn=jmk=Jn=ky, A=—=A,=2,+4)
exists, such that

bl(jm’ km! Am + 4) = bz(jm’ km’ }*m + 4)
= ba(jm’km’}‘m + 4) = bA(jm’km’Zm + 4) =0,

(6.11)
and all the allowed A satisy

A> 2, + 4.

We see, therefore, that Eqs. (4.1b), (4.2b), and
(4.3b) also give Eqs. (6.8)-(6.10). It is interesting to
note the complete symmetry and complementarity
between Eq. (6.6) and Eq. (5.5), and also Eq. (6.11)
and Eq. (5.1).

By changing j <> k, A — —A4, we go from a unitary
irreducible representation in the D~ series to a
unitary irreducible representation in the D series.
Therefore, in the following, we need to study only
unitary representations in the D~ series.

In contrast to the six boundaries of finite-dimen-
sional representations, (5.13a)—(5.13f), unitary repre-
sentations in the D~ series have only three boundaries,
given by the equations,

pti=J,+K,+A,, (6.12a)
p—A=J,+K,—A,, (6.12b)
P=po=Vn — Kyl (6.12¢)

When J,, = 0, or K, = 0, then the boundary (6.12b)
is absent, and we have what will be called degenerate
boundaries. We see shortly that degenerate boundaries
imply degenerate representations. In fact, the last
remark applies also to finite-dimensional repre-
sentations, where we see that degenerate boundaries
imply degenerate Young diagrams which imply
degenerate representations. (see Fig. 2).

Equation (5.11) gives us al/ the finite representations,
and through Eq. (6.7) therefore, gives us almost'® all
the unitary representations in the D~ series. On the
boundaries (6.12a) and (6.12b), we have, similar to
Egs. (5.8)-(5.9),

t t
a%(Jm_EaKm_

—,A,,,—t)

2

A+ K, —t+3)

@I, —t+ 202K, —t+2)
(t+s,+1)

@I, —t+ 22K, —t+2)

t=0,1,2,--,t,=2x min(J,,, K,),

<0,
(6.13a)

15 fn Theorem 3, (a), s, = 0, 1, 2, 3, - - - . However, from a study
in Ref. 9, s,, = —2, —1 are also allowed.
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and

t

t
bi(Jm—E,Km_E’Am_t)

4+ D+ s, +2)
Iy —t+DRK,, —t+1)

t=0’l’21".,tm—19
2 tm tm
b,,(J,,, _im g _tmop t,,,) ~0;  (6.13b)
2 2
ai(Jm+§,Km+§,Am—s)
A =J,—K,—s+1)
(2J + )(2K,, + 3)
(2Jp + 52K, + 5)
and
b(J, +>, K, +3,A, —
H(n 3 Kn 500 )
__(s+1)(2Jm+2Km+sm+s+4)<0
QI +s+DRK,+s+1) ’
§s=0,1,2,-++. (6.14b)

We observe that Eqs. (6.13) and (6.14) are all negative,
satisfying Eq. (6.4). We further notice that Eq. (6.14b)
never vanishes, and s increases without bound, in
contrast to Eq. (5.9b), where s has the upper bound
. The infinite-dimensional nature of the unitary
representations is therefore obvious. Consequently,
in the decomposition of a unitary irreducible repre-
sentation, M(j, k, A) may a priori be finite or infinite.
But from a theorem of Harish-Chandra and Godement
(see Appendix E), M(j, k, ) <2 X min (j, k) + 1
and is always finite.

From now on, a unitary irreducible representation
in the D~ series which satisfies the conditions Egs.
(6.6)—(6.10) will be denoted by D~(J,,, K,,, A,,). The
decomposition of D~(J,,, K,,, A,,) into an infinite
sum of (j, k, 4) with multiplicity M(j, k, 1) is now
considered, and the results are stated in the following
theorem.

Theorem 3: The decomposition of an unitary
irreducible representation D~(J,,, K,,, A,) in the
discrete series of SU(2,2) into unitary irreducible
representations (j, k, A) of the maximal compact
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subgroup SU(2) x SU(2) x U(1) with multiplicity
M(j, k, 2) is given as follows:
Letp=j+k,q=j—k,pp,=J,+K,.
(@) Degenerate representations:
M(j, k, 2) = 1 for all allowed values of j, k, A.
A,=~J,— K, —s, -4,

where 5, =0,1,2,3,--+, (from Part II we also
have s, = =2, —1).

0J,=0,K,=14%1%, -
P ="Pn P=Pmt1
q=—Pmt+V = —Pmt ¥
A=A, —y—2) A=A, —y—2t—1
P=Pmnts
qg=—p,+7y cee, (6.15)
A=A, —y—2t—3s
where 0 <y < 2p,,, 5, t=0,1,2,---,
Gi) X,=0,J,=4%,1,%,--:
P="Pn P=pntl
9 =Pm—7 g =Pm —7
A=A, —y—=2) A=A, —y—2t~—1
P=pPnts }
9=Pm—7

b Ay 2]
where 0 <y < 2p,,,5,2=0,1,2,-+-.
i) J, =K, =0

p=0 p=1
g=0 qg=20
A=A,-2t) A=A, —-2t-1
p=s
g=0 ce

},=Am—2t—s

where s, t=0,1,2,---.
(b) Nondegenerate representations:
M(j, k, 2) > 1 for all allowed values of j, k, .

Am=_Jm_Km_‘ym'—4’

where 5,=0,1,2,3,--- [from Eq. (6.13ab) we
also have s,, = —1].
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(i)Jm>Km!Km=%! 13%,.'-
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(a)p=Jm—Km+s,s=0, 1’2"”’2K’m’

q=Jm—Km+y’
A=A, —2K, +s—y—2t,
MGk, ) =min{t +1,2K, +t—s + 1,

§s—=v + 1},
where

t=0,1,2,3,---,
y=0,1,2,---,5
q=Jm_Km’

A=A, —2K,+s—2,

MGk, ) =min{t +1,2K,, +t —s + 1, |_

s+ 1}
where

t=0,1,2,3,---.

q=Jm_Km_7a

A=A,—-2K +s5s—y—2t

M@, k,)=min{r+1,2K,, +t—s+ 1,
s+1,2J,—-2K,,+s—y+1}

where

t=0,1,2,3,:--,

y=0,1,2,---,2(J, — K,) + s

)y p=J, +Kp+5,5=0,1,2,3,

q=Jm""Km+7’
A=A, —s—v—2t,
M, k,L))=min{t + 1,2K, +s5s—y + 1,

2K, + 13,
where
=0,1,2,:-+,
y=0,1,2,---,2K,.
q=Jm'_Km’

A=A, —s—2t,
M(j, k,2) =min{t + 1, 2K,, + 1},
where
t=0,1,2,---.
q=Jn—Kn—7,
A=A, —s—y—2t,
M(j, k, ) =min{r + 1, 2K,, + 1},
where
t=0,1,2,---,
y=0,1,2,---,2J,.

i K,>J,,Jn=%13%---

(6.16)

is the same as (i) with the change J,, < K,,,, ¢ > —¢.

Proof: For clarity of presentation the proof for
degenerate representations will be given in Paper II
of this series, and that for nondegenerate repre-
sentations in Paper III.

Similarly, for the D+ series, we immediately have

Theorem 4: The decomposition of an unitary
irreducible representation D+(K,,,J,, —A,), de-
fined in Eq. (6.11), in the discrete series of SU(2, 2)
into unitary irreducible representations (j, k, 1) of
the maximal compact subgroup SU(2) x SU(2) x
U(1) with multiplicity M(j, k, ) is given by the
results from Theorem 3 with the change j<— k
(g— —g)and A — —A.
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APPENDIX A. RELATIONS AMONG
a,(j, k,?) AND b,(j, k, D

From the commutation relations (2.26)-(2.31), we
obtain the following relations:

(k + 1) 2 al(j’ k’ }“)apaZ(j + %’ k + %’ A‘ + l)pﬂ
=k2 a(j, k Dopar(j + 1, k — 3,2+ 1),5, (Ala)

G+ DI alk Deas(j + 3k + 3,4+ 1),
=] ; as(j, k, Nepailj — 5k + 3,24+ 1), (A22)
G+ DX a, b Dypas(j + 3 k= 5,2+ 1),
=Sk Doaslj = bk = 124 Dy, (A30)
(k+ 1) X as(j, k, Depaa(j — 1k + 3, 2+ 1),
= k30, b D = b e = A+ Dy, (Ada)
G+ D3{a ke MypaaG + 3k + 3,24 1),

+ @l o DytslJ + K — 14+ 1))
=7 2asis ks Depas(i — 4 k + 4 A+ 1,

+ as(j, k Dopar(j — 3,k — 3, 2+ 1,5}, (ASa)
(k+ D3 {a(, k Dopaa(f + 3,k + 3,4 + 1),

+ a7, ks Depani — b,k + 3, 2+ 1)y}
= k; {as(js ks Dupttas(f + 3,k — 3, 2+ 1)

+ ai(j, ks Dypar(j — 3,k — 3,4 + 1), (A6a)
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Similarly, we have
(k + 1) z bl(ja ka }')apb2(j + %’ k + %, A— l)pﬂ
p
=k by(j, ks Nepbi(j + 1,k — 1, A — 1),5. (Alb)
)

Equations (A2b)-(A6b) follow in the same manner.
We also have the following relations among the
a(j,k,A) and b,(j, k, 4):

z al(j’ k’ A)apbl(j + %’ k + %’ A + l)pﬂ
P

= Z bl(j, k’ A)apal(j + %9 k + éa ;‘ - l)pﬁ’
p
z a2(j3 k, }')apb2(j + %9 k— %a A + l)pp

5
= ;bz(]', K, Mepa(j + 3.k — 4, 4 — 1),
gaa(j, ky Dapbs(j — 3k + 3, 24 1),
= gba(f’ k, Dapats(j — %, k + 3, 2 — 1),
§a4(j, K, Dapbs(j — 3k — 3, 2+ 1),
=2 by(j, ks Dypas(j — b k — 4,4 — 1),
S 4@y ko Dagbali + bk + 3,4+ 1),
"k Db bk — b A+ 1))
= g {by(J, ky Mg+ 3k + 3,1 — 1),
+ by, ky Mot (j + 3,k — 3,4 — 1)),
3 {aais ko Dopbsj = 1k + 1 2+ 1)

+ a4(j, Ky Dapbs(j — 3,k — 3, 4 + 1),5}
=3 {by(s ks Deptaj — 1 k + 3,4 — 1),
& b by Dopaali = bk — A= Dy
3 (@il ko Dbl + b K+ 3 4+ 1,
+ a5(j, K, Depbs(G — 1k + 3,4+ 1)y
=3 {0 ks Dol + bk + 37— D)
+ by(j, ks Dopta(J — 3k + 3,4 — 1)},
S {asji ks Dapbalj + .k — 3, A+ 1),
"k Db — bk — 3 A+ D)
= ; {bo(js ks Dapa(j + 3.k — 3, 2 — 1)
+ ba(js ks Dpta(j — 1 k — 3, 4 — 1,5}, (A14)
(e + 1) 3 {ay(s k, Dapbo(i + 3.k + 3,4+ 1),
+ by ks Dugas(J + 3 e+ B2 = 1))
= k2 {as b Depbil + 1 k = £ 2+ 1y

+ bz(j, ka }')apal(j + %9 k — %3 A— l)pﬂ}s (AIS)

(AT)

(A3)

(A9)

. (A10)

(A11)

(A12)

(A13)
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(k+ 1) 3 {ag(j, k, DypbaG — 3k + 3, 4+ 1),

+ b3(j, k’ }')apaA(j - %’ k + %, 3. -_ l)Pﬁ}
=k ; {ad(ja k’ z’)apbs(j - %’ k— ‘%, A + l)pﬁ

+ b4(ja k, )‘)apa:)(j - %’ k— %’ A— 1)pp}, (A16)
(.’ + 1) 2 {al(j’ k5 A)upb:%(j + %’ k + %’ l + l)pﬂ
p

+ bl(j’ k’ A)apas(j + %’ k + %9 A— l)pﬂ}
= .] z {aa(ja k’ }')apbl(j - %9 k + %, A + l)pﬁ

+ ba(ja k’ )')apal(j — éa k + %’ A= l)pﬂ}’ (A17)
(] + 1) Z {a2(j’ k’ }‘)apbll(j + %a k— &9 A + 1)pﬂ

+ b2(j’ k’ l)apa4(j + %’ k— %s A— I)pﬁ}
=j 2{a4(s ks Dapbo(j — 3, k — 3, 4 + 1),

+ bA(ja k’ }')apaZ(j - %’ k— %a A— l)p[i}‘ (Als)

Equations (A7)-(A18) are all homogeneous re-
lations. Now, we also have two inhomogeneous
relations,

(] + 1) Z {al(j’ ka }')apbtl(j + %9 k + %’ )' + l)pﬂ

+ as(j, ks Depbs(j + 3,k — 3, 2 + 1),

+ b1, ks Dapas(J + bk + 4, 4 — 1)y

+ by, o Dagisli + 4 K — 3 A — D)
—jg {as(J, ky Dapba(G — 3,k + 3,4+ 1)

+ a4(j9 ka A)apbl(j - %’ k— %’ A + l)pﬂ
+ b3(ja ka }')apaz(j - %a k + %’ A— l)pﬁ
+ bA(j: k, l)apal(j - é’ k— %: A— l)pﬂ}
+85=0, (A19)
(k + 1) z {al(j’ k’ 2-)¢pb4(j + %’ k + %, }“ + l)pﬂ
P

+ a3(j, ky Dgpbo(j — 3k + 3, 2 + 1),

+ bi(j, ky Dgps(J + 2k + 5,4 — 1),

+ by(J, k, Nepas(j — 3 k + 3, 2 — 1)}
—k ; {as(j, ky De,ba(j + 3,k — 3,2 + 1),

iy o Db — bk — 12+ D),
+ by, K Doyl + bk — 1 A= 1),
+ by(j, ky Dgpar(j — 3,k — $, 4 — 1),;/;}
+ 0,3 =0.

Finally, we have the relation

(A20)

4
Z z ai(j’ k’ A)apai(j’ k: }'),Bp

i=1 p
4
= 3254, ks Dagbilis ke Bg,. (A2D)
=1 p
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APPENDIX B. OFF-DIAGONAL ELEMENTS
OF C,, C;, Cy, AND Fy

For « 7 f, we have from Egs. (3.1)-(3.3), and (3.6)

S + Dk + Day(j. k, Dgpa.(Js k, VPR
’ — (j + Dkag(js ks Doy ks A,
— (K + 1)as(jy ks Dy ks D,
+ jka(j, b Aupai(Js k» Dgp} =0, (BD)
S (U + Dk + DG = Bass b Duptr(Gs ks Dy,
L+ DG + k + Das(y k Dyl ks D,
+ jlk + D + k + Das(j, k, Dpas(Js k, A,
_ k(= K)ai(, ks Dy b Do} =0, (B2)

4
jk(] + 1)(k + 1) le ai(j: k’ l)apat'(j’ ka )')pp
i=1 p

= "i{(P—Q— ~ S_T)P,.Q, — S+T+)}aﬂ’ (B3)

where {(P_Q_ — S_T_)(P,Q, — S,.T,)}s is given by
Eq. (4.4). Finally,

Z {(.’ + 1)(k + 1)(] + k)al(j9 k, }')apal(j’ k’ }')ﬂp

— (j + Dk(j — k — Day(J, ks Dapas(Js ks Vg,

+ jlk + DG ~ k + Dag(j, ks A)apa5(J; K, Dgp

— jk(j + k + 2)a,(j, k, Depa4(j, k, Ag,} = 0. (B4)
Similarly, we can write identical expressions for the
b(j, k, A).

APPENDIX C. COMMUTATION RELATIONS
BETWEEN F, AND P., Q., S., AND T,

[Fs, Pyl = {—1Cy + (R — 2)(R, + 3) + (2 + K?)
— 2(J3 — B)(Ks + DIP, — 2(Js — HKS,
- 2(K; + %)J+T+ - 2K—J+Q+
+ 2Q—(S+T+ - P+Q+), (Cl)
[Fs, P_] = {3Co — $(Ry + 2)(Ry — 3) — (3* + K?)
+ 2005 + D(Ks — PIP- + 20 + DK, S
+ 2Ky — T+ 21 K, Q_
—20,(S_-T_—-P Q). (C)

The other six commutation relations can similarly
be written down. However, they provide no new
information, and are omitted here.

The matrix elements of the commutation relations
(C1) and (C2) are very important. They will play a
vital role in the discussion of Paper IIl. Equation
(C1) gives us four relations,

ay(j, k, Dpp{f — + 3C, — (A + 3)
—(+k+D'+3}
= =23 (P,Qy — S.Tusbi(j, k, 4 + 2),5, (C3)

TSU YAO

az(j: k, A)aﬂ{ﬁ —a+ %CZ - %}'(}' + 3)
—G -k D
= =23 (PiQy — S;Tubo(j, ks A + 2)5p, (CH

a3(j’ k9 j')aﬂ{ﬁ - + %C2 - '}}'(}' + 3)
—(G—k*+ 3}
= =23 (P,Q, — S.Tasbs(js ks A + 2),5, (C5)

a4(j9 k9 l)aﬁ{ﬂ -« + %CE - %l(l + 3)
—(+k+ 1 +8
= =23 (P10; — S, T\)obs(j, k, A + 2)5. (C6)

Similarly, Eq. (C2) gives us

bl(j, ky }‘)uy{y - a = %C2 + %ﬂ,(ﬂ, - 3)
+U+E+D -4}
=2 z (P—Q— - S—T—)aral(j, k, 2 — 2)ry9 (C7)

b2(j’ k; }-)ay{y - & = %C2 + %)'(z' - 3)
+ G-t
=2 z (P—Q— - S—T—)araz(j9 k, A 2)ry’ (C8)

bs(ja k, A)ay{y " St %CZ + %}'(l - 3)
+ (=0 -8}

=2 z (P—Q-— - S—T—)araa(j, k, A - 2)rra (C9)

by(js ks Deyly — & — 1Co + $4(2 = 3)
+(+k+D*—4)

=2 2 (P—Q—- - S—T—)ara«i(j’ 'k’ A— 2)77 : (CIO)

We observe that Eq. (C3) is similar in structure with
Eq. (C6); also (C4) with (C5), (C7) with (C10), and
(C8) with (C9). These properties will be utilized
extensively in Paper II1.

APPENDIX D. PROOFS FOR
THEOREMS 1 AND 2

The relation between a Young diagram and j,,,
kn, S, has already been mentioned in the text
following Theorem 1. There we see that the state of
maximum weight |j,,,k,,4,) exists such that
Eq. (5.1) holds and A, =j, + k,, + 5,,, Which is
Eq. (5.10). The three classes of finite representations
listed in Theorem 1 are the results, when we enumerate
all the possible values of j,, , k,,, and s,,,. The problem
of degeneracy and multiplicity is the content of
Theorem 2, which we discuss next.

The discussion and proof of Theorem 2 is much
facilitated if we introduce the idea of a p-4 diagram.
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Class I11:-
pe
(n:—.pmum’)\:)\m-sm)
®m,~Am) (P Iyt ¥y A
+ A
(==l A=X = +p)

Fia. 1. Boundaries of a finite irreducible representation in the
p-A plane.

It is a diagram giving the boundaries of a finite
irreducible representation in the p-2 plane. In the
decomposition of a finite representation ((j,,, Ky s 4,))
of SU(2,2) into unitary irreducible representations
(J, k, ) of the maximal compact subgroup SU(2) x
SU(2) x U(1), the allowed values of j, k, A are such
thatp = j 4+ k and A are all inside or on the boundaries.
The most general p-A diagram is that of Class III,
where j,, # 0, k,, # 0, 5., % 0.

The p-A diagrams associated with Class I and Class
II of the finite representations are the degenerate
forms of Fig. 1, and are given in Fig. 2,

The p-A diagrams in Figs. I and 2 are the dia-
grammatic representations of Eqs. (5.13a)-(5.13f). The
allowed (j,k, ) of SU2) x SUQ2) x U(l) in
(Gm> Kms Am)) of SU(2, 2) can now be written down
immediately, the results are stated in a compact form
in Egs. (5.14)-(5.16). The derivation of this part is
quite simple, and involves only straightforward
enumeration of all the states (J, k, 4).

ClassI: s, # 0
ahIvide [\

(2) km = O’jm¢ 0
€)) jm =k,=0

ClassII: 5, =0
(1) jm #0, k # 0,
Jm #
@) jm=k,#0

3) jm7é0akm=0
or

Jn=0,k,#0 ‘

FiG. 2. Degenerate forms of Fig. 1.
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The problem of multiplicity is much more com-
plicated. For degenerate representations, we put
M(j,k,7) =1 in the coupled recursion relations
(4.12) and (4.13), and solve for the a,(J, k, A) and
bi(j, k, ). Then, we demand that these solutions
satisfy the appropriate conditions on the boundaries
Egs. (5.6), (5.7), etc. In this way, we find that the
degenerate representations have only the allowed p-4
diagrams given in Fig. 2. In this connection, we remark
that representations of Class II require more caution
on our part in the study of Eqs. (4.12) and (4.13),
since the boundaries (5.13b) and (5.13f) “‘intrude”
there.

Since the only type of p-A diagram left now is that
of Fig. 1, we know it must be nondegenerate. Now we
have the coupled diophantine recursion relations
(4.12) and (4.13) to solve, where M(j, k, A) are
unknown integers. However, from a detailed study of
Egs. (C3)—~(C10), which will be presented in Paper III
in our discussion of nondegenerate unitary irreducible
representations, we have a knowledge of the multiplic-
ity M(j, k, 2) of the states (j, k, 1). Once M(j, k, 1)
is known, Egs. (4.12) and (4.13) can be solved for
>apalj, k, Ay, and 3, , b(j, k, A),,, which can be
shown to satisfy the appropriate conditions on the
boundaries Egs. (5.6), (5.7), etc. Again the compli-
cation, due to the “intrusion” of the boundaries
(5.13b) and (5.13f), has to be noted.

So far, only a sketch of the proof to Theorems 1
and 2 has been indicated. A detailed presentation of

_the algebraic steps involved would occupy several

pages and is therefore omitted. However, in Papers II
and III when we discuss the unitary irreducible
representations in the discrete series, we shall present
the relevant intermediate steps in the proof which
is in every detail parallel that for the finite repre-
sentations.

We conclude this appendix by giving the p-1
diagram for the unitary irreducible representations in
the discrete series.

P
L F ot
X

Fic. 3. p-A diagram for the unitary irreducible representations
in the discrete series,
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APPENDIX E. THEOREM OF
HARISH-CHANDRA AND GODEMENT

Let G be the noncompact group under consideration,
and g its Lie algebra.® The Cartan decomposition
gives g = k + p, where k is the maximal compact
subalgebra of g and p, a vector subspace. Let a
denote a maximal Abelian subspace of p which can be
contained in a Cartan subalgebra 4 of g. The Iwasawa
decomposition now gives g = k + a + n, where n is
a nilpotent subalgebra of g. Let the corresponding
subgroups of G be K, A4, and N, then G = KAN, in
the sense that every element of G can be uniquely
decomposed. Finally, let m be the centralizer of a in
k, m = h 0 k. The corresponding subgroup M of K
consists of elements which commute with 4. Now
denote D as an irreducible representation of K, and
let N(D) = maximum number of times an irreducible

18 For general reference on noncompact groups and Cartan and
Iwasawa decomposition see: S. Helgason, Differential Geometry and
Symmetric Spaces (Academic Press Inc., New York, 1962). R.
Hermann, Lie Groups for Physicists (W. A. Benjamin, Inc., New
York, 1966). '
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representation of M occurs in restricting the repre-
sentation D to M.

Theorem: If x — T, is an irreducible representation
of G, then D occurs at most N(D) times in the
restriction of T'to K.

We now apply this important theorem to the group
SU(2, 2) under consideration. Here G = SU(2, 2),
K = SU2) x SU(2) x U(1). The Abelian subalgebra
a is two dimensional, and we may choose P, and O,
as the two elements of this algebra, [P,,0,] =0.
The Cartan subalgebra # now contains the three
elements P, , O, and J; + Kj; the subalgebra m is
one dimensional and consists of J; 4+ Kj only.

We now illustrate the application of the theorem of
Harish-Chandra and Godement with an example.
Let D = (j, k, A) be an irreducible representation of
K, then N(D) = 2 X min (j, k) + 1 is the number
of times the irreducible representation J; + K, =
| j — k| occurs in (J, k, ). The theorem now tells us
that (j, k, ) occurs in an irreducible representation
of G not more than N(D) times.
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We prove the following theorem: Every finite-dimensional irreducible representation of the local

current algebra

[Fo(ky), Fa(ks)] = e Frk, + ko),

where the {e,,} are the structure constants of a semisimple Lie algebra L, has the form

N
Fp(k) —»z e"“sT’f ,

i=1

where T;; is a finite-dimensional representation of L, and for / # j, x; # x;; T,;' commutes with T for

all p and o.

F the local current algebras are assumed to satisfy
the commutation relations

[Fp(kl)s Fa(kz)] = e;a’Fr(kl + kz)’ (l)

where the {e,} are the structure constants of a semi-

simple Lie algebra L, then it is of interest to study the

* Research sponsored by the Air Force Office of Scientific
Research, Office of Aerospace Research, United States Air Force,
under AFOSR NR 42-65.

representations of the system (1) consistent with
Lorentz invariance. It may be hoped, and there is
reason to believe, that the space of states of elementary
particles is closely related to the space of such a
representation.t

We do not consider Lorentz invariance, which may

! See R. F. Dashen and M. Gell-Mann, Phys. Rev. Letters 17,
340 (1966); also M. Gell-Mann, “Relativistic Quark Model as
Representation of Current Algebra,” (lecture notes from Inter-
national School of Physics ‘‘Ettore Majorana’), (to be published).
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gives g = k + p, where k is the maximal compact
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representation of M occurs in restricting the repre-
sentation D to M.

Theorem: If x — T, is an irreducible representation
of G, then D occurs at most N(D) times in the
restriction of T'to K.

We now apply this important theorem to the group
SU(2, 2) under consideration. Here G = SU(2, 2),
K = SU2) x SU(2) x U(1). The Abelian subalgebra
a is two dimensional, and we may choose P, and O,
as the two elements of this algebra, [P,,0,] =0.
The Cartan subalgebra # now contains the three
elements P, , O, and J; + Kj; the subalgebra m is
one dimensional and consists of J; 4+ Kj only.

We now illustrate the application of the theorem of
Harish-Chandra and Godement with an example.
Let D = (j, k, A) be an irreducible representation of
K, then N(D) = 2 X min (j, k) + 1 is the number
of times the irreducible representation J; + K, =
| j — k| occurs in (J, k, ). The theorem now tells us
that (j, k, ) occurs in an irreducible representation
of G not more than N(D) times.

VOLUME 8, NUMBER 10 OCTOBER 1967

Representation Theory of Local Current Algebras*

Eric H. ROFFMAN
Institute for Advanced Study, Princeton, New Jersey

(Received 27 February 1967)

We prove the following theorem: Every finite-dimensional irreducible representation of the local

current algebra

[Fo(ky), Fa(ks)] = e Frk, + ko),

where the {e,,} are the structure constants of a semisimple Lie algebra L, has the form

N
Fp(k) —»z e"“sT’f ,

i=1

where T;; is a finite-dimensional representation of L, and for / # j, x; # x;; T,;' commutes with T for

all p and o.

F the local current algebras are assumed to satisfy
the commutation relations

[Fp(kl)s Fa(kz)] = e;a’Fr(kl + kz)’ (l)

where the {e,} are the structure constants of a semi-

simple Lie algebra L, then it is of interest to study the

* Research sponsored by the Air Force Office of Scientific
Research, Office of Aerospace Research, United States Air Force,
under AFOSR NR 42-65.

representations of the system (1) consistent with
Lorentz invariance. It may be hoped, and there is
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impose additional restrictions on the representations
of Eq. (1).2 We prove the following.

Theorem: Every representation of Eq. (1) which is
finite dimensional and irreducible, has the form

N
Fk)—>Ye™l @ - ®

i=1

T/® -1, (2

where T,' is a finite-dimensional irreducible repre-

sentation of L and x; # x;, if i # j.
Finite-dimensional representations of Eq. (1) are

of interest in quark models. We may call the T; of the

abstract [which is the same as the
1®...®T")i®...®1

of Eq. (2)] the representation of a quark at x,. It is
interesting that the “trivial” representation (N = 1)
is not the only irreducible representation, but that
nothing more complicated than Eq. (2) can occur. The
example at the end of the paper shows the typical sort
of nontriviality which can arise.

It is likely that infinite-dimensional representations
of the current algebra are the ones realized in nature.
The theorem we prove may be a step toward a,theory
for that case. In particular, the infinite analog of
Eq. (2) is a nontrivial irreducible (formal) repre-
sentation of Eq. (1). Also, the parameters in Eq. (2)
are viewed there as scalars. If they are considered to be
operators, or variables defining a space on which
space translations and rotations can act, then the
representations (2) become infinite-dimensional. The
difficulty is proving a uniqueness theorem.

We first define precisely what we mean by a structure
of the form (1) and by a representation of such a
structure. Then we analyze the representation for
some details, and prove the theorem. Finally, we note
some properties of the representation (2).

It is useful to remark that the group of vectors
(k,, ky) = k; + k; can be replaced by an arbitrary
commutative group.

Definition: Let L be a semisimple Lie algebra, let G
be a commutative group, then the set of pairs

{LeeL x G} (3a)
with the multiplication law
(h> 80 (s g2) = (h, L], £189) (3b)

will be called a group-extended Lie algebra, and
denoted L.

% See F. Coester and G. Roepstorff, “Current Algebras at Infinite
Momentum,” Argonne National Laboratory, Report.
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Definition: By a representation T of a group-
extended Lie algebra Ly, we mean a map

T:Lg— Ry, @

where Ry is an algebra of linear operators on a linear
topological space E, which satisfies

T(Il + al2ag) = T(lla g) + aT(12’ g)

[Ty, g1, Ty, g2] = T([L1, L), £182)-

Proposition 1: There is a basis

(5a)
(5b)

and

a=1<-n

i=1-
for the Lie algebra L, such that for any representa-
tion T

Ea’ Hi’

T(l> g) = Z laT(Ea’ g) + z liT(Hi: g), (6)

where /,, /, € C and
[T(Hi’ gl)s T(Hi L g2)] = 0, (7a)
[T(H;, g1, T(E,, g1 = r{)T(E,, 182,  (7Db)

[T(E,, 8, T(E_,, g2)] = ; r{)T(H;, g189), (7c)
[T(E,, g1), T(E;g, g2)] = (7d)

Proof: Proposition 1 follows from the corresponding
properties for the Lie algebra L, and the linearity
[Eq. (5a2)] and commutation relations [Eq. (5b)] of a
representation.

NaﬁT(Ea+ﬁ s gng)'

Proposition 2: Let T denote an irreducible repre-
sentation on the finite-dimensional space E and let
1&), |n) € E denote basis elements, then:

(a) The basis elements may be identified with
eigenstates of the operators T(H,, g).

(b) The basis elements may also beidentified with the
basis elements for a representation of the Lie algebra

{La}=L ®)
such that the eigenvalues 7,(g) of |n) have the property
that 7,(e) is the weight of the state ln) in the repre-

sentation (I, ) — T(/, e) of L.
(c) The matrix elements (5| T(E,, g) |£) satisfy

(nl T(E,, 8) 1&) = xa(g) | T(E,, €) 16),  (9)
where y%.(g) is a one-dimensional representation of
G. (It need not be the same for each choice of 7, &,
and «.)

(d) Suppose that 7(g) has a Fourier integral
expansion

n(g) = fxdxx(g)n(x). (10)

Then, 7(x,) =0, unless yxo(g) = xi:(g) for some
choice of «, 7, &.
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Proof: Equation (7a) shows the T(H;,g) are a
commuting family, and the rest of Eqs. (7) show they
are maximal. This proves (a).

Setting g = e, the identity of G, in Eqgs. (7), shows
that the T(/, e) are a representation of L. In particular,
T(H;, e) is a maximal commuting family of operators
for this representation of L. This shows (b). (c) is
shown by taking matrix elements of Eq. (7b). We
must assume the representation is continuous. (d)
follows from Eq. (7c). The Fourier expansion of 7(g)
is given explicitly by Eq. (7c) as a sum of terms of the
form (9).

We can now prove our Theorem.

Theorem 1: Given a finite-dimensional irreducible
representation 7' of Ly there are a finite number of
representations

, g)— Zi(g)Tx,.(l’ e) e
of Ly which satisfy y, # x;, if i # j, and
T4, ) = 31T o) (122)
!|—~T li(l, e) is a representation of L, (12b)
(7,7, o), ij(l”, e)] =0. (12¢)
if y; # x,. That is,
T(l, g) = Zx.-(g)l @ T le® o1, (13)

and T is 1rreduc1ble if and only if each T, e is
irreducible.

Proof: Let |£) |5) be basis elements, and
2. lpXel =

a sum over a complete set of states. Consider the
matrix element

(1 T g) ). (14a)
From Egs. (9) and (10), there is at most one y, for
each choice of &, 5 of basis elements and each root «,
which can occur in the Fourier expansion of Eq. (14a).
Since the representation is finite dimensional and a
Lie algebra has a finite number of roots, Eq. (14a)
has the expansion (with N < o0),

N
Z x2:(8) €1 T, (0, €) [m).

Equation (14b) deﬁnes &1 T, e)ln).
A matrix element of Eq. (5b) has the form

(El [T(119g1)’ T(l2sg2)] |77>

= (| T(lh, L], g1g2) ). (15)
We insert a complete set of states, using Eq. (14).
Linear independence of the characters now proves

Eqgs. (12) except for the irreducibility of the T, .
On each irreducible subspace E,, of the repre-

(14b)
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sentation T, , the operators T, - - T, must be the
identity representation by Schur’s lemma. Let
&, ~ §;, if they are in the same irreducible subspace
of T, - and let ¢, denote the equivalence relation.
Contmumg, we find T, acts on ((E/@y) " [@y_1)-
If T, is reducible on this space, T will be reducible.
Similarly each T, must be irreducible on

[((El@) - @) @ia] " " [

On [((E[gy) * - 9] %H] * [T, 2 is isomorphic
to T, . Thatis, T, =1®:- T® ‘® 1

Conversely, if T has the form (13), then Egs. (12)
hold. To show T is irreducible, we assume each T,
is irreducible; then any operator 4 not a multiple of
the identity which commutes with 7" must be a
permutation of the y,, since it must be a multiple of
the identity on each irreducible subspace of each
representation 7, . But a linear combination of
permutations cannot commute with T, because of the
linear independence of the y,. Therefore, an operator
A commutes with 7, if and only if it is a multiple of
the identity. Hence, T is irreducible.

This theorem can probably be extended in a similar,
but not necessarily identical form, to the case of
infinite-dimensional representations by making use of
properties of distributions and infinite-tensor products.

We now give an example to show that the repre-
sentations (2) need not be entirely trivial.

Let

L = SU(Q2),
G=R3 kegG,
N=2,

- T,(ly bealJ =} representation,
then

T, k) = e“‘”l[T_,zé(l) ® 1] + e**2[1 ®
Note that
T,,(Nel= [T,=é(l) @

T(l, 0) =

EL]

T, D).

()

T;_,(D) @ T,;_y),

so that “at x;,” the representation is reducible
(= 1 ® }); the integrated current algebra representa-
tion T(J, 0) is also reducible (= 1 ® 0) and different
from the representation at x;, and yet the repre-
sentation of the current algebra itself is irreducible.
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When the potential is an analytic function of a rational power of r, analytical properties of the wave-
functions enable one to derive interpolation formulas in the angular-momentum plane. In these formulas,
products of the wavefunctions which correspond to two different potentials are expanded in terms of
their values at an infinite discrete set of points on the real axis. These expansions hold uniformly in z.
Properties of the expansion coefficients are investigated. They allow the author to construct generating
functions, and to obtain several interpolation formulas for functions of mathematical physics. Results are
applied to the inverse scattering problem at fixed energy. They provide further information on an
“angular-momentum dispersion relation” obeyed by the Jost function. A semiclassical approximation is
given for the interpolation coefficients, and its meaning is investigated. Finally, an elementary derivation
of the interpolation formulas is sketched and suggests a curious symbolic writing of the wavefunctions.

INTRODUCTION

N a recent paper,! we constructed a method to study

the class # of potentials which are analytical functions
of a rational power of the variable.2 We applied that
method to the inverse scattering problem at fixed
energy, for which it gives a more general approach
than that of a previous method due to Newton® and
extensively studied by the author.*.> As a by-product,
that method enables one to study easily the analytical
properties of the wavefunctions and related quantities.
These properties allow us to obtain for these functions
interpolation formulas in the 2 complex plane. The
values of the functions in the A plane are given by
expansions in terms of their wvalues at points of
an infinite discrete set on the real axis. This set extends
from — oo to + 0. However, it is possible to limit
the set to the positive real axis if we introduce an
infinite discrete set of real coefficients, the “inter-
polation coefficients.” The obtaining of the inter-
polation formulas, and properties of the interpolation
coefficients are the subject of the present paper.

Such a study may have both a mathematical and a
physical interest. From the mathematical point of
view, it enables one to extend many formulas and
properties, which were known only for Bessel
functions, to solutions of the Schrédinger radial
equation, considered as functions of "the angular
momentum 4 (= !+ 3). Most of these formulas
involve the interpolation coefficients, which are

1 p, C. Sabatier, J. Math, Phys. 8, 905 (1967). In the following, this
paper will be referred to as L.

 The method given in Ref. 1 is slightly more general, and applies
to cases which would correspond in the present paper to a con-
tinuous sequence of interpolation coefficients. Some arguments of
Sec. 6 can be extended to these cases.

3 R. G. Newton, J. Math. Phys. 3, 75 (1962).

4 P, C. Sabatier, J. Math. Phys. 7, 1515 (1966).

5 P. C. Sabatier, J. Math. Phys. 7, 2079 (1966).

characteristic of the potential (at a given energy), but
are unknown in most cases. However, the formulas
are still interesting by the simplicity of their form. In
the special case of the Coulombian potential, the
interpolation coefficients can be calculated exactly
and yield for the Coulombian wavefunctions an
interpolation formula which seems to be new. From
the physical point of view, this study allows us to get
at a deeper understanding of the meaning of those
formulas which enabled us to solve the inverse
scattering problem in the class C of potentials (which
is only a subclass of #) and to enlighten the limitations
of C. That method suggests also a new interpretation
of the so-called “asymptotic”” or JWKB approxima-
tion. Besides, in the development of the method,
many connections with the Fredholm equation theory
are present. In a forthcoming paper, we shall study
more extensively these connections and their applica-
tion to the approximation theory in the inverse
scattering problem at fixed energy.

The ambiguous characteristics of such a study are
also apparent in the division of the text. Putting apart
the introductory Sec. 1 and the concluding Sec. 7, we
give two sections (4 and 5), of essentially physical
interest. Although Sec. 2 may lead one to physical
applications, we think it is mostly mathematical and
so are the short Secs. 3 and 6. However, it should be
noticed that all the mathematical results concern
functions of current physical interest.

In Sec. 1, both in order to introduce notation and
to put previous results into a more general form
necessary for the following, we sketch a generalization
of the method previously given by the author.! We
take this opportunity to give some by-products of the
method, for instance, a series expansion for the
resolvent of the Fredholm equation there involved.
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Interpolation formulas® for the wavefunctions in
the A plane are derived in Sec. 2. These formulas
involve products of wavefunctions corresponding at
a given energy to two different potentials, and inter-
polation coefficients which depend on the two poten-
tials. However, a very remarkable additive property
enables us to express every coefficient as a difference
between two terms corresponding respectively to each
of the potentials (at the given energy). Examples are
given for Bessel functions and Coulombian functions
(which are known to be only a special writing of the
confluent hypergeometric functions).

In Sec. 3, we show how the interpolation coefficients
enable one to construct, for the wavefunctions, a
generating function whose wavefunction is simply
the Mellin transform.

Interpolation formulas for the Jost functions are
investigated in Sec. 4. These formulas can be obtained
if the potential belongs to the class C; we previously
used them in order to solve the inverse scattering
problem. It is shown here that the formula used in
that problem is equivalent to the data of some special
analytical properties of the Jost function. A physical
investigation of the potentials for which this can be
true is given.

In Sec. 5, a JWKB approximation of the inter-
polation coefficients is derived. The “asymptotic”
interpolation coeflicients thus obtained are not
asymptotic approximations for the interpolation
coefficients of the starting potential, but of a potential
of class C equivalent to it as regards the crosssection.

A tedious but elementary derivation of the inter-
polation formulas is given in Sec. 6. It suggests an
expansion of the wavefunctions in terms of products
of linear operators acting on 1. A symbolic writing of
the wavefunction is given as a mathematical curiosity.

In Sec. 7, we remark that the interpolation formulas
given in this paper are only examples of the many
interpolation formulas which could be obtained in
similar ways. Some extensions are suggested.

1. SOME SERIES EXPANSIONS FOR RADIAL
WAVEFUNCTIONS

1.1. Generalization of Previous Results’

We first give in a more general form® some proper-
ties we previously obtained.! We study the wave-

8 A prepublication of some of the results concerning even poten-
tials has been given as a note to the French Academy of Sciences.
P. C. Sabatier, Compt. Rend. 263, 788 (1966).

7 All the proofs in this generalization are very similar to those
given in Sec. 1 of Ref. 1. The reader should remark that the variable
A usei)here is not equal to the variable » used in Ref. 1, but to
r+ 4.

8 R. G. Newton suggests a similar generalization of his method
in Ref. 3 and in his book Scattering Theory of Waves and Particles
(McGraw-Hill Book Company, Inc., New York, 1966).
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functions corresponding to a potential V(r) such that
zV(z) can be continued inside a circle [z|] < I'(V) as
an analytic function.
Let us introduce the operators
Dy(z) = 2*((8*/9z") + 1)
{DV(z) = Dy(2) — 22V(2).

Now, let y,(z) be the regular solution of the equation

(L.1)

[Dy(2) + tlyi(2) = 2y,(2) (1.2)
normalized in such a way that
Fi(2) = (32)7T(L + Hidmzy tyy(2) > 1
as z—0. (1.3)

From the results of the Frobenius method,® we
know that the functions ¢,(z) are analytic in a circle
Q(¥V) with its center at the origin and a radius®
I'(V)— e

For ¥V = 0, the functions y,(z) reduce to

02(2) = Gm2)4(2). (1.4)
In I, we have studied the solution of the radial
Eq. (1.2) starting from the functions v,(z). Let W(r)
be a potential such that zW{(z) can be continued
analytically inside a circle centered at the origin. In
the present section, we study the solutions of the
radial equations corresponding to W(z), starting from
the functions y,(z). Let us introduce for that a set of
numbers y,(W, V), where u is taken in the sequence
S
(1.5)

We define a function fJ¥(z, z') by the expansion
Iz 2) = 37 W Vvd@v@). (16)
HE

From a previous study we can derive for the
functions ,(z) the following majorization??:

Iyl < 13zl |32 [T + A
x C(1 — [T [zl (L.7)

Let us now assume that the coefficients y,(W, V)
are bounded as follows:

[y (W, V)l < CIPL + wI* GRY™*.  (1.8)

It follows from (1.6), (1.7), and (1.8) thatf} (z, z')
is an analytic function of z and 2’, provided that z and

u €S <>2u is a positive integer.

? See Appendix I of Ref. 1.

10 Throughout this paper, by € we mean a positive number which
can be made arbitrarily small but not equal to zero. It is not meant
to have the same value every time it is used, even inside a given
formula. In some cases, indices will be used to avoid confusion.

11 See in particular formula (A10) of Ref. 9.

12 We use C as a general constant, which is not meant to have the
same value every time it is used.
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2z’ lie in the circle D centered at the origin and whose
radius is equal to the smaller of the numbers I' — ¢
and R — e. Besides, it is easy to see from (1.3) and
(1.5) that £ (z, z') is a solution of the partial differ-
ential equation

{w,,(z) — Dy(Nf¥(z,2)=0
¥z 0 =7%0,z2)=0.

For real values of z and z’, we now define K} (z, z')
from fJ¥ (z, z') as the solution of the integral equation:

1.9

K¥(z, 2) = ¥z, 2) — L WKY G OFF QL 7).
(1.10)

KY¥(z, z') can be related to the resolvent of a Fredholm
equation associated with (1.10)3:

K(z, 2"y = (zz))o,(z, 2'), (1.11)

where 0,(z, z') is a particular value of the solution of

o2, 2') = $(z", 2') — f dlo ", DY 2, (112)

where

$(z", 2"y = (2"2') Y (2", 2'). (1.13)
The Fredholm method yields readily o,(z, z):
0,(z, 2"y = [DE@D]'D,(z, "), (1.14)
where
2 = 1+ 3y [ [
me=1 1] 0

X (D(ZI)ZZ’ co ’zm) le' * 'dzms (1‘15)

2152257 "5 2
[+ 4} 1 z

Dz, 7) = — 3 (mi) ff
m=0 0

0
x cb(’f’ e "zm) dz,++ dz,, (1.16)
23,215 "5 2

where the notation @ is used for the Fredholm
determinants associated with the kernel ¢(z, z). As
we did in I, we can use formulas (1.11), (1.14), (1.15),
and (1.16) in order to continue analytically K(z, z)
as z and z’ take complex values in D. It is clear that
K(z,2') is an analytic function of z’ and a mero-
morphic function of z as z and z’ belong to D. It may
be of interest to remark that from (1.15) and (1.16) we
derive the simple formula

D,(z,2) = —=D'(2). (1.17)

This is similar to a result obtained in the Gel’fand—
Marshenko method.1® It enables one to relate the

13 From Eqgs. (1.11) to (1.17), we drop the indices V, W aside the
functions.
14 We thank Dr. Cornille who drew our attention to this point.
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determinant of Eq. (1.12) to the potential W(z) as
defined below. Manipulations of (1.10) similar to
those used in I enable us to show that
DyA2)K¥ (2, 2') — Dp(z)K¥(z,2') = 0
KF(z,0) = KJF(0,z") = 0,
where Dyy(2) is defined as in (1.1) with the potential
W{(z) instead of V(z), W(z) being defined in turn by
W(z) = V(z) — 2z7(d[dz)z K¥ (z, z). (1.19)
Introducing now the functions yx,(z), which are
associated with the potential W(z) as the functions

v,(z) to ¥V(z), and proceeding as in I, we easily derive
the formula

142 = pi(2) — f ALK OvlD) (4> 0),

(1.20)
This formula is the key of all the series expansions
which we now study.

(1.18)

1.2. Series Expansions

From (1.20) and (1.10), it is easy to derive the
bilinear expansion of KY (z, z):

K7 (z,z) = ZSV,‘(W, Mxl2plz).  (1.21)

The method is the same as given previously.»1
Taking into account (1.19) and the behavior of the
functions near z = 0, we see that K{f’ (z, z) is unam-
biguously related to the difference of the potentials

K¥(z,2) = ~}z f (W) — V) dp. (1.22)

Let us now consider the bilinear expansion of
k¥ (z, 2):
Kgf(za Z) = zsyu(m V)x”(Z)’l/)u('Z).
HE

With the same arguments as in I, we can easily show
the following points:
(a) The expansion of K} (z,z) can be formally
constructed from the data of W(z) and ¥(z) by
comparing the Taylor expansions of the functions
there involved.
(b) The expansion converges uniformly in any circle
centered at the origin in which both zW(z) and
zV(z) are analytic.
(c) The expansion coefficients y,(W, V) are unique
for a given couple of potentials ¥ (z), W(z).
Inserting (1.21) in (1.20) yields the expansion of
1(2)
2:(2) = 9i(2) — 2 VAL (W, Vg (2), (1.24)

ueS

(1.23)

*® The derivation is also analogous to (and simpler than) the
derivation of §,(z,, z3), as given below.
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where

YAY(2) = [pi(2)yi(2) — v (i@ — ). (1.25)
From (1.22) and (1.23) we obtain easily the anti-
symmetric relation

7,,(W, V) = —7u(V’ W)
from which we derive, with the help of (1.24),

1(2) = pu(2) — %WA‘,{(Z)V,‘(W, Vyu(2). (1.27)

(1.26)

It is interesting to find similar expansions!® for the
resolvent of Eq. (1.10):

(1.28)

S,(215 25) = 2,250,(2,, 2,),

which is a solution of the equation

S22, 29) = f(z1, 72) — f oS (21, 0)f (o, 22),
(1.29)

where f(z,, z,), S,(z, z5) is a symmetric function of
z, and z,. We try to find an expansion of S,(z,, z,) in
the form

Sz(zl s 22) = zShJCu(Z I Zl)'/’u(zz)-
He

Inserting (1.30) in (1.29) leads us to the equation,
forallveS:

‘K’v(z I zl) = wv(zl) - zsyu‘](’u(z I ZI)VA‘:,(Z). (131)

(1.30)

Differentiating (1.31) yields the equation
d

_'K’v(z I zl) = %(Z)F(Z | Zl)

dz

— 3 yJNz) 4 K (z]|z), (1.32)
nes dz
where

F(z|z) = =z gs 750,z | 20w,(2)

= —z_zsz(zls Z)
_z_zsz(zs Zl)
—272K(z, z,).

(1.33)
Let us now put

(d)%,(z | 7)) = F(z | gz | ). (1.34)

Inserting (1.34) in (1.32) shows that y,(z|z,) is a
solution of (1.24), analytic in z, with the same value
for z=0 as x,(z). Now, the infinite linear system
obtained by giving successively to 4 all the values of
S in (1.24) is equivalent to (1.10). Besides, from the
same study we previously made,!” we know that there

18 From (1.28) to (1.36a), we drop the indices ¥, W aside the
functions.
17 See in particular Sec. 1 of Ref. 5.
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is only one solution of (1.10) analytic in z. It follows
that x,(z ] z;) is equal to x,(z). Insertion of this result
of (1.34) and a glance at (1.31) yield the value of
J{’v(z I Zl):

oz | 22) = pilzy) — f “K(p, 207(p)p~ dp
= 1pv(zl) - gsyuwu(zl)WA‘:(z)' (135)

It is clear, from (1.27), that X,(z|z) reduces to
%v(2). Formulas (1.35) and (1.30) yield the bilinear
expansion for the resolvent:

Sz(zl ’ 22) = ZSVMPM(ZQ'{’p(Zz)
HE
- 2 Vu¥u(Z2) Z YM'V)#'(ZI)WAZ’(Z) (1.36a)
nesS u'esS
or equivalently,
SII}:(ZI » Zg) = f;’f’(h ) '—J; KII:'V(T, zy)
X K;If('r, z)r 2dr. (1.36b)

The expansion formulas we have obtained show the
close connection between Fredholm equations and the
Schrédinger equation. This connection can be studied
still further by putting a parameter—say o—as a
multiplicative coefficient in front of the integral in
(1.10). Equation (1.10) takes then the usual form of an
integral equation whose solutions are studied as
functions of ¢. It is remarkable that the connection
with the Schrédinger equation can be kept—with
some simple dependence on ¢ in the connection
formulas. This will be studied thoroughly in a forth-
coming paper, together with the problem of approxi-
mations in both Fredholm equations and the inverse
scattering problem at fixed energy.

1.3. Generalization of the Method

Let m be a positive integer, and let us define a
determination £ of z™ ", for instance, the determina-
tion which is real and positive for z real and positive.
The method we have described for analytic potentials
can straightforwardly be extended for potentials V(r)
such that z2¥(z) is an analytic function of {, equal to
zero for { equal to zero. The method is derived from
the method introduced previously,! exactly in the
same way as we did in Sec. 1.1 for analytic potentials.
Results are similar. The expansions which are obtained
are analytic functions of { in some circle centered at
the origin. We can generalize readily in this way
formulas (1.18) to (1.36). The only difference is that
now the sequence S includes all numbers u equal to

p=kl2Zm<pucs,

(k positive integer). (1.37)
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1.4. Particular Potentials

A series expansion like (1.24) enables us to continue
analytically x,(z) in the A complex plane, provided we
know the continuation of YA%(z). This is achieved
for those potentials for which the Schrddinger
equation is exactly solvable. The most remarkable
case is V(z) = +1. We have then

Pi(2) = 5(2) = Gm2)TA + DI G2)* (1.38)

In this case, K¥(z,z") appears to be a generating
function of the functions [x,(z) — s5,(2)]:

G LY
Y 1+ (1.39)

and the functions y,(z) are generated from K} '(z, 1)
by a Mellin transform:

1:(2) = 5,(2) — f ALK (2, 05D, (1.40)

Gy kP (2, 1) = > 7, Dz

The coefficients *A%(z) are very simple:

( %)l-hu+1 Z A

™
TTA + ATA + w) At u

For a given sequence S, that is, for a given set of
fixed u, and for variable A, these functions are mero-
morphic with poles for A = —u, except if u is an
integer; g being a positive integer, we have

AT (2) = —(mf24)(—1)".

Other particular potentials are the constant poten-
tials and the Coulombian potentials. Needless to say,
we use here the word ‘“‘potential” with a very large
meaning, without any assumption concerning, for
instance, the asymptotic behavior. Assumptions of this
kind will only be introduced later (Sec. 4, below).
The functions VA%(z) are given for the constant
potentials by formula (1.25), where y,(z) reduces to
a Bessel function [see (1.44) below]. y,(2) is then an
entire function of A. A%4(z) is therefore an analytic
function of A, unless 2 = u if u is not an integer, and
is an entire function of A if u is an integer. For the
zero potential, it is easy to show the reflection formula

Ao = (1AL (2) — (7[2p)5]]

by making use of the following expression of °A%(z):

TAE(z) (1.41)

(1.42)

(1.43)

N4(7) = M - f mv,l(x)u,,(z)rﬂ dt, (1.44)
3. — [I, z

which is valid for Re (4 + g) > 0 and can be con-
tinued outside this domain.
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1.5. Properties of the Wavefunctions in the i Plane

Formula (1.24), where S can be defined as in (1.37),
enables us to continue x,(z) in the 4 plane provided we
know the continuation of ¥ A%4(z). For this we have to
take a particular potential V. We shall call it the base
potential, or base. Taking a constant potential as a
base, we see that, for any z for which expansion(1.24)
holds, x,(z) is a meromorphic function of A, with
poles at the points of S, except the integers. Using
(1.42) and (1.43) yields the reflection formulas

1-(2) = (m2)(=1)% (W, 1)x4(2), (1.45)
x—q(z) = (_l)q[l + (77/2q)‘YQ(W9 O)IXQ(Z) (146)
Using the zero potential as a base, it is also easy to
obtain the asymptotic behavior of x,(z) as |4] tends to
infinity:
_ T + D2
(72)* (o)

11— [(%2)2 + 30, 0)%,.(2)0,.(2)}

+0(AY) (ImAl >¢). (147

2. INTERPOLATION FORMULAS
2.1. Even Potentials

We first assume that V{(z) is zero, whereas W{(z)
is an even analytic function inside the circle |z] < I
We know from a result of I that the coefficients
y,,ﬂ(W 0) are then equal to zero. For the sake of
simplicity, we use the notation 4, instead of y (W, 0).
Let now Q be a circle |z| << I' — ¢, the wavefunction
11(2) is therefore given, as z lies in Q, by the expansion

2a(2) T
T G 32 T(=D) sin A

Z PA%(2)d,2,(2).

p=1

2.1

In order to obtain interpolation formulas for the
functions x,(z), we now use a method previously used
by Chadan in order to obtain interpolation formulas
in the energy plane.’® The key for this method is the
Lagrange—Valiron theorem'®:

x:(2) = vy(2) —

Theorem: Any entire function f(z) of order 1 and
finite type = which is bounded on the real axis has
the representation:

f(0) f( )

sinrz

+ rzsinrz _E’ —-——-—-—‘(n:():f[z(:g)] ,» (22)

sinzz + —-*

f@)=

18 K. Chadan, Nuovo Cimento 39, 657 (1965).
19 R, P. Boas, Jr., Entire Functions (Academic Press Inc., New
York, 1954).
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where the prime on ) means that one has to exclude
n = 0.
Let us now recall the well-known expansion

—v,(2)
(372)4(z/2T(~ 1)
_sinad 2(=1D*(z/2)"T(A + 1)
- nMTA+14+n

Using in (2.1) formula (2.3) and the formula
obtained for v(z) by differentiating (2.3), we see that

i = —u@Gm e =D (29

is an entire function of order 1 and type 7, bounded on
the real axis. Applying the above theorem, and taking
into account (1.46), we obtain the interpolation
formula

(2.3)

K 0

—A W 1
(5) T+ Ara(a) = m(e) + 35

(e 2o (=2
2n 2} n!

For 4, = 0, the functions y,(z) reduce to the Bessel
functions (1.4) and (2.5) reduces to a well-known
formula.?® From (2.5), it is possible to find other
formulas by letting |1] — oo in (2.5) (avoiding the
negative real axis for the sake of simplicity), and
comparing the coefficients of |A|~" on both sides of
(2.5). The coefficients in the right-hand side are
given in (1.47). The results for the first order are*

) G 250

(2.6)

2.5)

= (%wz)—*{xo(z) +3 (1 +

[(g)z +z7 ; 6»xn(2)v,p(z)]
=1 f’ll — W] dr

= @mz)? % n (1 + 2—’; 6n) (5)" ’»‘ﬁ('i) .

: .7

Let us now introduce the functions y, (z), associated
with the potential ¥(z), and let us assume that V{(z) is
itself an even analytic potential, whose coefficients
y,(V,0) will be denoted by . It is easy to see that
the function Ay,(2)x_,(z) is an entire function of
order 1, type =, bounded on the real axis. Application

20 Bateman Manuscript Project, Higher Transcendental Functions,
A. Erdelyi, Ed. (McGraw-Hill Book Company, Inc., New York,
1953), formula 7.15 (10).

2! For a more detailed proof, please refer to the Appendix.
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of formula (2.3) leads us to the interpolation formula

T @02 = WD + 3 o)
x {lin(l +-2”—na,,) +ﬁ (1 +2—7;yn)}.

(2.8)

Comparison of the powers of ||~ as |i] — o0
leads us, for the zeroth order, to the formula,

1= (%nz)—l{wo(z)xo(z) + 3 pDm(@

X [2 4+ (7)2n)y, + 8,)];- (29)

When y, and 4, are equal to zero, ¢, and x, reduce
to v, and (2.9) reduces to a well-known formula.??
Comparison of the coefficients of |4| in (2.8) yields
the formula,

3 8,1(0,(2) — 3759,

=36, - nEne. 10

Since the right-hand side of (2.10) is nothing but
the function KXY (z, z), we derive from (2.10) the very
remarkable formula:

Yo (W, V) =9y, (W,0) — y,(V,0) (2.1D
from which elementary algebra leads us to
V2(W, V)= y,(W, Vo) — ‘}Jp(Va Vo). (2.12)

This formula is very important. From (1.18), we
might think that the set of coefficients y,(W, V) is
characteristic of a couple of potentials W, V. From
(2.12) we see that, at least for even potentials, it is
possible, by taking an arbitrary reference potential
Vy, to consider the y,’s as a set of coefficients charac-
teristic of a potential V. It follows also from (2.12) that,
if the asymptotic behavior of the y,’s gives rise to
difficulties in the study of a potential W, it may be
possible to use a known potential ¥(z) such that
v,(W, V) has a good asymptotic behavior, so that the
comparison is easy.

2.2, Example of Even Potentials

The simplest example is the constant potential,
e.g., (1 — k?). Solutions of (1.2) are then

22(2) = G2tk AT (k2)
k*® =1 + ([2p)d,,.

22 Ref. 20, formula 7.15 (38) for ¢ = 0.

(2.13)
so that

(2.19)
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Equation (2.8) reduces to

si: i 7 (DKM _y(kz) = po(2)o(kz) + 2 Va2 (k2)
A " ,1 l | —n
X {a— nk + A+n (1 +2n7n)k } (2.15)

From (2.15), it is easy to derive (2.5) by setting
k —0and y, = x,. Replacing y, by (2.13) and setting
k equal to 1 yields the formula

sin 72

T@I_z) = {Jﬁ(z) +2 i TX2)® — nz)-lzz}.

(2.16)

2.3. Analytic Potentials

We now assume that W(z) is an analytic function
inside the circle |z] < T, and we use for its coefficients
the notation §,. The wavefunction x,(z) is given in
Q by the expansion

2:(2) = v(2) — 3 "Ni(2)8,x,(2),

neS
where S includes all the #’s such that 24 is a positive
integer. This function is meromorphic, having poles
for half-integral values of 1. We define therefore the
entire function of 4,

(2.17)

23(2) = cos miy;(2). (2.18)
For any positive integer p or ¢, the function y}(z)
satisfies the following relations:
2-d2) = (=11 + (7/29)8,]
= 221 + (=[29)d,],
242 = 0,

xl(p—‘})(z) = —77'/[2(1’ - %)]61»—}%%}

As previously, we see that

(2.19)

—1i(2)
(m2)¥(z/2/T(=2)
is an entire function of order 1 and type 2, bounded

on the real axis. Applying formulas (2.3) and (2.19),
we obtain the interpolation formula

¥ai(2) =

I + 4 (g)—*xl(z)

=0+ i (1 50 () 2

© 3 - 2"t 4, 42)
5. 1(3) Xt
* 21:1 +n—132(n—13 ”‘i(Z) I'tn+ %)
(2.20)
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Formulas similar to (2.6) or (2.7) can easily be
derived from (2.20). Let us now introduce the func-
tions w,(z), associated to a potential V(z) analytic
in Q. It is easy to see that the function

2 cos Ay, (2)1-1(2)

is an entire function, of order 1, type 27, bounded on
the real axis. Application of (2.3) yields
1 w
= pi(@71-4(2) = Y@@ + 3 P(Dral2)
sin 74 1
A ‘n' A 7
14+—94 14+ —
+|:l—n(+2n ")+Z+n(+2ny"):|

+ % Y32 xn-1(2)

v
2n—1

i
+—— .3} (21
3 %7 &) (2.21)

A
X [—————6,_
(}.—n+1} A4+ n-—

This formula is a straightforward generalization of

(2.8). Considerations of the powers of |A| leads us
to the generalization of (2.12),

YW, V) = (W, Vo) — y(V, Vo) VueS. (222)

2.4. Examples
The simplest example is the Coulombian potential
zV(2) = 29 = 2(Z,Z,¢*[hv), (2.23)

where v is the initial speed, Z,e and Z,e the charges of
the incident particle and the target. From well-known
results,? we obtain easily the value of y,(z):

A iz
v =4 () o5

X Fi(A+ % +in; 24 4+ 1; =2iz) (2.24)
A —iZ
= (m)t (—z—) :
2] A+ %)
X Fi(A + } — in; 22 4 1; 2iz) (2.25)
by Kummer’s transformation.

Comparison between y,(z) and y_,(z) yields, after
some algebra, the value of the coefficients for integer

p:
7 _Le+3—ipl+ 3+ in)

142y,
20" T+ HT( + 3)

cosh 77
(2.26)

which reduces to 1 for p = 0, and goes to cosh 79 as
p — . The coefficients y, increase therefore like p
for large values of p.

23 See, for example, A. Messiah, Mécanique Quantique (Dunod
Cie., Paris, 1959), Vol. 1, p. 413.
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Comparison between cos wiy_,(z) and y,(z) for
A = p — } yields, after some algebra, the value of the
coefficients with half-integer index

7 5 L+ inlp—in)
20—9 " T(»)I(p)

2.5. Further Generalization

sinh .
(2.27)

If we assume now that S is defined as in (1.37), we
can still define an entire function of 1

sin 2mmA

x1(2) = x:(2)- (2.28)
2m sin A
This function satisfies the following relations:
12 = (—1)° ;"(1 +Z aq)
2q
w

- xq(z)(l + 6,,) (2.29)

29 )

Zwzm(2Z) = 0, forinteger k # 2gm,

X'—nk/zm(z) = (—l)k(ﬂ'm/ k)‘sk/zmlk/m(z)-
We can easily see that

A(sin 2mmrA[2m sin wA)y,(2)x_.(2)

is an entire function of order 1, type 2m=, bounded
on the real axis, and obtain the general interpolation
formula

A )
T (22
sin 74

= po(Dyo(2) + ;ZS EW/_A v(Dx.(2) (i‘%‘; o, + ;_i: 7’#)

uEN

+ élwn(Z)xn(z) [ Z—j-_n (1 +Z an)

2n
l+n( 2n

Formula (2.22) is also generalized straightforwardly.
Consideration of it and comparison between (1.45)
and (1.46) show that
v.(0, 1) = 2u/m, for positive integer u
=0, (2.31)
Taking 1 as a reference potential yields therefore
the simplest form of the interpolation formula (2.30):

+ (2.30)

otherwise.

wh

; va(2)x-a(2)
sin w4

= @) + 3 2 4, @002)

A
X
g

A
D+ —— (VDY (232
PO D+ S n) @3
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3. GENERATING FUNCTIONS

As we have already noticed, K} (z, z') may be, in
a certain sense, considered as a generating function
for the functions x,(z), through formula (1.20). It is,
however, possible to find another function, for which
the dependence of the functions y,(z) does not involve
an extra term.

For a given difference of potentials W(z) — ¥(2),
there is one and only one function K} (z,z), as
defined by (1.22). If we add to z 'K} (z, z) another
function, Eq. (1.19) leads us to a different potential
unless this additional function is a constant. This
remark suggests the study of an operator L} (z, z')
which would be a solution to the partial differential
equation (1.18) and which would reduce to Cz as
z=17z

From Eq. (2.9), or more exactly, from the general-
ization of (2.9) obtained from (2.32), it is clear that

LY (z,2") = 277 1o(2)po(2)
+ qu(Z)w,,(z’)(Zu)“[n(W, D+ (/D] (3.1)

and hes
L¥(z,2) = z.

Let us now define the function

3.2)

1) = f dpp LT (z, pyis) Rei>0. (33)

Applying Dy(z) on both sides of (3.3), together
with straightforward integrations by parts, and taking
into account (3.3), we see that y¥(z), for Re 1 > 0,
is a solution of the equation

[Dw(2) + 1x3(2) = 2*7i(2)
with the boundary condition

34

-1

z—>0 Rei>0.
I'(1 + 4)

(3.5)

152 ~ G2y as

It follows from (3.4), (3.5), and (1.3) that

10 = [ oL G, ppi(p) Red> 0. (6)

When V is equal to 1, y,(p) reduces to s,(p) and
(3.6) is a Mellin transform. (3.1) reduces to a power
expansion and L(z,z) to a standard generating
function for the functions y,(z).

Example: The simplest example concerns potential
1 for the base and potential O for the wavefunctions to
be studied. The wavefunctions reduce, respectively, to
5,(z) given by (1.38) and to v,(z) given by (1.4),
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whereas the interpolation coefficients are given by
(2.31). Using well-known formulas, we therefore
obtain for K{(z, z') and Li(z, z')

K%z, 2) =z i =) L1,

%le{zu @/1h
= 37
e = 6
LYz ) = (zz')%Jo{zu ~ @21 (38

It is easy to verify (3.3) where y,(2) reduce to s,(z) and
the integral in the right-hand side is nothing but
Sonine’s first integral.

4. INTERPOLATION FORMULAS FOR JOST
FUNCTIONS

We now define the class C of potentials for which
the coefficients y,(W, 0) are bounded by Cu? for any
u. If the potential belongs to C, it follows from a
study previously done by the author? that series
(1.24) converges uniformly as z — o0. We define the
Jost functions through the asymptotic behavior of
the regular wavefunction:

1) ~ )7 LA™ — fre ™). (4.D)

Replacing the functions in (1.24) by their asymp-
totic behavior, we obtain, for the Jost functions,
interpolation formulas which we have already written
inI:

£ = e—iim—%) _ gsﬂl_’;;”__w 7.(W, 0) fi(w),
4.2)
fih) = etib _ 3 M——“—)—’z 2, ) fi).

ueS }.2
(4.3)

Other interpolation formulas can be derived, with
the same assumption, through formula (2.32) or
derived formulas. Let us prove now that these inter-
polation formulas can be derived from the following
assumptions, in which we are interested, for instance,
in f1(4).

4.1. Assumptions

I. The only singularities of f,(4) are simple poles for

negative rational values of 4.

IL. It is possible to find a number m equal to } or to
a positive integer, such that

sin 2m7-rl

F) =5 — ) 44

is an entire function.

24 Ref. 20, formula 7.10 (16).
25 See in particular Sec.2 of Ref. 5.
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III. F(4) is of order 1 and finite type, equal to
@2m — .
IV. F(2) is bounded on the real axis.

V. For positive integer #» and not multiple of 2m,
the ratio F(—n/2m)/f1(n/2m) is real, and goes to zero
faster than Cn—* as n — oo.

VI. For positive integer ¢, the ratio F(—gq)/
(—1)?>™f,(q) is real and goes to 1 faster than 1 + Cq—*
as g — oo.

VIIL. From the previous assumptions, we prove that

LGA) + AH(=H

r= 2 cos (An[2) —C, as [ImA|— oo, (4.5)
_AD —f(=D) -
ro= 2 sin (An[2) C, as |[Imi]—o0. (46)

Assumption VII is

C, = iC, = &%, 4.7

4.2. Derivation of the Formula

From1, II, V, and VI, we can deduce the following
formulas, where n is not a multiple of 2m

F(—n[2m) = (—1)"s(n/2m)f1(n/2m),
F(—q) = (=11 + s(9)f1(D»
Fn2m)=0

F(g) = (=D (g),

where s(u) is a real function, bounded by Cu~* as
u— .

Assumptions I to IV enable us to apply now the
Lagrange—Valiron formula (2.2) to the function

(A = (2m)t sin 2maAf-(2)

which furthermore is an odd function, of order
2mm. Dividing both sides of the result by (2m)~* X
sin 2mmA, we get

L9 1O | 5y 5 CUS w2
A ngonm(A — nf2m)’
(4.10)
Taking into account the parity, and calculating
f(n/2m) with the help of (4.8), we obtain the following
formula:

4.8

(4.9)

=

1'© (0) 2 5 €08 (mn/4m)s(n/2m) fi(n/2m)
= = 4ml n§=:1 nn(A® — n*/4m®) ’

‘ 4.11)
Let Im A — oco. The bounds of s(u) enable us to state
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that the right-hand side of (4.11) goes to a definite
limit.2* We have therefore shown (4.5), and formula

(4.7) yields f(0),
7 f'(0) =

—_ ieiﬂ'/l

4 4m %cos (nw{dm)s(n/2m) fy(n/2m) .

n=1

ni

(4.12)

Inserting (4.12) in (4.11) gives the interpolation
formula of f~(4)

fy =i~ 3

n=1

n cos (wnj4dm)s(n/2m) fy(n[2m)_
mm(1* — n*l4m®) )

(4.13)
A similar argument can be used to derive the inter-
polation formula of f*(4)
n sin (n/4m)s(n/2m) fi(n/2m)
ma(A® — n?/4m?) '

fray= e+ 3

n=1
(4.14)

Combining (4.13) and (4.14) yields readily (4.2)
provided that

Yu(W,0) = 2,77 1s(u) (u = nf2m).

The analytic properties attached to the Jost func-
tions of potentials belonging to C are therefore a key
to formulas shown through a tedious method of
Sec. 1.28 They also enable us to answer some questions.
For instance, is it possible, in the case of even poten-
tials, to find a Jost function with a finite number
N of zeros? The answer is no. Since the Jost function
is entire, of order 1, type w/2, Hadamard’s theorem
would yield for it a representation of the form

exp [Py (D)]Py(4), (4.16)

where P,(4) stands for a polynomial of order n. A
glance at the asymptotic behavior of f; ,(4) shows
that (4.16) necessarily reduces to Ce¥*/24  which
holds only for a potential equal to zero.

For any potential it is also very easy to show, from
the above Assumptions, the well-known symmetry
relation

FNSI(=2) — fi(=DfTO*%) = —2isin7d. (4.17)

So as to prove this point, we only need to construct
the function

(sin 2mwAfsin mDHA)1(—2*) — fi(— DT (A*)]

and see that this entire function is of order 1 and type

(4.15)

%6 In a recent preprint, R..G. Newton gives also a direct derivation
of formula (4.2) starting from the assumption that a function
associated to the Jost functions has a Mittag-Leffler expansion
without remainder. We are indebted to Professor Newton for
sending us a preprint of his work.
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2mar, bounded on the real axis, and, according to
(4.8), is equal to zero at all the points n/2m so that
[taking into account its asymptotic behavior and
formula (2.2)], it is just equal to —2i sin 2mnA.

Entire function properties can still be used in order
to derive an integral representation of the Jost
function. This follows from the theorem of Paley and
Wiener.#!

Theorem: The entire function g(z) is of exponential
type T and belongs to L? on the real axis if and only if

g(z) = f <) d.

When A(z) fulfills conditions of application of the
above theorem but is only bounded on the real axis,
the theorem can be applied to g(z) = z*[A(z) — A(0)]
(this remark is in fact the starting point of the
Lagrange-Valiron theorem). It is easy to infer from
(4.8) and (2.2) the expression of ¢(f)

(4.18)

1 R inmT/T nw
w0 =5,2e(7) e
or
— _l_ ing/t h(n"/T) — h(O) l '
= Se (——————~M - ) + - W)
(4.20)

These results can be applied to various functions
studied above. Application to F(4) yields in the case of
even potentials (m = 1) a particularly simple formula:
T/2
£D) = £(0) + 2 f g ds, @2
where ¢(¢) is given by (4.19).

It is interesting to investigate the classes of potentials
for which some of the above assumptions hold. For
any potential, the Jost function can be defined as
the Wronskian of the regular solution and the Jost
solution. If zV(z) is analytic in some circle centered at
z = 0, the Jost solution is an even entire function of
A, whereas the regular solution is meromorphic, with
poles at half-negative integers. Assumptions I, II, V,
VI, and VII hold, but we have no information on III
and IV.

Unfortunately, we have only heuristic arguments
for the behavior of the Jost function as Re 1 — — oo,
Application of these arguments to potentials of the
Yukawa type is sketched, for instance, in the book of
Newton,?® and gives an asymptotic behavior for the
Jost functions. For finite sums or integrals of Yukawas,

27 Ref. 19, p. 103.
28 R. G. Newton, The Complex j-Plane (W. A. Benjamin, Inc.,
New York, 1964), p. 44.
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zV(z) is analytic, and if the quoted arguments are
correct, the Jost function is of order 1 and finite type.
Severe assumptions are necessary to ensure a type
equal to m, and the boundedness on the real axis can
occur only for special potentials. We conclude from
this that the common part of the class C and the
potentials of Yukawa type reduces very likely to quite
special potentials, if any.

5. ASYMPTOTIC INTERPOLATION
COEFFICIENTS

We now derive the interpolation coefficients
obtained if we take for granted the so-called “asymp-
totic” or “JWKB” approximation. Let us first recall?®
some results of this method. We first assume that 4
is a real positive number. The Schrédinger equation
can be written in the form

d*yldz® + [$*(2) + x(2)]y = 0,

P(z)=1— V(z) — 1222
2(2) = {272
Let us define z, as the positive solution of the equation
Zo[l — V(zg)lt = A. (5.3

We assume that z, is correctly and unambiguously
defined by equation (5.3), that is to say, we restrict
our study to the values of A for which this is true. Let
JG(A) be this interval. Since V(z) goes to zero as z — o,
it is clear that J.(4) extends from a positive value 4,
to +oo. For a given attractive and bounded static
potential, we know that, if the energy is larger than
a “‘critical energy” E,, 4, reduces to zero, although
this precise value may be excluded from X.(4). Let us
now define a function Z of z through the following
equation:

(5.1)

where

(5.2)

L “B(r) dr = f 14,(7) dr, (5.4)

(1) = (1 — 122k, (5.5

The determinations of ¢() and ¢(7) are chosen in
such a way as to give the same function for a potential
equal to zero. For instance, we may state that, as z
is larger than z,, ¢() and &(7) are positive, and they
get a phase +/2 as z decreases and crosses z,.

It is easy to derive from (5.1) the following equation:

(@/dz)p(2) + [$%(2) + 122 + RQD)F(@) =0, (5.6)
where

§(2) = (dz]d2)ty(z) = [$(2)[$(D)]E y(2)

29 For a detailed study of the asymptotic approximation as given
in this form, see, for example, P. C. Sabatier, Nuovo Cimento 37,
1180 (1965).

where

(5.7
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and
R(2) = ¥z, 2} + }[z%(dz/d2)* — 2-2).  (5.8)

For large energy E, or for large values of 42, R(z) is
of the order of E~1, or -2, Equation (5.6) can then be
considered as a perturbed equation, the perturbation
being R(Z), and the unperturbed equation,

(@/dz9)74(2) + {1 — [(2* — D/Z]}Fe(2) = 0. (5.9)

The Liouville method enables one to transform
(5.6) into a Volterra equation involving two inde-
pendent solutions of (5.9) and the perturbation R(Z).
It is easy to study Eq. (5.8) in this way for real positive
A. Outside the real positive axis in the A plane, the
nonuniform limits of Bessel functions make this study
very difficult if we are not satisfied with heuristic
arguments or with a study restricted to very special
classes of potentials. We conclude that the validity of
the “asymptotic approximation,” obtained by using
the regular solution of (5.9) in place of the regular
solution of (5.6), is difficult to justify for real negative
values of A. We therefore use the result of this approxi-
mation only as a starting point for giving a set of
coefficients ¢;, and we investigate their relation with
the potential by a different method. For simplicity’s
sake we limit our study to the case of potentials
analytic and even in a circle centered at the origin. It
is not difficult to make a slightly more intricate study
of noneven analytic potentials.

In order to compute the interpolation coefficients,
we use formula (1.46). We should therefore be able
to continue analytically the regular wavefunction from
A to —A. Let z4(4) be the inverse function of A(z,) as
defined by (5.3). We have to assume that z,(4) is
analytic in some connected domain including 4 and
—1; that is to say, we assume that J0(4) extends in the
/ plane in such a way as to include the values of 4
larger than 4, on the positive real axis and the values
smaller than —24, on the negative one. With the
parity assumption on the potential, this is certainly
true for E > E, provided that the potential can be
continued analytically in a strip including the real axis.
Even for E < E,, this assumption is very weak. Let
us now define the function H(x) equal to

H(x) = ﬁ B _ :—m dt = log [jx)] (5.10)

With the assumptions on the potential, H(x) is an
even analytic function in a strip including the whole
real axis, and has the same asymptotic behavior as
the potential, as x — £ co. Use of the function H(x)
enables us to put (5.4) in the form

f ’ (A2 — O (x) dx = f T —bldx (511
ilz)

iz}
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or

Alz)

(x2 — H'(x) dx = f

Alz)

(x® — 23 1ax.

(5.12)
Using (5.11) it is easy to show that

z/z— N(4), as z—0, (5.13)

where
i
N(A) = exp [—1‘1 f (A2 — X~ H()x dx]. (5.19)
1]
From (5.13) and (5.14) it follows that y,(z), nor-
malized as in (1.3), is equal to

Pr?—1
2224 V() —1

t
} 7,6).
(5.15)

vi(2) = NP (~§ z)%[

Z is an even function of A. Using this remark and the
symmetry relations of Bessel functions, it is very easy
to compare y,(z) and y_,(z) and to derive the value of

Vit
T e 2%
1+2_l;-l=exp [2 (l —x) H(x)xdx]. (516)
1]

Equation (5.12) enables us to show that (z — 2) goes
to a constant as z — co. Taking into account this
result and (5.15) yields the Jost function

fi(2) ~ exp [-— f 1(12 — xz)‘éH(x)x dx
+i L (et = 13 H()x dx — i(A — 3) ﬂ (5.17)

5.1. Physical Meaning of the Asymptotic Coeflicients

Now, what is the meaning of the “asymptotic”
coefficients (5.16)? In order to justify the semiclassical
approximation, we need only weak assumptions on
the potential: analytical properties near the real axis,
and bounds for the first or the two first derivatives.
Potentials may have all kinds of singularities outside
the real axis and still fulfill these assumptions. For
those potentials, the coefficients y, (W, 0) may in-
crease faster than (2/)! as /— co, whereas the
“asymptotic” coefficients are clearly bounded by
Cl*—, provided the potential be bounded by Cr—1+9
as r— oo. The *“asymptotic” coefficients cannot
therefore be considered as asymptotic approximations
to the actual coefficients.

Let us then study the relation between the “asymp-
totic” coefficients and the JWKB phase shifts. We
limit our study to the so-called *first-order JWKB
approximation,” in which it is possible to use the
linear approximation for the exponentials in (5.16)
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and (5.17). This supplementary approximation is
valid if H(2) is small enough, for instance if the energy
is large, and it can be considered as a Born approxi-
mation for smooth potentials.

Using linear approximations in formula (4.2) yields
the following connection between the §, and the
interpolation coefficients of the even potentials in
class C which can be constructed from them:

4, = lz Niy,, (5.18)
where N/ = [I'2 — [2]7 for |/ — I’| odd, O otherwise.

Use of the matrix inverse of N, given previously
by Newton® and by the author,? yields the value of
the coefficient y,:

1

16
=—(2p)*? 02,1, (5.19
721) 7T2( p) D2p - (2p)2 _ (2n + 1)2 2n+1 ( )
16 v
=—p + 1) 2n 85, (5.20
Vept1 77_2( p+1 ;(2p T — ) (5.20)
where
vy, = 1 — 367, (5.21)

From (5.17), using a well-known formula,®! we can
write the phase shifts in the form

Oy =f cos I't dtf Jo(xt)H(x)x dx. (5.22)
0 (1}

Insertion of (5.22) in (5.19) and (5.20) leads us to
Fourier series, which are easily seen to be, respectively,
the Fourier series of the continuous even functions
[(sin 2pt)/2p] sign ¢ and [(sin (2p + 1)£)/2p + 1]sign .
(This result is valid, up to a multiplicative constant,
inside the interval —m, 7.) We therefore obtain

IS

(n+D7w
x f 4 } sin It di (1), (5.23)

nw

where

Je(r) =f Jo(x)H(x)x dx. (5.24)
0

Now, it follows® from the assumptions on the

semiclassical approximation that H(x) being a smooth

function, J¢(¢) decreases rapidly and goes to zero, so

that we can replace in (5.23) the integrals by {;°, and

30 See Ref. 4. In order to have y, = 0, we use a prescription
similar to that used in Ref. 1, Sec. 2.2,

81 Bateman Manuscript Project, Integral Transforms (McGraw-
Hill Book Company, Inc., New York, 1954), formula 1.12 (1).

32 See Ref. 29, Sec. 1, for a description of the function H(x).
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get, using a well-known formula,3?

L Nt
Y= f (I — x*H(x) dx, (5.25)
mJo
which is precisely the first-order approximation for
(5.16).

The y;’s defined by (5.16) are therefore, in the
first-order approximation, the interpolation coeffi-
cients of an even potential ¥; of class C which leads
to phase shifts equal, in the same approximation, to
the phase shifts given by the actual potential V. Since
the inverse scattering problem has one solution and
only one in the even potentials of C, there exists a
potential ¥, which yields exactly the JWKB phase
shifts and which differs from ¥, at most by second-
order terms. If the initial potential belongs to class
C, V, is an approximation of it up to the second order
in the asymptotic parameter (E~% or 1-Y).

Suppose now we solve the inverse scattering problem
in the framework of the semiclassical theory, using
an even entire interpolation function for the phase
shifts and computing the potential V; as the fractional
derivative of this interpolation. In the first-order
approximation, Vjis equal to V,, and we know from
a previous study® that V; is an asymptotic approxi-
mation of V. We have therefore shown that if the
conditions of the first-order JWKB approximation
are satisfied, there exists a potential (V,) which
yields exactly the JWKB phase shifts and which is an
approximation of the initial potential. Let us recall
that we came to the same result by assuming both
the validity of the Born approximation and a suffi-
ciently large energy. It would be interesting to extend
our result to the general JWKB (and not only first-
order) approximation. We found heuristic arguments
for this extension, but we cannot be satisfied with them.

6. ELEMENTARY DERIVATION OF THE
INTERPOLATION FORMULAS

The interpolation formulas obtained in Sec. 2 for
products of wavefunctions can be obtained by
elementary manipulations of the wave equation (1.2).
The simplest case occurs when the functions y_,(z)
in (2.30) reduce to powers of z. In the case of even
potentials, the interpolation formula reduces then to
(2.5). In this section we derive (2.5) by a very simple
method. This method enables us also to derive exact
formulas for the solutions of Eq. (1.2) and for the in-
terpolation coefficients. As expected, these formulas

33 Ref. 31, formula 2.12 (1).

34 We suggested this study in Ref. 29 and we performed it in
detail, up to the third order of asymptotic parameters, in our
doctoral dissertation (Faculté des Sciences, Orsay No.'153, 1966).
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cannot be used for practical computations. It is then
shown how the interpolation formulas of type (2.5)
can be obtained for potentials analytic in z/™. To end
this section, we sketch an elementary approach to the
general interpolation formula (2.30).

In order to show our first point, let us remark that
the following equations are derived straightforwardly
from (1.2):

[T, — 2iz7X(d]dz))z7 xu(2)su(2) = O
[T, + 24z74(d[dz))z7 y4(2)s_4(2) = O,

(6.1)

(6.2)
where

T, = (d¥dz2) + W(z) + z-2(d|dz)
[with W(z) = 1 — W(2)] (6.3)

and the functions s,(z) are defined by (1.38).
Assume now that a sequence {a,} can be constructed
(with g, = 1), for which the relation

4213 4 @s,(2) = 0 64)

dz
holds inside a circle w centered at the origin and with
a nonvanishing radius R. We assert that the following
relation holds in w:

0

L@ =3 ﬁ“n t,1(Dsn(7) (6.5)

A

sin Am
or

z\™* S A afz\

ra+2()) 1@ =3 = %)@ 69

The proof is made in two steps. First, applying
[T, + 2Az7(d/dz)] to the right-hand side of (6.5),
using (6.4), and taking into account the boundary
conditions, we easily see that provided the right-hand
side of (6.5) be an analytic function, it is equal to the
left-hand side. The problem reduces therefore to
constructing {a,} and proving the existence of w.
Now, we know from a previous analysis® that if
W{(z) is an even analytic function of z inside a circle
€2 centered at the origin and with a radius I', the
functions z1y,(z)s,(z) are even analytic functions in
this circle and have the expansion

Gr2) 1 (2)su(2) = N S 2%, (67)
where "
N@y=@™)% and y"=1.  (6.8)

In (6.7), the expansion coefficients are bounded by
sl < M(R)gIR™*“™, g >n, (6.9)
where R is any positive number smaller than T, ie.,

R=T—e
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It is easy to calculate the coefficients g, by induction
from the following equations which one deduces from
6.7):

%) aN(Dyr = o5, (6.10)
where 97 is the Kronecker symbol. Obviously a, can
be calculated exactly as an uninteresting Cramer’s
determinant whose elements are taken in the x7. If
positive numbers 77 are upper bounds for the |x}|’s,
then the following relations define upper bounds g,
for the |a;|’s:

n—1
4=1 Nma,=3NDag:.  (6.11)
0
Using (6.9) for %, and solving (6.11), we get
do = 1
(6.12)

n—1
Ny, = R T EENR) o cpm,
=0 p-1

From (6.9), we easily obtain the bound for y,(2)s,(z),
|G72) ™ 2a(2)5a(2)] < N(m) |z12*(1 — R2|z?)7.
(6.13)

The series (6.4) and (6.5) are therefore uniformly
convergent and define an analytic function inside the
circle [z]| < R. Q.E.D.

6.1. Formal Expansions for the Partial Wavefunctions

We use hereafter for (§7z)~'x,(2)s,(z) the condensed
notation £,(z%) or, defining a new variable x equal to
22, £,(x). We use also for convenience the function

S&x) ={W(@) (6.14)

and define the operator A which transforms any
analytic function g(x) according to the following
scheme

Agx) = x 2 () + f e dr.  (6.15)
X 0

From (6.1), it is easy to see that £,(x) is an eigen-
function of A, which corresponds to the eigenvalue n:

Ag,(x) = n&,(x). (6.16)
Since it follows from (6.4) that
1= % a,&.(x), (6.17)

n=0

we see that Al is equal to

%na,,é,,(x) or to sz(t) dt,
n=0 (1]

a result equivalent to (2.7).

PIERRE C. SABATIER

It is important to notice that any number of applica-
tions of A to a function £,(x) leads us to a function
whose zero for x = 0 is at least of order n. As a result,
itis easy to derive, from (6.16) and (6.17), the formulas

_[AMA—D- (A —n+ D
a"N(n)_[ n! ]"’ (6.18)

a,N(p)oy.

=[A"'(A-—p+1)(A—p—1)"'(A—n)1:| ’
(=1D"p!(n — p)! n

where the subscript » outside the bracket means that
we take the coefficient of x™ in the Taylor expansion.®
The same result could be obtained by calculating
[11., [Al},, - - -, [A"1],, with the help of (6.17), and
solving the Cramer’s system thus obtained. The
solution is easy to obtain, since the determinants are
of the Van der Monde type.
Let us now define the following functions:

AA-1D---(A—n+ 1D
n!
_T(=A+nt

T r(=An! (=17

gn(x) =
(6.19)

where the last formula is only a formal way of writing.
From (6.16) and (6.17), we derive straightforwardly
<_Td+1
nlX) = 1 1 1 oy
A p—
which holds at least in the circle x < I'. Let us then
calculate

< T'(1+9)

z B N . * A

e=»I'(1 —p+9q)
Inserting (6.20) in (6.21) and performing the algebraic
sums with the help of Gauss theorem yield the result

which is proportional to &,(x). Using (6.19) we
write

a(x)  (6.20)

(=1)7gy(x). (6.21)

(e 1
p! a=pF(1 +4q —P)

This formula should be considered in general as
meaning only equality between the Taylor expansions
of both sides.

If we notice that the g,(x) are equivalent to x™ as
x — 0, it is easy to derive formula (6.18) from (6.22).
Formal manipulations of (6.22) may lead one to
interesting results—to be proved in another way.

['(—A + q)
T(—=A)

a,é, =

1. (6.22)

35 Notice that (6.18) expresses the interpolation coefficients as
polynomials of powers of the potential strength. Similar formulas
and results can be obtained for analytic potentials.
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Algebraic manipulations yield, for instance

2]

he) =3 2 A

o A+n

a,8.(x) = (A + A (6.23)

The result is therefore a solution of the equation
A+ Dh(x) = 4. (6.24)

Differentiating both sides of (6.24) and taking into
account the boundary conditions lead us to (6.5).
Bessel functions hypergeometric series can also be
easily obtained from (6.22) using the appropriate A.

6.2. Extension of the Results for Analytic
Potentials of z!/™

Equation (6.1) thus reads

2 -1
[i PR )}5l(z)-= 21 L £,2),
dz dz

dz*
(6.25)
E(2)~2*D(A) as z—0.
Using the new variable x equal to z//?™ | we obtain
the equation

[(;i';zé + x-—l ;dx_) + 4m2x4m—2v(x2):| S)'(xZM)

- 4zmx—1£ £ (6.26)

£,(x*™) ~ D(A)x*™ as x— 0.

It follows from (6.26) that if £,(x) are the solutions of
(6.26) corresponding to the eigenvalue u with the
usual normalization, we have

2my _ . _N@)

£2(x"™) = Epum(X) N@im)®

The solutions &,(x?™) can therefore be related to

the solutions for an even potential, for which the

previous interpolation holds. This yields readily the

generalization of (6.6) valid when the potential is an
analytic function of z/™.

(6.27)

6.3. Elementary Approach to the General Formula

The general interpolation formula (2.32) can be
derived by elementary but somewhat tedious methods
which we only sketch here. From the equations

{1/)3{ = [(A%r*) — Wly,
2= [(Z[r*) — Wyl
it is easy to prove that the function y equal to v ;% ,
satisfies the following integrodifferential equation:

P+ AW, + Woy' + (W + W)y
+ (W, — wl)[c + f Wy — W)y(p) dp}
= @RI — 1Y), (6.29)

(6.28)
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where the constant C is equal to zero for a solution
equal to zero at the origin, to A for ¢, x_,.
Equation (6.29) can be as well written in the form
&y = @RIy — riyl = 225y. (6.30)
Assume now that it is possible to define two se-
quences {a,} and {b,} such that

.7_;:2 = Yoo + ; Wanbna (631)
S K@) = 3 puraan. (6:32)
1
Then applying & to both sides of
0 lz
Y= yoxo + ; "pnxnlilg g an + 2 — b":|
(6.33)

and using (6.31) and (6.32), it is easy to show that
Y is a solution of (6.29) and that the boundary con-
ditions prove that it is equal to

(Afsin whyp, (2)x-a(2).

Identification with formula (2.32) requires the
following relations:

bu = ("/zﬂ)[Yu(W: )+ yu(V, 1)]
a, = %ﬂ[}/”(W, 1) - yu(V3 1)]
7. CONCLUDING REMARKS

We would like to emphasize the fact that the various
formulas given in this paper are only examples of the
interpolation formulas which can be obtained for the
wavefunctions or related quantities,

First, the conditions of the Lagrange—Valiron
theorem enable one to translate the set of indices in the
right-hand side of (2.2), since f(z + «) has obviously
the same properties as f(z). It would be easy to derive,
for instance, an interpolation formula in which only
the half-integral values of A are included in the set.
However, since only the positive half-integral values
of A are “physical,” this formula is not very interesting.

From (2.32) or from a formula derived from (2.32)
and from a definition of the irregular wavefunction
for integer 4 analogous to the one of the irregular
Bessel function Y,(z2), it is easy to derive an expansion
of the irregular wavefunction in terms of the regular
wavefunctions and interpolation coefficients.

As a third kind of derived formulas, we notice the
exact summation of expansions like

Sy =X a, (v, — Vixa)
M

(6.34)

, ; 1.1)
S, = E bu(%h - 'pnxu)
B
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where the @,’s and the b,’s are defined as in (6.34),
and b, = 1. Use of the Wronskian properties, together
with formulas like (6.31) and (6.32) lead us straight-
forwardly to the results,

5= %[ - V),,d,,}2
(7.2)
=2 ([ =vpap

If the interpolation coefficients are bounded as in
Sec. 4, it is possible to obtain sums of Jost functions
by letting z — co in those formulas. Results of the
same kind are easy to derive either by applying the
operator A n times to (6.31), (6.32), (7.1), or by using
next orders in the asymptotic expansion (1.47).
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APPENDIX

Several times in this paper we identified the co-
efficients of a given power of |A|7! in two asymptotic
expansions which are valid only outside the real axis.
This may seem to be a shortcoming since the function
involved is not an analytic function of 1! at A-1 = 0,
and since, in no case, we studied thoroughly the
right-hand side asymptotic expansion. To ensure our
point, let us recall that the expansions to be compared
are of the form:

(1) on the left-hand side,
o+ a it + @, 7+ 00 (IIm A > )
(AD)

where ¢, is any fixed positive number, the remainder
O(A"~¢) depending on «,;
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(2) on the right-hand side,

O

5 b, 5> Wwhere |b,| < C g7~ (A2)
T v —gq
Actually the series we encountered are of the form

L ¢

2 S (A3)
1v—g

but it is easy to reduce their study to that of (A2) with
the help of a prescription similar to the one sketched in
(6.33) and (6.34). Using now a well-known identity,

we can write (A2) in the form
Ly = 1

() +3

v 1

¥ — g°

2

b, ("72) (A4)

In a previous paper,® we showed that a series

r—1 o

2 2b,

»=0 ¢=1 1’2

o0

Yq

S rlgl ¥ — g’
where the |y |’s are bounded by Cq#(—1 < g < 1)
is bounded, as |v| goes to oo outside the real axis, by
(C |v|71#+¢ + C|»|7?), where the constants depend on
{Im v|. Expression (A4) is therefore an asymptotic
expansion of form (Al), provided the inequality in
(A2) be satisfied. Identification of the coefficients in
two expansions of form (Al) is easy to do. Making
|[A] — oo leads us to the identification of a,. After
suppressing g, and multiplying both sides by A, the
same device leads us to the identification of a,
etc.

In Sec. 2 and 6, where we used these results, the
coefficients b, are functions of z. They are bounded,
according to (1.7), as z lies in the circle D, in such a
way that [b| < C/(g!)®. As a result we can take
r= o in (A2). However, if we try to use the
identification process after letting z — oo, we have to
test inequalities carefully. This has been taken into
account in Sec. 4.

(A5)
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This paper derives the general commutator [¢g™, p*] for all integers m and », positive or negative. Two
new identities for the binomial coefficients are derived using the general commutator. A simple example
of the use of the general commutation relation is given in the expansion of (4p + Bg)" (4, B, constants)

in normal form for integer n.

I. INTRODUCTION

RECENT article in this journal' has given a
method of rearranging functions of the operators
q and p so that all the ¢’s lie to the left of all the p’s.
The method has two limitations. First, it involves
solving an associated eigenvalue equation. And,
second, it is proved only for functions of positive
powers of the operators. The importance of con-
sidering negative powers of operators is clear from
the fact that the canonical conjugate of most operators
of interest involve negative powers of operators.
Negative powers of operators do not exist in Hilbert
space, of course, but do in a generalized function
space.

It is true that all of the results in this paper could
be derived in a representation. However, .in addition
to being aesthetically less pleasing, this would make
the results representation-dependent and one would
then have to prove separately that they were inde-
pendent of the representation. The fact that mixed
representations as well as ¢ and p representations are
of interest in generalized function spaces would make
such a proof more difficult.

This paper derives the general commutator [g™, p"]
for all integer m and n, positive or negative. Two new
identities for the binomial coefficients are derived
using the general commutator. A simple example of
the use of the general commutation relations is given
in the expansion of (4p + Bg)" (4, B, constants) in
normal form for integer n.

II. DERIVATION OF THE GENERAL SPACE-
MOMENTUM COMMUTATION RELATION

We consider only the one-dimensional case. The
extension to higher dimensions is trivial. We assume
there exist two operators which obey the commutation

relation
[p,q] = —ik. ¢y

Since this is our only assumption and since (1) is

1 Leon Cohen, J. Math. Phys. 7, 244 (1966).

invariant under the transformation
9—>p; P> —4 @
all the resulting equations also have this invariance.

For the same reason all the resulting equations are
invariant under the transformation

q—p; p—>9q; h—>—h &)
We wish to find the operator function F(g, p) such that

[p% 4”1 = F(q, p), Q)
where in general « and § are allowed to be any integers,
positive or negative. We say that an operator F(g, p)
is in the standard form when it is expressed as an
infinite series, each term of which has all the ¢’s to the
left of all the p’s. The notation F(g | p) means F(g, p)
expressed in its standard form. Thus,

Fa|p= 2 axa’p" (3

We demand that F(q, p) in Eq. (4) be expressed in its
standard form.

A. Positive Powers of the Operators,
«a>0;,8>0

First consider [p”, g]. If
[p" gl = —ihnp™ (n 2 1), (6)
then
[P+ 91 = plp™, 91 + [p. qlp"
= —ihnp™ — ikip" = —ih(n + p". (7)
Thus, if Eq. (6) is true for one choice of n, (n > 1), it
must be true for all larger choices. Since it is true for
n=1,itis true for all n, (n > 1).
Applying the transformation (2) immediately gives

[p,q") = —ifng®t (n2>1). 8)
Now consider [p*, ¢°]. If,
Lfa,B) o ﬂ . _ _
1= 2 ( )( )(—tﬁ)"‘m!q” mpr
m=1 \MN m
(@>1; =1, 9

where L(«, f) is equal to « or § (whichever is least),
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and (:') and (’i) are binomial coefficients,? then

[ ¢+1 ﬂ]
= plp*, ¢°]1 + [p, ¢°Ip*
L{a,B)
= —inggtp + 3 () () (inmt pat
= —lhﬂqﬁ —1p®

+L(§)( )2 ) —iny*m! (¢#"p + [p, 4> "

T (“) (’3 )(—ih)"‘m! gPmpe
m=1 \mj \m
La,p)

t2 ( )(m)“"”>'"*‘m! (B — myg~"tpm
—ihpq'tVp°

+L(iﬂ)( ) (ﬂ) —ih)"‘m! q#—mpa—m+1
L(a,8)+1 ( o

m
e 1) (m fi 1)(—ih)"‘(m — 1)t

X (B — m + Dgfmp*Hi—m
= —ih(x + DBg"p°

L(a,p)
+ z (a + 1) (ﬁ)(—zh)"‘m! qﬁ—mpa+1—-m
m m

+

m=2

m=2

* 4 — i) L8011}
* (D(a, ﬂ))(L(a, ,3))( iRy LB Lo, B)]!
X (B — L(a, B))q#—LleP-V pla—Lia.pD

m=1 m

+ (L(: ﬂ))( L f ﬂ))(—ih)(L(a,ﬂHl)[L(a’ At
x (8 — L(a, B))q¥-Lia-P—Vpla—Lie.p) (10)

If 8 > «, then L(«, B) = « and the last term in (10)
is
(ﬂ)(—iﬁ)(ﬁ'l)a! (ﬂ — a)qﬂ—c—l

*3

= ﬁ — it B—(a+1)

(& )i+ prgen, an

which gives

[pa+1 B —¢+l (a + 1 ﬂ —h Moy | gB—mpatlem
41 =3 m)m)(l)mq p

"~ B> (12

If « > B, then L(x, f) = B and the last term in Eq.

% This result has been previously derived in the g-representation
by J. R. Shewell, Am. J. Phys. 27, 161 (1959).
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(10) vanishes. Then,
B
=3 (1) () mimmmi g

m=1
(2 p). (13)
Combining Eqs. (12) and (13) we get

(r**,¢%] =L(¢§ ” (“ ; 1) (i )(—ih)”'m!q"‘"'p’“""-

m=1
(14)
Applying the transformation (2) to (14) and then
exchanging the labels (« 4 1) and g gives

= S (1) (2 )ammmeprer-mgsn.

m=1
(15)
Applying Eq. (3) to Eq. (15) and then exchanging
« and g gives

L{a+1,8)
[pa, qﬂ+l] = z # (“) (ﬂ + 1)(—ih)"m!q’+l""p‘_’".
m=1 m m
(16)
Equations (14) and (16) together imply that if
Eq. (9) is true for any values of a (« > 1)and 8 (8 > 1),

it is true for all larger values. Since it is true for
(a=1;8=1),itistruefora > 1; > 1.

B. Inverse Operators

1. Definition and Basic Commutation Relations
Involving Inverse Operators

We define the inverse of an operator ¢ by the
relation

g-=—q=1 an

-
D e

1
r as defined in (17), exists as an operator in a genera-

lized function space.
Note then, that

1 1 o1 1
p[—,q]=q—pq-=q—(qp—l'i)-=lh--
4 P P P

(18)
Thus,
1 ik
[— : q] ==. 19)
P p
Transforming (19) with (3) gives
1 ih
I:ps _] =" (20)
q q
Also,
11 11
qp[— -] =1- w = 1—(pq + zh)——
P 4 ap
hl 1 1
ap’
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11 11
pq[—- -]—pq-——l—(qp—lh)—-—l
P 4 p4q
= —iptl, 22)
pqd
From Egs. (21) and (22) we find
[1 1] _111__71111. 23)
P q pq’p qp’q

Equation (23) is not in the standard form. We later
put it in this form.

2.a>0;8L0
We define y = —f. Consider [p, ;—{l If

1 P |
[p, ;] = iby—ss (24)
then
1 1 1 171
(2w =l ;] +[r ol
1
lh‘y—;z + lh—m = zh(y + 1)q'T+"2'
(25)

Thus, since Eq. (24) is true for (y = 0), it is true for
all y > 0. Using Eq. (3) on (24) we get

[a] =it =5 - 020 (9

Now we consider [ ‘, ! ]

q‘l
[ 14 +m— m _L a—m
LI A W (g bt

27
then
[ 1
a+l

P ’q’]

1 17,
= p[p“, q—,] + [p, ;,}p

< -1\ m 1 a—m

= ,..2.1(,:,) (7 + : )(,h) ml
qv+1p

- -1\, m 1 at+l-m
- mz_(;) (” o )(:h) ml

+3 ( )(” +m-= )(ih)"‘“m!

M=l m
X (y+m) p p
q7+1n+1 q7+1

1975
e T
me1\m m q’*"‘
+ f( * )(” tm-— 2)(ih)"‘(m — !
m=2\m — 1 m-—1
1 —m
X O+ m = Db iy o
=a§' (a + 1 V4 + m — )(lh)mm' 1 pa+1_m‘
m=1\ m m qgm
(28)

Thus, since we have shown that Eq. (27) is true for
o = 1, for any ¥ > 0, it is true for all « > 1 and any

y 2 0.
An analogous proof gives

] -5000 2 Yorme

y+m’
(29)

where y > 0; 8 > 0.

33.05£0;6<L0

We define y = —a, e = —f, so that y and € are
nonnegative integers.
Consider the identity (y > 0)

1
—1)‘iyp7_lh1
o0
- _ y+m—1)_ihmm' 1 1
m2=2( m (=i g™t prm
© ytm—1\, om 1 1
+,..2=1( m )(—l’i) m!;m—_xpm

mf;(” :; m— ) )(—'ih)"'(m -1

1
x(7+m_)m—1p7+m
Y+ m— R 1 1
—ik™m!
+m2=1( m )( ! ) m qm—l p7+m

-3 (7’ +m-= 1)(—ih)"‘+1m!(y+ m+ L
m=1 m q

m p7+m+1

+ i (7’ +m— 1)(—ih)"‘m!—1-— 1
1 m q D

m=

=7§l(7’ + : - 1)(—ih)"'m!

(o
x.—-
q

y+m + lh(y + m) y+m+l)
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I
L

yEm =D ipymm
)

® —1 11
=Zl(”+':l )( pyrmt L Lg (30)
Thus,
UL, L T 1_ 11 1
_lyp’“q_{—yq— p”q}}q_p’_qp’q »’
=1 q"p’
3D

Therefore for y > 0,

1 1 y+m—1\, . 1 1
1 —iB)™m! .
[p q] Z_l( m )( i gt p

(32)
The special case y = 1 gives the standard form for
Eq. (23). Similarly one can show that for ¢ > 0,

11 ® le4m—1\, . 1 1
—-,— = —lhmm! .
[p q‘} mZ=1( m ) (=) getm pttm

(33)
Fory > 0and € > 0, if
[1 1:' Z(y+m—1 (e+m—1
P q m=1 m ) m )
X (—ifymm! —— L (34)
'qe+mpy+m’
then
1 1
[p”q‘“]
“Lrdlitilsd
gLy’ q
=z(y+m—1)(e+m——1)(_ih)mm! E1 _11
m=1 m q+m1’ q
1 1

4 +m—1 L

+m— 1) (e + Z - 1)(_ih)mm!

m

1 (11 11
8 q‘*"‘*‘{q prm * prtm’ q]}
+3 (y e )(—ih)mm! L
m=1 m

qs+1+m py+m
=3 (V +m= 1)(—m)mm!
1 m

x{[e+m—1
m

-3

m=1

1 1
]+ ks
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+m§;1(y+ m — 1) (s—i— m—l)m!

m m
-« (v+M-— 1)
X
]ll:zm+1( M—m
1 1
N
X (—ily"(M — m)! g i

— il(?’ tme 1)(—ih)"‘m! {(‘ e 1) + 1}

1 1 S fe+m—1
X q€+m+1 p?+m + z=1( m )

m

2 y+M-—1 comr L 1
X M§n+1( M )M! (—ih) gt pre M
1
= —-lﬁy(s + 1) E_HF

+m§=1(7 + " 1)(—ih)’”m! {(6 tm= 1) +1

m
mlie+n—1 1 1
+ El( n );qi+m+1 Py+m'

(35)

If we define S = ¢ + m — 1, then

m—1 e+ n— 1 €+m—2 S €+m—2 S
= = - 1L
gl( n ) SZ:E (e - 1) S=ze—1(e - 1)

(36)
It is a well-known identity® that
€+m-—2 —
Y ( S ) _ (e + m 1). (37)
s=—1\e — 1 €

Putting Eqs. (36) and (37) into Eq. (35), we find that
if Eq. (34) is true then

] =200

ihymm) —L 1

€+1+m _y+m °
q p

X (—

(38)

A similar proof shows that if Eq. (34) is true then

[L l}=§ y+m\ e+ m—1
P g m=1(m)( m )

1 1

—iEY"m!
X (—ih) m.qs+mpy+1+m.

(39

Thus, since we have previously shown that Eq. (34)
is true for y = 1 or e = 1, it is true for all y > 1;
e> 1.

3 Handbook of Mathematical Tables (The Chemical Rubber
Company, Cleveland, 1964), p. 388.
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We can combine the four subcases (9), (27), (29), y+m— m ) em
and (34) by introducing the following notation: =7 z ( ) ( m )('h) Mmd T i e
0 for ¢g<0 °°(y+m—1)(e+m—l) w11
0(q) = ; in"m! — —-.
@ {1 for g > 0} mz=l m m (=iR)"m q™pt™
(e, B) = 6()0(F) + 6(—)0(—B); (42)
Thus,

(o, ) = B@(B)ab(B — o) + fla — B) + #} : 1 1
+0@EH—F) ~ 1} + 6@ — 1} =3 (*)(" " amrme g s

1
+— 40 @ - —_
o) + 0G5) 3 (Y cimrm L L
el m m q™ ptt™
6(g) is the usual step function. _ E pbm—1\ (et m—1 (— iRy 1
o(a, B) = 1 when o and § have the same signs m—1 m m g™
*P7 7710  when « and B have different signs|’ 1 1 .
7(a, ) = (o' [7r])
The smaller of the two, if both « and 8 are positive Sfy+m—1\[(e+m—1 ) 1
. . . . =Y (—in™m\ g™ —
The positive one, if « and f are of different signs}. ol m m m
\00, if « and f are both negative w p
2T erms (9
m=1 m m n=1\N
B B (a:8)
e +m+n—1) . m+n e—(m+n) 1
00 | @t R X ( N )(zh) n'qg i
(43)
a ¢ Defining G(a, §) to be « or § whichever is larger,
(o= | (o=0 fonT=® | | nrea) (43) can be written
IH z('y+m—1)(e+m-—l)( iB)™m! g™ 1
. . . . m=1 m m py "
With this notation, we can now write for any ¢ +m— 1
integers « and f, positive or negative, +> ( ) (y m )(ih)’"m! g —m
m=1
5 7(a,p) © + —1 m—1 d
(2% 4" = (1 = 8,91 = 09 3 +2 (PR man 5 oy
ja] + (m — 1D)(—3) _ '
() Y e
X ('ﬂ |+ (m — DB(—4 )) Since (44) is an operator equation, the coefficient of
m g“=*(1/p***) must vanish identically for each choice of

X (iB)™(—1)"*Pmm gf~mp*=™  (41) «. The choice a = 1 gives a trivial identity. For

This result can be extended to the case of two €= %2 G(I,«—¢)=1and we get the identity

operators whose commutator [p, g] = K, an arbitrary i (1) (n +e€— 1) ( € ) —0 (45)
n

constant, by merely letting /i — —K in Eq. (41). o —n
III. TWO NEW IDENTITIES SATISFIED BY Swapping the labels « and ¢ in (44), we get for
THE BINOMIAL COEFFICIENTS a>1;e>2;and € > «,
Multiplying both sides of (34) by ¢¢ t d —
plying (34) by ¢* we ge Z(—D”("“ 1)(‘*) =0.  (46)
1 1 1 n=0 a—1
p < p These two identities can be combined to give
(e[l RS KR
q9 P n=G(0,a—¢) n «—n
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IV. EXPANSION OF (4p + Bg)* IN NORMAL
FORM FOR INTEGER n

for neven,

h
2
- (48)

Let ¥(n) =

for n odd.

1 for p<O
Let p'=135---p for p>0,podd
2:46---p for p>0,peven. (49)
Assume that
¥(n)

(Ap + Bo)y" = X (—ihdB)(2) — 1)!!(;’]_)

n—2j

xS

r=0

(n - 2]) (Bq)(n——w—r)(Ap)r, (50)
r

where 4 and B are numbers and p and q are operators
satisfying

[p,q] = —ih. (51)
From Eq. (6) we see that
[p7,q] = —ihrp™. (52)

Multiplying both sides of Eq. (50), on the right by
(4p + Bg), and applying (52) to the result, we get

(Ap + Bg)™ =w§)(—ihAB)’(2j — 1)!!( "_)
=0 2j

n—2j

x 2

r=0

(" —r 2]) (Bg)™¥-"(Apy+t

¥(n)

+ S (—ihAB(2 — 1)!!(;_)

=0

n—24

X E (" - 2])(Bq)(n+l—2:i—:r)(Ap)r
r=0 r

¥(n) . n

+ S (—ihAB)#*V(2j — 1)!!( )
i=0 2j
n—2j —3

% 2 r(" 2")(Bq)("_zj_’)(Ap)(’_”.
r=0 r

(53)

In the last term of (53), the term where r = 0 equals
zero and thus can be dropped from the summation.
In the case where n is even, however, ¥'(n) = }n and
the term j = ¥'(n) contains only the r = 0 term, and
thus, must be dropped simultaneously. The last term
in (53) can be then written as
®(n)

—iRAB)+(2j — pn(”
2, (4B ) — (1)

n—2j

x3r(" 7 ) @aranr 0

r=1
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where

n

——1 for neven

o(n) = (55)
n—1 for nodd.

Making the transformations r—(r —1) and
J— (j+ 1) in (54) and simplifying, we get for the
last term in (53)

®(n)+1 . n+1 2]
—ihABY'(2j — D! —_—
5 cmame — (") ]

(n +1-= 2j) (Bg)™=4""(Apy. (56)
r

n+1-23

r=0

Making the transformation r — (r + 1) in the first
term on the right side of (53) and combining it with
the second term on the right side of (53), we get for
the first two terms

¥(n) ] n
—ihAB)'(2j — D!
2, (-inapyei = ()
"+12—:2f (n +1-— 2]) (Bg)"™~2-"(Apy. (57)
r=0 r

Then combining Eqs. (56) and (57), we get
(dp + Bg)™"!

¥(n)
=S (—ikABY(2j — 1)!!(" N 1)
r=0 2j
n+1—-2j —;
3 ("L T Y@y
+ (1 4+ O(n) — ¥(n))(—ikAB) ™ 2u11. (58)
Note that
0 for neven
14+0n) —¥h) = (59)
1 for nodd.
Since
Y(n) for neven
Yrn+1)= (60)
YY)+ 1 for nodd,

(58) can be written
( AP + Bq)n+1

¥(n+1}

=3 (~indBy() - 1)!!("2+j 1)

n+1—2j7 .
> (n +1
r=0

2]) (BQ)("_H_M—T)(AP)'. (61)
r

Thus, if Eq. (50) is true for n, it is true for n + 1.
Since it is true for n = 0, it is true for all n > 0.
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The phase integral approximation of the Green’s function in momentum space is investigated for an
electron of negative energy (corresponding to a bound state) which moves in a spherically symmetric
potential. If the propagator rather than the wavefunction is considered, all classical orbits enter into the
formulas, rather than only the ones which satisfy certain quantum conditions, and the separation of
variables can be avoided. The distinction between classically accessible and classically inaccessible regions
does not arise in momentum space, because any two momenta can be connected by a classical trajectory
of given negative energy for a typical atomic potential. Three approaches are discussed: the Fourier
transform of the phase integral approximation in coordinate space, the approximate solution of
Schrodingei’s equation in momentum space by a WKB ansatz, and taking the limit of small Planck’s
quantum in the Feynman-type functional integral which was recently proposed by Garrod for the energy-
momentum representation. In particular, the last procedure is used to obtain the phase jumps of /2
which occur every time neighboring classical trajectories cross one another. These extra phase factors
are directly related to the signature of the second variation for the action function, and provide a physical
application of Morse’s calculus of variation in the large. The phase integral approximation in momentum
space is then applied to the Coulomb potential. The location of the poles on the negative energy axis
gives the Bohr formula for the bound-state energies, and the residues of the approximate Green’s
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function are shown to yield all the exact wavefunctions for the bound states of the hydrogen atom.

I. INTRODUCTION

HE present investigation was undertaken with
the ultimate goal of finding analytic (as op-
posed to numerical), approximate expressions for
single electron wavefunctions of bound states in
atoms or simple molecules. The phase-integral ap-
proximation, sometimes called the WKB method,
provides such expressions. However, it turns out
that a somewhat unusual approach working in
momentum space is more appropriate than the well-
known form involving Hamilton’s action function
in coordinate space. Actually, we construct a phase-
integral approximation for the propagator, or Green’s
function, F(p” p’ E), in terms of the initial momentum
p’, the final momentum p”, and the energy E. The
singularities of F along the negative E axis give the
approximate wavefunctions. This procedure is tested
for the Coulomb potential, where it is found to yield
the exact wavefunctions for all the bound states.
Although this last result seems better than expected,
there are good reasons to believe that the present
scheme is indeed more efficient than the usual ones,
at least in the case of bound states for typical atomic
potentials. First, the connection between classical
and quantum mechanics is much simpler for the
propagator than for the individual wavefunctions.
The construction of the approximate propagator
requires the knowledge of all the classical paths
which go from the initial to the final point, whereas
an approximate wavefunction requires a special class

of classical orbits for which there is no simple and
general description. Second, at a given negative
energy, £ < 0, any two momenta p’ and p” can be
connected by a classical trajectory in the case of a
typical atomic or molecular potential. But two posi-
tions, ¢’ and ¢", can be connected by a classical
trajectory only if they lie both in the region where
the potential energy V{(gq) is smaller than the total
energy E. The propagator F(p” p’ E) will, therefore,
be approximated by an expression F(p”p’ E) with
smoother behavior than the propagator G(¢" ¢’ E)
whose approximation G(q”¢' E) has some rather
artificial singularities around ¥(¢") = E or ¥(¢") = E.
Third, it appears that the common procedure of
separating the variables in a problem of spherical
symmetry has an adverse effect upon the phase-
integral approximation. The well-known difficulty in
obtaining Bohr’s formula for the hydrogen levels
vanishes entirely if we construct either F or G in three
dimensions without bothering to separate variables.
The general formula for F(p” p’ E) is easily written
down, but its derivation does not satisfy a mathe-
matician’s requirement for rigor. Even the phase-
integral approximation K(q” ¢’ ¢) for the propagator
K(q" ¢’ t) from position ¢ to position ¢” in the given
time ¢ has not yet been established with the desirable
degree of accuracy and generality for singular po-
tentials such as the Coulomb potential, although K
is certainly better understood than G which in turn is
better known than F. The author found it helpful to
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arrive at F by several different methods. The emphasis
of this report is, therefore, not on the applications
for which the method was originally devised, but on
the more basic problems concerned with the phase-
integral approximation. In particular, it is necessary
to obtain F directly from the path-integral expression
for F which was recently discovered by Garrod! as a
generalization of the Feynman integral for K. Apart
from the very difficult question of justifying Feynman-
type integrals and deriving their limits for vanishing
Planck’s quantum, certain results from the classical
calculus of variation are needed, in particular the
character of the second variation. As far as K is con-
cerned, these results have been obtained by Morse,?
but the class of problems arising from F and G
(which one may legitimately call isoperimetric) has
apparently not been considered as yet and their
solution is only conjectured for the purpose at hand.

The discussion of the various topics is presented
in the following manner. Section IIA summarizes
some of the well-known results about the propagator
K(q"t",4’t"), and proposes a general formula for the
limit #—0 when ¢" — ¢ is arbitrarily long. The
crucial phase jumps at a focal point are related to
Morse’s theory of the second variation, which in
turn arises quite naturally if one goes to vanishing
h in Feynman’s path integral for K. Section IIB dis-
cusses the same ideas for the Green’s function
G(q" ¢’ E), although our mathematical background in
this instance is much poorer. Three different ways
to obtain the limit of G for small % are presented, by
taking the Fourier transform of K, by solving the
inhomogeneous Schrodinger equation, and by letting
h vanish in Garrod’s path-integral expression. A
second variation is again needed, except that
the variational quantity is not covered by Morse’s
theory, and certain conjectures have to be made.
Section IIC carries the arguments over into the study
of F(p" p' E), in particular the three methods for
going to the limit 7 — 0. The investigation of Garrod’s
path integral and the study of the second variation
for the action integral are now particularly important,
because Schradinger’s equation is not local anymore,
and the phase jumps cannot be obtained in the
customary manner.

Since the formulas for the limits G(¢" ¢’ E) and
F(p" p’' E) as h vanishes are completely analogous,

1 C. Garrod, Rev. Mod. Phys. 38, 483 (1966).

* M. Morse, The Calculus of Variations in the Large (American
Mathematical Society, Providence, Rhode Island, 1935). For
more contemporary presentations, cf. J. Milnor, Morse Theory
(Princeton University Press, Princeton, New Jersey, 1962); H. M.
Edwards, Ann. Math., 2nd Ser. 80, 22 (1964); S. Smale, J. Math.
Mech. 14, 1049 (1965).
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any detailed calculations can be carried out in either
case. The more familiar G is chosen in Sec. ITIA to
exhibit the simplifications due to a spherically sym-
metric potential. Section IIIB establishes the same
result by performing explicitly the limiting process in
Garrod’s path integral for G(¢” ¢’ E); this feat has
only been possible for a spherically symmetric poten-
tial, although the formula for G is believed to be
valid more generally. The various results are listed in
Sec. IIIC for F, as they are needed for the Coulomb
problem.

The Kepler orbits in momentum space are discussed
in Sec. IVA. Since they are circles, their geometry is
much easier to understand than in coordinate space,
and simplifies all explicit calculations. The phase-
integral approximation F'is worked out in Sec. IVB
on this basis. In particular the phase jumps at focal
points are obtained, and compared with those of
another famous problem, the linear oscillator. The
resulting approximate Green’s function is shown in
Sec. IVC to have poles at the negative values of E in
agreement with Bohr’s formula. The residues are
worked out and are compared with the residues in
the exact Green’s function which has recently been
established by various authors. The complete agree-
ment confirms our original expectation that bound
states are best described by the phase-integral method
in momentum space.

II. GENERAL FORMULAS
A. Time and Space Coordinates

Consider a simple physical system without spin,
€.g., an electron in a given electromagnetic field. Its
coordinates are given by a vector ¢, and its momentum
by a vector p. In case the components of ¢ or p have
to be specified, they are indicated by an upper index,
such as ¢’ or p’. The propagation function K(q"t", ¢’t")
for this system depends on the initial coordinates ¢’
and time ', as well as the final coordinates ¢” and time
t” > t'. K is found from the requirements that

ih(3K[3t") — Hop(p" ¢’ DK = 0,
lim K(q"t", q't") = 8(q" — q'),

FraY

M)
)

where Hop(p q t) is the Hamiltonian operator. Hop is
obtained formally from the classical Hamiltonian
H(pgq?) if p is replaced by the operator —ifhd/oq.
Planck’s quantum divided by 27 is written as .
Equation (1) is Schrodinger’s equation, and the initial
condition (2) appears quite naturally if one tries to
solve the initial value problem for (1).

After a suggestion by Dirac, it was demonstrated
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by Feynman that K can be represented as an integral
over all possible trajectories from ¢” at ¢’ to ¢” at ¢”
in the following manner. Let the time interval from
t' to t” be subdivided into N subintervals by inserting
ty, ts, " ", ty_y1, and define a discrete path from ¢ to
q” by inserting the intermediate points ¢;, g5, -,
gx—1. An action integral R along this path is given by

5 9 — 4
Ry =3t~ (B2 g, 1), )

n . tn—1
where ¢’ = ¢o, t' = ty, ¢" = qy, and " = ty. Also,
we have introduced the classical Lagrangian

, JOH
Liggty=23p 3y “
3 P

where the momenta p? are eliminated on the right-hand
side with the help-of the relation ¢’ = dg‘/dt = 0H/op’.
Feynman’s formula is then given by

N m 3
K =lim [ [—————:'
Now'1 | 2mik(t, — t, )
x f &gy f &y exp [iRy[H]. (5)

For definiteness we have assumed a 3-dimensional
g-space, and a particle of mass m. The physical
content of (5) is discussed in a recent monograph by
Feynman and Hibbs.® The constant in front of the
(N — 1)-fold integration has been chosen mainly to
obtain the relation

f d°qK(q"t", q)K(qt, q't) = K(q"t", q't). (6)

Nelson? has recently discussed Feynman’s formula
as an analytic continuation of Wiener’s formula® for
Brownian motion, but we would like to start directly
from (5).

Pauli® investigated the limit of K for small time
intervals ¢" — ¢’. The result can be written in terms
of the action integral

R@'t,q) = [ Lgan @

calculated along the classical trajectory which carries
the particle from ¢’ at time ¢’ to ¢” at time ¢”. The
approximate value K is given by

R(g"t", q't) = Qmiky#(Dg)t exp [iR(q"t", q'1')/R],
®
where Dy, is the determinant of the mixed derivatives
Dy = (—1)%det [(9*R)/(9q'9¢")I. ®

8 R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path
Integrals (McGraw-Hill Book Company, Inc., New York, 1965).

4 E. Nelson, J. Math. Phys. 5, 332 (1964).

5"N. Wiener, J. Math. Phys. 2, 131 (1923).

8 W. Pauli, Ausgewidhlte Kapitel aus der Feldquantisierung,
Lecture Notes, Zurich, 1951.
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Since the initial momentum p’ along the classical
trajectory is given by p’ = —0R/dq’, one can interpret
Dy as the Jacobian d(p')/d(g”) between the range
d®p' of initial momenta and the volume dg" covered
by the endpoints.

The validity of (8) has been established by
Choquard® for potentials without singularities. But
even for the Coulomb potential, one has always at
least two classical trajectories connecting any given
pair of points ¢" and ¢” in a given time t" — ¢'. For
a short time interval ¢ — ', one trajectory follows
quite closely the straight line from ¢’ to ¢”, whereas
the other trajectory heads first for the center of attrac-
tion, then turns around it in a sharp twist, and goes
to the final point following an almost radial path
again. The formula (8) for K will, therefore, not be
sufficient for a typical atomic potential. Actually,
the singularity (2) in K at " = ¢’ follows from (8) if
we evaluate R for the direct path from ¢’ to g”.
Formula (8) remains presumably valid for sufficiently
small |¢” — 4’| if it is applied only to the direct tra-
jectory, since the contribution from the indirect
trajectory would remain finite.

Pauli showed that K as given by (8) satisfies
Schrodinger’s Eq. (1) up to a remainder which is
proportional to A% It is, therefore, reasonable to
expect that the limit of K, as /% goes to zero, has an
appearance very much like (8). Feynman’s formula
(5) shows that there is a contribution to the limit of
vanishing % from every pathq’ = go,q1, " , gy = ¢’
for which Ry, is stationary. Thus we expect in general
a sum of terms like (8), one for each classical tra-
jectory from ¢’ at ¢’ to ¢” at ¢”. The continuity of
the result requires that each term in this sum takes
the exact form (8) as ¢” approaches ¢’ along the
direct path while " — ¢’ is sufficiently small. As ¢”
increases from ¢’, and ¢” runs along a given classical
trajectory, the amplitude (Dy)* becomes infinite
every time ¢” passes a focal point. A detailed examina-
tion of Schrédinger’s equation in its neighborhood
shows that (8) remains valid even beyond the focal
point, if we take the amplitude (|Dg|)} and insert a
special phase factor exp (—in/2) for every reduction
by 1 in the rank of the Jacobian 0(¢")/o(p’) = 1/ Dy
at the focal point. Thus, we obtain
Rig't', q't) = @min)? (Dp)!

classical paths

X exp [% + phases], (10)

as the limit of K(gq"t", ¢'t') for vanishing .

7 Ph. Choquard, Helv. Phys. Acta 28, 89 (1955).
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This last expression was obtained by solving Eq.
(1) up to terms in 4%, by imposing the initial condition
(2), and by forcing the result to be continuous. The
relation (6) can be checked for (10) if the integral
over g is computed by the stationary phase method.
However, it would help our understanding of similar
approximations for G(¢” ¢’ E) and F(p" p' E) if the
expression (10) could be directly derived from
Feynman’s integral (5). We shall indicate the necessary
steps, although we realize that there are many gaps
to be filled before any mathematical rigor can be
claimed.

Let N be large enough so that the particular classi-
cal path of interest can be adequately described by a
sequence ¢’ =gy, §1, ' * *, §y = q" corresponding to
the times ¢’ = ¢y, #,,- - -, ty = t". The approximate
action Ry given by (3) is stationary forq; = ¢, - -,
gn-1 = Gy_1-If we writeq; = ¢, + dq,forj=1,---,
N — 1, we find

Ry = R(q"t", q't) + %;Rnaqﬂs‘h +---, (D
1

where the omitted terms are of order either (d¢)® or
1/N. Since dq; is a vector, the matrix R;, has more
elements than are actually suggested by (11). The
integrations over ¢, ‘-, gqy.; are easily performed
if the exponent in (5) is replaced by the two terms in
(11). The matrix R,; has to be transformed to
principal axes, so that one gets 3N — 3 Fresnel inte-
grals. Thus we find an amplitude equal to

(zwh)i(sz\'—s) . (Idet Rﬂl)—}
and a phase factor
exp [iR/A + (3N — 3)in/4 — iMn/2),

where M is the number of negative eigenvalues of R,
In order to show agreement with (10) we have to
establish that

N m 3
Jim [—-————] (et Ry)™ = [Dgl, (12)
N-w 1 (tn - tn—l)

and that M equalis the number of focal points between
¢’ and ¢", each counted according to the rank of
Dy'. The proof of (12) can be accomplished without
difficulty in the case of a spherically symmetrical
potential because R,, simplifies greatly in polar co-
ordinates and its determinant can be evaluated by
writing out the appropriate recursion formulas (cf.
Gel'fand and Yaglom,® as well as Montroll®). Unfor-
tunately, such a procedure has not been successful in

% 1. M. Gel'fand and A. M. Yaglom, J. Math. Phys. 1, 48 (1960).
*E. W. Montroll, Commun. Pure Appl. Math. 5, 415 (1952).
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the case of a nonseparable potential. On the other
hand, the relation between M and the focal points is
a well-known result of the calculus of variation in the
large, as worked out by Morse? in a classic mono-
graph. Morse’s results can, therefore, be interpreted
physically in terms of the extra phase which a wave
loses at a caustic due to its spilling over into the
classically forbidden region.

The results of Morse have not received any atten-
tion in the textbooks of classical mechanics. Yet, in
every course there is at least one student to ask
whether, indeed, the integral { L df becomes minimal
along the classical trajectory. If the answer might have
seemed unimportant because there has been no
physical application for it so far, it is all the more
interesting to find such an application in the transition
from classical to quantum mechanics. The fact that
§ L dt becomes minimal for a sufficiently short path
gives Morse’s theory a simplicity which will not be
matched by the later examples of a second variation
(cf. Secs. 1IB and IIC).

B. Energy and Space Coordinates

In order to describe stationary states of a physical
system, one has to know the propagator at constant
energy. We assume from now on that H is independent
of ¢, so that K depends only on the difference 1" — ¢'.
The Green’s function G(¢” ¢’ E) is defined as

G(g" ¢ E) =+ f dtK(q"t, 4'0) exp [’—E‘] (13)
ih Jo h

where E is in the upper half of a complex E plane. The
homogeneous differential equation (1) and the initial
condition (2) are now combined into the inhomoge-
neous equation

(£ — Ho('PIGG'qE) = (" — ¢). (14)

If the homogeneous equation [E — Hop(pg)ly =0
has no acceptable solution for an interval of real
values of E, then Eq. (14) has a solution which is,
moreover, symmetric in ¢’ and ¢”. Green’s function
G can then be continued analytically into the lower
half of the complex E plane by putting

G(¢"q' E*) = [Gl¢' ¢" E)*. (15)

Thus, the behavior of G along the real E axis is
directly related to the existence of solutions for the
homogeneous equation which corresponds to (14).
The details of this relation are discussed in any
modern textbook on Green’s functions.

The expression for G in terms of an integral over
all paths from ¢’ to 4" has only been discovered very
recently by Garrod.! The crucial step is to consider
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all possible paths in “phase space™ rather than co-
ordinate space only. Thus one introduces a sequence
of coordinates ¢’ = ¢, 41, *, gy = ¢" (as before),
but in addition a sequence of momenta p,, py, -,
Px—3- A path in “phase space” is described by the
combmed sequence 9 = qo, Pys 915 Py "5 4n-as
Px-3>9y = ¢, and the mean energy & along this path
is defined by

] ’V—*

~ 2 + 2 V(q.)- (16)
For simplicity’s sake the Hamiltonian has been as-
sumed to consist only of the usual kinetic energy
p*/2m and the potential energy V(g). Eut, both a
relativistic kinetic energy and a vector potential could
equally well have been included. The Green’s function
now becomes

G = lim 2=k

N-ow

N-1 N-%
11 d%q. H d*p,
1

xexp[ :|/(E—8) (17)

where Sy is the action along the path go, py, 41, ",
PN—3s 9N in phase space,

N
Sy = gprhi(qn — gn1) (18)
The few formal steps from (5) to (17) are explained
in Appendix A, because our definition of G differs
slightly from Garrod’s.

There are three ways to-finding the approximation
G of G for small A. First, one can simply insert (10)
into (13) and evaluate the integral over ¢ by the station-
ary phase method. Second, the inhomogeneous wave
equation (14) can be solved in the limit of vanishing A.
Third, the limit of (17) can be found as / goes to zero.

The first method is the most straightforward and is
carried out in Appendix B. Its result is expressed in
terms of the classical action

Sa"a'Ey = pda 19
q

evaluated along the classical path which leads from

q' to ¢" at the given energy H(pg¢) = E. The phase
integral approximation G becomes
1 1
G(q"q'E) = - — (IDs))*
(q 1 ) 2mh? classical paths s

X exp l:%g + phases:l, (20)

where the determinant Dg now contains not only the
second mixed derivatives with respect to ¢’ and ¢”, but
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also with respect to E,
o’s o*s
0q'0q” 0q'0E
Dg = 21
5= s o 1)
0Edq” OE®

Actually, the element 92S/0E? might just as well be
replaced by 0, because the 3 x 3 determinant
|0%S/0q'dq"| vanishes. The phases in (20) are the same
as in (10), except when 9°R/0s* = —0E|dt < 0, i.e.,
a higher-energy orbit leads to a longer transit time.
The interpretation of Dg can be made as follows:
Consider the family of classical trajectories which
leave ¢’ with the initial momentum p’ in the neigh-
borhood d%’ = dQ' dE; their endpoints lie in a
neighborhood d%¢" = dQ" dt of ¢"; Dg is then the
Jacobian dQ'/dQ". The phases in (20) are again
—in[2 times thé reduction in rank of the 2 x 2
matrix associated with dQ"/dQ’ at a focal point.

The second method for obtaining G has been
studied extensively, e.g., by Avila and Keller,! in
the case where E — V(g) is positive and bounded for
all ¢. This situation corresponds to the scattering
of particles by a potential without singularities,
whereas we are interested in particles which are
trapped in a singular potential such as the Coulomb
potential. Nevertheless, the general considerations
are similar; in particular, the discussion of caustics,
as in the work of Ludwig,* can be taken over directly.
But one will not have an infinity of trajectories from
g’ to ¢" if E — V(g) is bounded and’positive. Kohn
and Sham!? have obtained G in one dimension with
the help of the well-known expression for G in terms
of a Wronskian. Their method has not been generalized
to more than one dimension; formula (20) leads
exactly to their result.

The singularity of G for a small distance |¢" — g¢'|
can be obtained directly from the inhomogeneous
equation (14). It is found that up to terms in |¢" — ¢'|®

_m
20kt |g" — q'|
x exp {i lg" — ¢'| 2m(E — V(@/K}), (22)

where ¢ = (¢’ + ¢"). This expression corresponds
to limiting the expansion (20) to the shortest trajectory
from ¢’ to ¢", and evaluating S(¢” ¢’ E) in powers of
|g” — ¢’|. The approximation (22) for G is completely
equivalent to the Thomas-Fermi approximation,

G(q"q' E) =

16 C. 8. S. Avila and J. B. Keller, Comm. Pure Appl. Math. 16,
363 (1963).

11 D, Ludwig, Comm. Pure Appl. Math. 19, 215 (1966).

12 W, Kohn and L. J. Sham, Phys. Rev. 137, A1697 (1965).
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which appears usually as the Fourier transform
§ag" — q) exp [=ip(g" — ¢))/R] of (22), namely

Grr(pgE) = [E — (p*2m) — V()13

cf. Baraff and Borowitz.'®

The third method seems to be the most interesting
because it leads to a new viewpoint in classical
mechanics and to some new problems for the calculus
of variations in the large. It is natural to perform the
integrations in (17) in two steps. First, one integrates
over the variables p, and ¢, on a hypersurface of
constant average energy &, as given by (16). Second,
& is integrated from — o0 to 4 0. As 7 goes to zero,
one is, therefore, faced with finding the stationary
pathq’ =qo,py.q1," "+ » Pn—y,qn = 4" for Sy under
the subsidiary condition (16). In the limit of large N,
one has to solve the “isoperimetric” problem: Find
the curves p(1), ¢(¢) in phase space for which [ p dq is
stationary, given the endpoints ¢ and ¢”, as well as
the average energy & = | H(pq) dt/(t" — ). The Euler
equations of this problem are the Hamilton equations
of motion, but the usual variational principle at
constant energy demands that | pdg be stationary
for given endpoints ¢" and ¢, while H(pq) = & at
each point p(¢), ¢(¢); cf. Whittaker.1

Garrod! noticed this novel variational principle.
For the purpose of finding G, one has to go one step
further, since the second variation of Sy is needed.
Let N again be large enough to describe a particular
classical path in phase space by a sequence ¢’ = g,
Py iy PNy = q” taken at equal time inter-
vals. With ¢, = ¢, + dq, and p, = j, + ép,, where
n=1%,1,--+, N — }, one expands in powers of dq,
and dp,,,

Sy=2S5(¢q"q'8) + 'S + &S + - - -
_ 1

(tll — t’)

where the omitted terms are either of order 1/N or of

third order in dq, and dp,. The classical path is
stationary if the condition

NS — 10'€=0

(23)

24

"
f H(pg)dt + 66 + 66 + - - -,
.

(25)

is identically fulfilled in all d¢, and ép, for a param-
eter 7 such as to satisfy (16). The second variation of

the exponent in (17) subject to (16) becomes
[02S]g = [0%S — 70%6) 515 0, (26)

i.e., the variables dg, and dp, in the quadratic form

12 G, E. Baraff and S. Borowitz, Phys. Rev. 121, 1704 (1961).

M E. T. Whittaker, A Treatise on the Amalytical Dynamics of
Particles and Rigid Bodies (Cambridge University Press, Cambridge,
England, 1937), 4th ed., p. 247.
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d%S — 76%6 are subject to the linear constraint
o6 = 0.

The further steps in the integration over d¢q, and
op,, with (26) inserted into the exponent of (17),
are straightforward. One finds an amplitude (2m/)N—2
times A(g” ¢’ 6) d§, where A contains the determinant
of the matrix associated with (26) and a Jacobian,
because the integration uses internal coordinates for
(26) in addition to &, rather than éq, and dp,. The
phase factor is simply exp [iS(¢" ¢’ &)/i — iMm[4],
where M can be called the index of the classical
trajectory. M is equal to the number of negative
eigenvalues in (26) minus the number of positive ones.
In the case of a spherically symmetric potential, it
will be shown in Sec. IIIB that the amplitude 4(¢" ¢’ &)
equals (IDg)?, where E is replaced by &. As in the
case of K and Eq. (12), we have not been able to show
this identity in the more general case of an arbitrary
potential, but we shall assume it henceforth. The index
M starts out with a value 2 for the most direct tra-
jectory from ¢’ to a nearby endpoint ¢”. As can be
observed from the sign of Dg, the index M changes
at every focal point. We conjecture that M increases
at every focal point by twice as much as the rank of
dQ"[dQ’ is reduced. There does not seem to exist a
simple relationship between { L df on one hand, and
J pdq at constant average energy on the other, al-
though the equations of motion for stationary
trajectories are identical.

Since the amplitude 4(¢" ¢’ §) does not depend on
K, the main variation in the integral over & comes
from the phase factor exp [iS(¢" ¢ &)/h — iM=[4].
Therefore, A is pulled out of the integral with &
replaced by E, and S(q" ¢’ §) is expanded around E
to first power in § — E. The remaining integral
becomes

J‘+oo dé G-V _ {—277'1' fort > 0,

wE—6 0 fort <0, D

where ¢ = 85(¢"¢q'E)/0E is the transit time for the
particle to go from ¢’ to ¢”. The denominator in (17)
automatically limits the contributions from the
various paths in phase space to the ones which corre-
spond to going forward in time, provided the imagi-
nary part of E is positive. Thus we find again the
approximation (20), but this time on the basis of
Garrod’s formula (17).

C. Energy and Momentum

The propagator F(p” p’ E) for a particle to start
out with a momentum p’ and end up with a mo-
mentum p” while propagating with the energy E, is
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defined by
Ry B) = @iy [ [ 6@ a )

x exp [i(p'q" — p"q")[h]. (28)
The inhomogeneous Schrddinger equation (14) be-
comes

[E — Hop(p"q)IF (0" p' E) = 6(p" ~ p'), (29)

where the Hamilton operator is the integral operator

H-F = (p"2m)F(p" o' E) + f PpV(p"D)F(p ' E).
(30)

V(p” p) is the Fourier transform of the potential
V(g),i.e.,

V(p'p) = Ruk)~| d’qV(q) exp [—i(p" — p)a/Hl.

(1)
The path integral expression (17) can directly be
inserted into (28) to yield the formula

N N-%
F = lim (27 k)53 f I &4 | TI 4.
0 Y

Now
X exp [— é TN1| /(E -8), (32)

where Ty is the action along the path p' =p_y,
o> P%; G, PN—}’ qn» PN+§ =P” in Phase space
given by

N
Ty = g 4n(Pni3 = Pn-b)s (33)

and the average energy & is given by the same formula
(16).

The semiclassical or WKB method has been used
occasionally in momentum space. Kohn'® describes
the motion of electrons in a solid in this manner.
Goldman et al.}® discuss the transformation between
WKB wavefunctions in coordinate and in momentum
space for one dimension. Schiller!? writes the equa-
tions for the phase and the amplitude in a time-
dependent situation. But none of these authors has
investigated the Green’s function F in the semi-
classical approximation, nor were they interested in
bound states, even for a spherically symmetric poten-
tial. There are again the three ways to finding the
approxirhation F of F for small 4 which were discussed
in the preceding section.

15 W, Kohn, Proc. Phys. Soc. (London) 72, 1147 (1958), cf. also
E. I. Blount, Phys. Rev. 126, 1636 (1962).

11, 1. Goldman, V. D. Krivchenko, V. I. Kogan, and V. M.
Galitskii, Problems in Quantum Mechanics (Academic Press Inc.
New York, 1960), pp. 11 and 92.

17 R. Schiller, Phys. Rev. 125, 1100 and 1109 (1962).

1985

The first method consists in applying the Fourier
transform (28) to the formula (20) for G, and evaluat-
ing the integral by the stationary phase method. The
procedure corresponds very closely to the calculations
in Appendix B. The result involves the classical action

10"y E) = qdp,
p

calculated along the classical path in momentum
space which leads from p’ to p” at the given energy
H(pq) = E. The phase-integral approximation F is
given, in complete analogy to (20), by

- s (b

27752 cla,ssi::;l paths

X exp [— ihz + phases} (35)

(34)

F(p'p'E) =

where the 4 x 4 determinant D, contains again the
second mixed derivatives of T with respect to p’ and
p’ aswell as E,

T °T
dp’'dp” Op'oE
Lp = 36
v~ o (36)
O0Edp” OE?

Again, the element 92T/dE? may be replaced by zero,
because the 3 x 3 determinant |327/dp’0p”| vanishes.
The determinant (36) has a completely analogous
interpretation to (21), in terms of the family of
classical trajectories which go from p’ into the neigh-
borhood of p” at the given energy E. Presumably the
phases in (35) are similarly related to the caustics
which are generated by this family of trajectories in
momentum space. But it is important to realize that
the two families, one in coordinate space and the
other in momentum space, are not simply the same
set of curves in differenf representations. This fact
becomes especially apparent if one studies the char-
acter of the focal points along the classical trajectory.
Thus, a Kepler orbit in coordinate space has two
singly counting focal points followed by the doubly
counting starting point, whereas in momentum space
there is one doubly counting focal point followed by the
doubly counting starting point to which all trajec-
tories of the family return.

The second method of deriving F consists in using
a trial solution of the type

B(p" p' E)exp [—iT(p" p’ E)/A]

in order to solve the inhomogeneous Schrodinger
equation (29) to first order in 4. The potential-energy
term in (30) is evaluated in Appendix C with the
help of the stationary phase method. The Hamiltonian



1986

operating on B exp [—iT[h] becomes

. ”2
HopF = exp [l—t:l . H:-p— + V(CI")ZIB
h 2m

oV 0B
+ l I:aq// apu

Lo
29q"9q" ©op"dp” ’
(37

where ¢” = 0T/dp", and the terms in the last line
are sums over the components of p” and ¢”. The re-
mainder is of order A2. If this expression is inserted
into the left-hand side of (29), it is not evident at all
which terms in (37) are to be matched by the 6(p” — p’)
on the right-hand side of (29). Obviously this in-
homogeneous term in (29) determines the amplitude
B, exactly as the d(¢" — ¢') on the right-hand side
of (14) determines the amplitude A4 of G, whose
behavior for small |¢” — ¢’| is expressed in (22).

Upon closer examination, the following is found.
The terms p"%/2m + V(q") in the first line of (37) are
equal to E, provided T is the appropriate action
function (34). The square bracket in the second line
of (37) vanishes if B is proportional to (D7)t and
p” # p’. The behavior of (Dp)} as p” approaches p’
can be most easily investigated if one starts with the
Thomas-Fermi approximation

S=lq" —q'|- 2mlE — V(g + @M}

as in (22), and examines the transformation into
momentum space, p” = 05/0¢” and p’' = —0dS/dq’.
The Jacobian of this transformation is given in the
limit of ¢’ = ¢” by the expression m*%/2m(E — »(q))
with

Vi Ve Vis Wi
Va Ve Vas Vs

Y= — , (38)
Vaa Ve Vas Vs

Vi V, Vi O
where V,; = 8*V/dg'dg’ and V, = 8V|dg’. The value
of — 2wk X(|Dl)} exp (—iT/) for small |p" — p'|
is obtained as

1 |8V [dq| i, ,
—_ . €X —_ - ‘ s

(39

where g is chosen on the surface 2m[E — V(g)] =
(p" + P')?/4 such that the direction of —dV/dq coin-
cides with the direction of p” — p’. Since the square
bracket in the second line of (37) contains only first
derivatives, it will not lead to a singularity 6(p” — p’)
if we insert (39). This is, in fact, what one has to
expect, since the factor 1/(2#%%) in (39), together with
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the factor iz in (37), yields a term of order A, whereas
the right-hand side of (29) is of order #°. Theinhomoge-
neous term in (29) is, therefore, not generated by
the formula (35) for F [as the 8(¢" — ¢’) in (14) is
generated by the formula (20) for GJ; it would come
about only by going to the next term in the expansion
(37) for HopF. If the singularity at p” = p’ is to be
included explicitly in an approximation for F, one
would have to write

p” —p) V(p'p)
E — p’2m ~ (E — p"*2mXE — p"*|2m)
1 ; [ T }
- — Dy|)exp | —i — + phases |,
27 h%c1assical paths (IDrl) exp A P

(40)

where the first two terms are obtained from an ex-
pansion of F in powers of V(p"p’). For Coulomb-like
potentials, these terms are of order #° and 47"

The preceding discussion shows that, contrary to
G(q"q E), the Green’s function F(p”p' E) is not
easily obtained by solving the inhomogeneous
Schrodinger equation. It seems very hard to get
higher-order terms in the expansion (37) for HopF.
Also, the behavior of F near a caustic and the extra
phase factor cannot be determined from (29), because
Schrodinger’s equation is an integral equation in
momentum space. The expansion of G(q” ¢’ E) near
a caustic, however, is based on finding solutions to
Schrodinger’s equation which are only valid in a
small neighborhood. If F is derived directly from the
pathintegral formula (32), i.e., by the third method, the
procedure is absolutely identical with the derivation
of G from (17). The discussion at the end of the
preceding section can be repeated exactly with p and
g, as well as T and S, interchanged. A detailed
examination of (17) or (32) in the limit of small A
appears, therefore, quite worthwhile.

HI. SPHERICALLY SYMMETRIC POTENTIAL

A. Approximate Green’s Function
in Polar Coordinates

The classical orbit going from ¢’ to ¢” lies in the
plane which is determined by ¢’, ¢”, and the center of
force at the origin. The action S(¢” ¢" E)depends only on
the absolute values r" and r” of ¢” and ¢’, and on the
angle ¢ between ¢” and ¢’. By straightforward calcula-
tion, one finds for the determinant (21) that

Sype Spgr Spg

S
Ds=m£-—_' S Seer Sem| (41)
r"“r"*sin ¢
Er SE‘P SEE
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¢’ and ¢" are the polar angles of ¢’ and ¢” in the plane
of the orbit. The indices on S indicate the derivatives
of S with respect to these quantities. The determinant
in (41) is obtained by finding the orbit corresponding
tor’, r", , and F in a plane.

The equations of motion can be solved by quadra-
tures if we know the angular momentum M of the
orbit. It is, therefore, advisable to use M as a third
parameter, besides r’ and r”, rather than ¢. The
connection between ¢ and M follows immediately
if we combine the two conservation laws for angular
momentum and for energy,

mr® do[dt = M, (42)

(dr/dt)® + r*(de/dt)? = 2m[E — V(r)]. (43)
¢ increases always if M > 0, even if r sometimes
increases and sometimes decreases. Therefore, the
integrand in .

., , f’" M dr

P=9 TV =) rom(E - V) — M 2mA)E
(44)
has to be interpreted as making positive contributions,
even if r is made to run back and forth between
certain maximum and minimum values, ry,, and ry;,,
before reaching the limits of integration, r’ and r”.
In the same sense we find that

(" 2ml[E — V(r)]
§ _L dr R2m(E — V(r) — M*2mr)}E

If the derivatives with respect to ¢’ and ¢” in (41) are
now expressed as derivatives with respect to M, one

obtains finally

45)

Do = M . m
5T vytsing [2mE — V(') — M*2mr )t

m o —1
><[2m(E - V@) — M2/2mr"2)]i (BM) - (49

The last factor can be expressed formally as an
integral over r with the help of (44), namely

2m[E — V(r)]

am ) O rpmE — vy — M 2mdE

It is important to notice certain special cases of
(46). If @ tends to zero while M tendsto a nonvanishing
limit, the approximation (22) is obtained after in-
serting (45) and (46) into (20). If r" approaches
either rpax OF 7myn, where E — V(r) — M2[2mr?
vanishes, the amplitude D, stays finite. Formally,
this comes about because the integral (47) diverges
while the denominator in (46) vanishes. Physically, it

47
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means simply that the orbits do not crowd one
another at their point of greatest or smallest distance
from the origin. However, D, becomes infinite wher-
ever 0p/0M = 0. A plot of r” vs ¢ reveals immediately
a caustic for the family of classical trajectories in the
same plane which leave 4" with different angular
momenta M. Similarly, the vanishing of sin ¢ in the
denominators of (41) and (46) indicates a focal point
for the family of trajectories which leave ¢’ in different
planes, but with the same absolute value of angular
momentum. Each occurrence contributes a phase
—in[2 to the formula (20). These two types of focal
points can coincide, such as in the Coulomb potential
where all trajectories of a given energy E return to
the initial point ¢, independently of the direction or
the magnitude of their angular momentum.

The formulas (45) and (46) can be inserted into
(21) in order to yield G(¢" ¢’ E), provided one can
solve Eq. (44) so as to find the angular momentum
M in terms of the distances r’ and 7", and the angle ¢.
For the Coulomb potential this problem should not
be too hard to treat explicitly. But we shall not go
into these details here, because a more interesting
example of the same calculation is given in the last
three sections.

B. Garrod-Feynman Integral in the
Limit of Small 4

The phase-integral approximation in coordinate
space at a given energy E can be obtained from the
results in the preceding section in the case of a
spherically symmetric potential. The same formulas
are gotten directly from the path-integral expression
(17) for G(¢" q' E) by going to the limit of small A.
This second derivation is important because it can be
used equally well to find the limit of small % for the
path-integral expression (32) of F(p" p’ E). It also yields
the phase jumps at the focal points and gives new
insights into the Garrod-Feynman integrals, (17)
and (32).

The first task is to rewrite (17) as well as the
original Feynman formula (5) in polar coordinates.
Edwards and Gulyaev?® have discussed this trans-
formation for K(¢"t", ¢'t") in the case of a free particle.
But their arguments are greatly simplified for our
purpose by the following remarks. The propagator X
satisfies Schrodinger’s Eq. (1), exactly as the transition
probability in Brownian motion satisfies the Fokker—
Planck equation (cf. Wang and Uhlenbeck'). The

18 S, F. Edwards and Y. V. Gulyaev, Proc. Roy. Soc. (London)
279, 229 (1964).

1* M. C, Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17, 323
(1945).
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only quantities of importance are, therefore, the
various momenta of X in the limit of vanishing ¢ — ¢/
For a nonrelativistic particle of mass m in a potential
V(q), one has the relations

lim(t" _ tr)—l{fK(qﬂtu, q/t/) d3q/l _ 1}

ot
= V(q')/ik, (48)

lim(t" . tl)—‘lf(qj” — qjl)K(q"tu, qrt/)d:iq// —_ 0, (49)

tr ot
llm (tu — tl)—lf(qj// _ qj/)(qln _ ql/)K dsq//
t ot
= (ihjm)8;,. (50)

It can be shown, by straightforward computation,
that these relations are satisfied, not only by the
kernel
[m)2min(t" — )]

x exp i{(g" — ¢)2m(t" — 1) — (" — YV(G)}/h

in Cartesian coordinates, but also by the expression
m H
[Zwih(t” - t’):l
i 1

X exp 2 {——————
h2m(t" — 1)
+ r'r”sin 6’ sin 0"(¢" — ¢')’] — (1" — ')V(q')
Bl 1 v
2mr'r” (4 + 4 sin 6''sin 6")0 ' )}’ Gh
where we have used polar coordinates by putting
gt = rsin 0 cos ¢, g% = rsin 6 sin ¢, g° = r cos 0 for
both the initial and final points. The symmetric oc-
currence of the single and the double primed co-
ordinates in the first part of the exponent is essential
in order to guarantee the relations (49} and (50). The
last term in the exponent looks like an additional
potential, and has to be inserted if (48) is to be
satisfied. The expression (51) is now used to generate
the propagator X, i.e., the action function Ry in (5)
is written in polar coordinates as

¥ 1
R = tu — tn_ P
w2 ‘){2m(rn — 1)
+ rnrn—l(en - en_1)2 + r.raa sin 0n sin 0"_1
hz
(90 — 9u0)’1— V(g,) +

8mr,r,_

hZ
8mr,r,_y sin 0, sin 60,_, |

[(ru — r!)z + r/r//(e// — 0/)2

rn—1)2

[(rn -

(52)

The elements of integration d®, in (5) are replaced
by r2sin 0, dr,, d6, de, .
The second task is to transform the propagator K
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into Green’s function G in the manner of Appendix
A. Three momenta s, 3, L, 4, M, ; are inserted
between the coordinate triples (r,_;, 0, _;, ¢,_,) and
(r,,0,, ,). The average energy & is now defined by

N3 L2 — h2 4
= ———1 z I:ss + "—/__
2mN IS O |
M?® — %4 1 X
] 3 V@), (5
Fardlnysin 0, 4sinf,_3 N

instead of the Cartesian formula (16). Green’s func-
tion is given by
N-1
G = lim (27rh)_3Nf Il dr,do,de,
N-ow 1
N}
x [ TI ds, dL, dM,, - (rr?sin 0, sin 6,)
3

X exp [El sN] / (E—8), (54)
and the action Sy along the path in phase space by

N
Sy = ; [$p-3(rn — Fo) + L,_3(6, — 6,_)

+ Mn-—‘!((pn - (Pn—l)]’ (55)

instead of the Cartesian formulas (17) and (18). s, is
naturally associated with the projection of p, onto
the direction of ¢,,, whereas M, and L, correspond to
the components of the angular momentum parallel
and perpendicular to the z axis.

The third task is to apply the procedure at the end
of Sec. 2 to the energy & and the action Sy given by
(53) and (55). The equations of motion for the
classical trajectory follow from (25), and are the
following:

N(rn - rn——l) = Tsn—%/ma
N(en - On—l) = TLn—%/mrnr'n-l ’
N(p, — @) =M _y/mrr, ,sinb, sin@, _,; (56)

2 L2, — gt

N(Sn—é - sn—}-%) =75 V(rn) + —%—‘__
or, 2mr, 1,4
+ Li+% i
2mr
MZ%_y — B4

2mr,r, ,sin 6, sin 0,_;
My — K4
2mr ,F .., sin 0, sin 6n+l}’
7 cos 6, M3y — B*/4
2mr, sin® 6, {
Moy — h2/4}

. s
Py Si0 0,y

Fnsinf,_,

N(M,_j — M, 3) = 0. (57)
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The further calculations are greatly simplified if the
coordinate system is chosen such that §' = 6, =
4n = 0y = 0" because this implies that 6, = 4= and

» = 0. Also, we find that all M, are equal to some
constant M. The additional terms %4%/4, which appear
in the last two Egs. (57), can be neglected compared
to the classical quantities M, and L, . In the limit of
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infinite N, the remaining Eqs. (56) and (57) can be
reduced to (42) and (43) with the help of (53).

In order to compute the second variation (26), we
notice that the subsidiary condition 46 = 0 does not
involve the variations 6L, 60y, 6L% , o, 00y,
0Ly_y, and that the quadratic form 65 — 76%¢ does
not couple them to the other variations. The quadratic
form (26) decays, therefore, into a sum, of which the
first term has the matrix

Mr —1 0 0 0
Nmryr,
-1 __NI;(I_ + l) i 0 0

2Nmr\ry ry
0 1 M~ ~1 0
21 Nmryr, (58)
2 3
0 0 —1 M~ (l + l) 0
2Nmro\ry rg
0 0 0 1 Mr
Nmryrg

in terms of the variations

(6L% oL3

3
1> —aMées
m? Mt ?

oL

mbs0,, =t ) (59)
M

The normalization in (59) with the help of M has been

chosen such as to make the matrix (58) dimensionless.

The eigenvalues and the determinant of (58) will be

discussed in Appendix D. This part of the second

variation (26) can be fully understood without any
difficulty.

The remainder can be simplified if we integrate
immediately over the variations d¢, and then over
all but one of the variations 0M,,. This provides a
factor (27A)™-! to the integral (54) and reduces the
second variation (26) because all d¢, have been
eliminated and all 6M,, have been replaced by a single
one dM. Thus, the second part of the quadratic form
(26) can be represented by the matrix

S 2Mr Mz
> 0 - 5 0 - p
1T Nmr,_ir, Nmry Nmr;
0 7/Nm -1 0 0
2Mr _
-~ —1 TVy4/N 1 7V,/N
3 1 Nmrf ll/ 12/
2 0 0 1 1Nm -1 (60)
—_— 2MT 0 T 21/N - 1 T sz/N
Nmr3
L -




1990

in terms of the variations

(OM, sy, bry, dsg, Ory, -+ °). (61)
The quantities V;, are defined as
M2
Pp= 2o z VD + 3 ————; (62)
rior 2mr, 3.4

The variation 6M can be eliminated from the quadratic
form (60) with the help of the subsidiary condition
ME=0,ie.,

N M N N—-1
oM > + Y Lés,+ Y V,or, =0, (63)
1 mrnrn—l & m 1

where ¥, is the same kind of derivative as (62). The
eigenvalues and the determinant of the resulting
matrix are obtained in Appendix E. With the help of
(27) the formula (54) for G is, therefore, reduced to

=27 gm =
[}
. v (Y N—% oM
(2rh) f Hdrn f TI ds, (aE) )
X exp - [(60) with (63)]. (64)

The derivative dM/0F at constant r; and s, is obtained
from (53) with & = E after neglecting the 4%/4 terms
and setting L, =0, 0, = }=, as well as M, = M.
Compared to the exponentials, the variation of
OM/0E with r; and s, is slow, so that it can be evalu-
ated for the classical trajectory and pulled out of the
integral. If we insert the results of Appendixes D and
E into (64), we find the formula (20) with the ampli-
tude given by (46). This completes the discussion of
the Garrod—Feynman integral for small 4 in the case
of a spherically symmetric potential.

C. Polar Coordinates in Momentum Space

For a spherically symmetric potential, the classical
trajectory in momentum space lies again in the plan
which is spanned by the initial and the final momen-
tum. The action T(p"p’ E) depends only on the
absolute values p’ and p” of p’ and p”, and on the angle
1 between p’ and p”. The determinant (36) in the
amplitude of F(p” p’ E) is now given by

T Tp’p" Tp'rl” Tp’E
n
DT PIZPN2 smn T’l’ﬂ" Tnn Tn’E ’ (65)
Ty Tey Tgr

where %' and %" are the polar angles of p’ and p” in
the plane of the classical trajectory. The indices on T

MARTIN C. GUTZWILLER

indicate the derivatives of T with respect to these
quantities. The determinant in (65) is found from the
orbit which corresponds to p’, p”, %, and E in a plane.

The variables which are conjugate to p and 7 are
the projection ¢ of the position vector ¢ onto the
direction of motion and the angular momentum M.
The radial distance r is given by

= (0T/0p)* + p~(3T/On)* = o® + M?/p* (66)
so that the Hamilton—Jacobi equation becomes
p22m + VI(2T|9p)® + p~2(dT|dn)lt = E. (67)

A more familiar-looking equation is obtained by
introducing the inverse r(V) of ¥(r). Such an inverse
exists for the typical potentials where the force of
attraction increases monotonically as the distance
from the center decreases. The new equation

(9T[0p)* + p~2(9T|0n)* — r*(E — p?[2m) =0 (68)

looks like an ordinary Hamilton-Jacobi equation of
a fictitious particle with polar coordinates p and 7,
at zero energy, in a radial potential given by

=1 r™E — p*2m).

As p increases indefinitely, this radial potential van-
ishes; but since the energy is zero, the very large
values of p become accessible. For p = 0, the potential
has the value —3r?(E) where r(E) is the maximum
distance of the real particle with the energy £ < 0.

In analogy to the formulas (44) through (47), one
has now

— ’ _fp M dp
T SE — pam) — MY
(69)
dp r(E — p’[2m) (70)
f PIE — p*2m) — MRt
M a . puz M2 i
D, =- _ .= ~ L ) =
T p/2pl/2 sin 7 aEI:r ( 2m) Pnz}
' b3
0 [ (E _ _P_2) _ J_"I_j ﬁ, (71)
'3E 2m) Pl [ oM
21 _ " rz(E - p2/2m) . (72)
M Jo " pIE — pf2am) — M?p*

All remarks concerning the critical points in coordi-
nate space apply again to (71) with respect to momen-
tum space. F can be computed according to (35).
But, as explained earlier, it is of freat interest to
arrive at this result directly as the limit of small # of
the Garrod—Feynman integral (32) for a spherically
symmetric potential.
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The first task is again to rewrite (32) in polar coordi-
nates. The detailed correspondence between coordinate
and momentum space is maintained by the coordinate
transformation

1 .
P. = pasini,cosyn,,

p: = p,sin{,sinn,, (73)
Pa = pncosi,,
for half-integer n, and
— — M, .
qs = (ansinC + I—”}‘cos{) cos j — ——==sin7],
p p-sin{
—  L,—\ .. M, _
q2 = (on sin { + —= cos {) sin §j + —=== cos 7],
p prsin
. — L,—
q) = o0,cos { — Zsin{, (74)

P
for integer n, where = (pu_ypnip?, cos{=

(cos L,y cos L’,,H)‘}, sin { = (sin {,_; sin {,,H)!'!, and
7 = 3(",—y + 7nyy)- The integral (32) is then trans-
formed into

F = lim Quh)~3N"3
N=wo
~N-=}

N
x f I do, dL, dM, f 1 dpy d, dt,
0
x (p"*p"*sin L' sin {') Fexp [— (/) TYI/(E — 8),
(75)
where the action Ty along the path in phase space is
given by
N
TN = ; [Gn(pn+é‘ - pn——i‘) + Ln(Cn-}—% e ln—i)

+ Mn(nn—%% - ﬂn—f)]
-+ [terms at least quadratic in (p,, } — pn-3)s
(Cu-&—# - Cn—i)s (nn+§’ - nn—i‘)]’ (76)

and the average energy & can be written as

1 N-% p2 1N
==Y £ 4 S v(q, 77
N > om N; (9. W)
with
L2 2
lgal? = 0 + —2— 4 M,
PutPutd  PndPnitSin L, gsin, 4
2 L;
- (o,, + ——!'——)(1 — 05 (Lt — Lub).
Pn-Pnt}

(78)

One.would like to get rid of the last terms in (76) and
(78). Obviously, they can not simply be neglected,
since even in the expression (54) for G additional
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terms, —h%/8mr, 4r, 4 and
—R[8mr, 4ty ysin O,y sinb, 4,

had to be inserted into & The arguments of the previ-
ous section are not applicable because F satisfies an
integral equation, rather than a Fokker-Planck-like
Schrédinger equation. More than just the zero, first,
and second moment of the propagator for small times
are needed in momentum space.

It is not clear whether simple formulas like (53),
(54), (55) can be found for F in polar coordinates as
N — o. As £ goes to zero, however, the variations in
the coordinate differences (p,.3 — pn—y), (0, — Gp1)»
etc., become small. It is sufficient to keep only the
first parts of (76) and (78). The correspondence be-
tween the formulas (53) through (55) for G and the
formulas (75) through (78) for F is complete again.
V(r,) in (53) is replaced by p2/2m in (77), and the
kinetic energy term, [s2 + - - -}/2m, in (53) is replaced
by the potential energy, V([o2 + - - I¥), in (77). In
order to apply the arguments of the previous section
to the discussion of (75) in the limit of vanishing #,
they have to be sufficiently general so as to include a
kinetic energy which is not simply the square of the
momentum. The Appendices D and E treat this gen-
eral case, and are, therefore, immediately applicable
to the formulas (75) through (78), after the prelimi-
nary steps corresponding to the formulas (56) through
(64) for G have been completed.

In this manner we are ultimately again lead to the
expression (35) for F with the expression (71) for Dy
and the phase jumps at focal points which were dis-
cussed earlier. It is evident from the arguments in
the Appendices D and E that the rotational invariance
has been used extensively, so that the limit of small
h, in the Garrod-Feynman integral has been estab-
lished only for potentials of spherical symmetry.

IV. PHASE-INTEGRAL APPROXIMATION
FOR THE COULOMB PROBLEM IN
MOMENTUM SPACE
A. Classical Kepler Orbits in Momentum Space

The orbits in momentum space can be obtained in
a straightforward manner if one computes the integral
(69) with the Coulomb potential

V(r) = —e¥r. (79
It seems, however, more appealing to describe these
orbits in a geometric manner, particularly because

they turn out to be so simple.
Starting from the trajectory in coordinate space

(80)
81)

r = (M?3me?)(l + ecos ¢)1,
e = [1 + 2M2E/me'}t,
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one gets immediately the momenta

o= m 40 de __ met
dt de dt M
d dg, d 2 (82)
qz ag, ap  me
=m—=m C—_ = € + COos ).
Pe=m = a ~ m ?)

[The Cartesian components of p and g are called
(p1, P2) and (g, , ¢») in this section.] If ¢ is eliminated
between the last two equations, we get the equation of
a circle in momentum space

pi + [p: — (me®[M)e]* = (me’[M)’,  (83)
with the radius me? M and the center at a distance
eme?[M from the origin. All orbits in momentum
space intersect a circle of radius (—2mE)?} around the
origin at diametrically opposite points, as can be
recognized from the solution p; = +(—2mE)} and
p2 = 0 of (83). Conversely, for any circle in momen-
tum space which intersects the circle of radius
(—2mE)* around the origin, we can find a value M
between 0 and (—me?/2E)} such that its radius is
given by me?/M and the distance of its center from
the origin by (2mE + m2e'|M?2)}.

Let us now find the locus of the centers of all such
circles which pass through a given point, say (p, 0),
for a given energy E < 0. Suppose that one such
circle goes through the point

[(—2mE)} cos «, (—2mE)? sin a].

Its center (p, , p,) lies, therefore, on the bisectrix given
by
=+ = — (—2mE)% cos «)?

+ (p; — (—2mE)¥ sin 2)?,

as well as on the straight line through the origin and
perpendicular to the direction (cos «, sin «), i.e.,

picos o + pysina = 0,
If we eliminate « from these two equations, we find
= i[p + 2mE|p)]. (84)

The locus of the centers of all orbits through (p, 0)
is the straight line perpendicular to (p, 0) at a distance
ilp + (2mE/p)] from the origin. For p < (—2mE)?}
the quantity (84) is negative so that the origin lies on
the same side of the locus as the point (p, 0).

It is now easy to find the center of the orbit in
momentum space which passes through two given
momenta, p’ and p”. We have only to intersect the
two loci for the centers of the circles through p’ and
through p”. Since these loci are straight lines, there
is exactly one intersection. We find, therefore, the
important statement that: For given E < 0 there is
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exactly one classical orbit in momentum space which
connects a given initial momentum p’ with a given final
momentum p". The exception to this statement arises
in the special case where p’ and p” are “opposite”
each other with respect to the circle of radius (—2mE)}
around the origin, i.e., p” = 2mEp’/|p’|2. 1n that case
all orbits through p’ go also through p".

This last configuration is of particular interest
because it turns out that all the classical trajectories
starting from a momentum p’ intersect one another
at the “opposite” momentum, and nowhere else.
Again this situation is much simpler than for the
Coulomb potential in coordinate space where all the
classical trajectories of a given energy E < O starting
from a position q' touch one another along a caustic.
In momentum space this caustic has seemingly
contracted into a point.

The action function (34) can be obtained from (80)
and (82) by writing

o
T= —f (rcosq;dl+rs1n<pd—)dcp
o’ d(]J d(p

=J‘¢"__i = (_ _"E) (" —

o 14+ ecosg 2E

where u is the “eccentric anomaly” which is given by
u =2 arctan [(1 — €)/(1 + ¢)]ttan ¢/2. (86)

The “true anomaly” ¢ is measured from the point of
closest approach, the perihelion.

u’), (85)

B. Phase Integral Approximation

In order to find explicit expressions for the approx-
imate Green’s function F(p" p’ E) as given by (35),
one has to find a relation between the polar angle %
in momentum space and the angular momentum M
which occurs in the formulas (70) and (71). In terms
of the quantity

_i_ el _(-2mB)
- z[(_sz)% T }
— 1[ P _ (_sz)‘%} @7
2{(—2mE) p
one finds after some obvious algebra that
M = (me*[2E)} sin #[P"2 — 2P'P" cos 4
+ P2 4 sin? ]2, (88)

The determinant D, in (35) is then obtained from
(71) as

me®

Dy =
T __2EP/2P”2(_E + pt2/2m)(_E + pu2/2m)
X (P"* — 2P'P" cosn + P'* + sin’p).
(89)




BOUND STATES OF AN ATOM

The denominator vanishes only if P”— P’ at the
same time as n — 0, or if P” — —P’ at the same time
as #— w. The latter case corresponds to p” being
“opposite” to p’. For the action function 7, we find
from (86) that

43
T = (__ ﬂ)
2E

X arctan

[P”* — 2P'P" cos 7 + P’% + sin® ]}
(P'P" 4+ cosn) '
(90)
The arctan as well as the root in its argument are
uniquely defined in the range (0, ) for 0 < p’ < o0,
and 0 < 7 < 7. As any one of the three independent
variables in (90) reaches the end of its domain, there
is always a natural definition for T to preserve its
continuity. It suffices to construct the corresponding
classical trajectory which does not go through the
“opposite” momentum in order to find the correct
value of T.

The action T from a momentum p’ to its opposite
is always given by m(—me*/2E)t. As we follow the
trajectory through the opposite momentum to a final
momentum p”, the total action accumulated is given
by

72 — 2PIP/I 12 (] %

« (27 — arctan [P cos 77 + P"? + sin® ] :
P’'P" 4 cosy

2

4m3et
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7 is again the angle between p’ and p” measured as
in the case of (90) and restricted to the interval
0 < n <. If we follow the orbit any further, the
total action can be obtained from (90) or (91) by
adding as many times 2m(—me?/2E)} as full orbits
have been completed.

In order to apply the formula (35), we have to
determine the extra phase factors which come from
the critical points along the classical trajectory. For
the Kepler orbits in momentum space the two kinds
of critical points discussed in Sec. 4 coincide, since all
trajectories of given energy E leaving a given momen-
tum p’ meet again at the opposite momentum what-
ever the direction or the absolute value of their
angular momentum. A factor exp (—im) = —1 is
picked up for each traversal of such a doubly critical
point. The same factor enters into (35) when the
trajectory goes through the initial point p’ again.

Since both (90) and (91) are expressed in terms of
the angle # which is defined by p’ - p” = p'p" cos 7,
it seems appropriate to use this scalar product in (89),
(90), and (91) rather than #. It should be noticed
that the amplitude (Dp)? stays the same for all the
trajectories which go from p’ to p”, because according
to (36) only the derivatives of T with respect to p’
and p” are needed, whereas, the actions along different
trajectories from p’ to p” differ only by multiples of
2m(—me*2E)} and possibly a sign. The summation
over all trajectories reduces to the geometric series
of the powers of exp [27i(—me?[2ER®)E). After some
rearranging we can finally write for F(p” p' E) the
expression

" ah¥(p” — 2mE)(p"™ — 2mE) [p" = P'| [(p"® — 2mE)(p"* — 2mE) + 2mE(p" — p)*}}

- sin {2(;”‘64)% arctan [(plz — 2mE)p" — 2mE) + 2mE(p" ~ p,)2] é}/sin ﬂ(—me“)‘b. (92)

h2

The arctan varies between 0, when p’ and p” are
opposite each other, and 4, when p’ = p”". Therefore,
the amplitude of (92) becomes infinite as p” approaches
p’, but it stays finite as p” goes through the opposite
momentum of p’. The only singularity in (92) is the
one which was described by the formula (39).

The above results for the approximate Green’s
function of the Coulomb problem in momentum
space is so simple because the caustics have shrunk
to points. The corresponding function G(¢” ¢’ E) in
coordinate space is expected to be more complicated,
although it will have the same denominator. In this
connection, the three-dimensional harmonic oscil-
lator is of interest, because it combines the features

_sz(pu — pl)2

2ER

of the Coulomb problem in momentum as well as in
coordinate space. To each initial point, q' or p’ corre-
sponds an “‘opposite” point, —q’ or —p’, where all
trajectories through q' or p’ meet again. But in
between, the trajectories belonging to one plane touch
one another along an envelope. There will be effec-
tively a total of six critical points for each full oscillator
orbit, whereas there are only four critical points for
each Kepler orbit, whether in momentum or in co-
ordinate space. The quantum condition of Bohr and
Sommerfeld requires, therefore, half-integer quantum
numbers for the three-dimensional oscillator (with a
minimum of $); but for the Coulomb problem, the
quantum numbers are integer, as shown above.
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C. Comparison with the Exact Green’s Function

The main purpose for studying the phase-integral
approximation in momentum space was to find wave-
functions for bound states. The formula (92) is,
therefore, of greatest interest for negative values of
the energy. We shall put —2mE = y? with a real
y > 0, whenever the Green’s function is examined
along the negative E axis. The expression under the
root in (92) can then be written as

P+ ("2 + vH — Vz(P" —-p)
p2p" + ¥t + 2y%p’p" cos n,

r n

which vanishes if and only if p'p” = % and cos =
—1. The only singularities in (92) along the negative
real E axis arise from the zeros of the denominator.
The corresponding poles are at

E = —me"2k2n?, (93)

where n is a positive integer. The Bohr formula is
obtained without any gimmickry. It would have
resulted with similar ease from G(g” ¢’ E).

The residues at the poles (93) can be most conven-
iently expressed in terms of the Bohr momentum
y. = me?[nfi and the angular variable

”o__ pf)2:r

§ = 2arctan [(p’2 + 7" + 7)) — ¥
94

( "o /)2

The residue at the pole (93) is found to be

(=D @n/n?)ip” + v (" + )
X (sin nB,fsin B,). (95)
The quotient sin nf/sin 8 is a rational function of the
momenta p’ and p”, as is seen immediately if sin nf
is expanded in terms of sin # and cos # and the
elementary formulas
sin (2 arctan «) = 2a/(1 + «?),
cos (2 arctan o) = (1 — a?)/(1 + a2)
are used together with (94).
As an example let us put # = 1 in (95), which gives

B/ i(p”* + YD (" + ¥D7 on
According to Bethe and Salpeter,? this expression is
just the product of the two normalized 1s functions
of the hydrogen spectrum, with variable p2 and p"2,

respectively. Similarly, we obtain for n = 2 from
(95) and (96)

32/ + v (" + D)
x {(p’* — ¥D(p"™ — v3) + 4yi(p’, p)}. (98)

20 H. A. Bethe and E. E. Salpeter, “Quantum Mechanics of One-
and Two-electron Systems,” in Encyclopedia of Physics (Springer-
Verlag, Berlin, 1957), p. 125.

(96)
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r_n

If we expand the scalar product (p’,p") = p,p; +
PaPs + PaPs » We are left with four terms in the braces.
Together with the factors in front, each term is again
a product of normalized hydrogen wavefunctions, the
first term in the braces providing the 2s function and
the last three terms the three 2p functions.

Instead of comparing further the residues (95) with
the known hydrogen wavefunctions in momentum
space, it is more efficient to compare directly the
approximate Green’s function (92) with the exact one.
The latter has been obtained in closed form by
Okubo? and has recently been discussed by other
authors.?? Along the negative real E axis we can write

v 2mé(p” — p)
F(p"p' E) = — 7+—yz_
_ 4me®
2nh(p" + ?’2)(P"2 + )@ — p)
8m’e f zcme'/m
2h2(P12 + yZ)(PII2 + 72)
X [(L— D+ )" + ¥D) + 407°(" — )T
99

The first two terms are obtained from the integral
equation (29) by a formal expansion of F in powers
of the potential. The last term is formally of the same
power in k4 as the approximation (35) for the Green’s
function which led us earlier to consider the expression
(40) as being possibly superior to (35), especially for
small |p” — p'|.

The last term in (99) can be regarded as a Mellin
transform with me®/fiy as the new variable instead of
{. Since the function of { differs from zero only in the
interval from 1 to oo where it can also be expressed
in powers of 1/, the integral over { presents no great
difficulties. Thus, we can write the last term in (99)
for 1 > me?[hy as

8mPe'y
772h2(P'2 + 72)2(P”2 + y2 2

Z(

f wdggme”/m

1™ sin nf
™ sinf
8mPe*y
w2 (p? + 7,2)2( p//2 + yz)z
» 2 _(=p** sinnp
i(mélhy) —n sinf
The poles of (99) in the left-hand part of the complex

E plane are correctly given by (100), but the expan-
sion converges only on the negative real E axis and

(100)

21 8, Okubo and D. Feldman, Phys. Rev. 117, 292 (1960).
22 1., Hostler, J. Math. Phys. 5, 1235 (1964); J. J. Schwinger, J.
Math. Phys. 5, 1606 (1964).
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is, therefore, useless as a representation of the last
term in (99). Indeed, the angle § becomes complex
for values of E off the negative real axis, so that
sin nf becomes exponentially larger for increasing .
The poles of (99) and their residues are shown by
(100) to be the same as (93) and (95). The phase-
integral approximation is thus shown to yield
exactly all the bound states of the hydrogen atom.

Although we have thereby achieved the main
goal of this paper, it may be of interest to discuss just
a few points which are concerned with the approxi-
mate Green’s function F for positive values of the
energy. If we insert —2mE = y%e~*@ into (92) and
let @ grow from O to =, we get the analytic continua-
tion of (92) from the negative to the positive real axis
through the upper half-plane. In order to go from
some point E’ on the negative E axis to a point E”
on the positive E axis, we can either first adjust y
for o = 0 and then let @ grow to m, or we can first
let w go from O to = and then adjust y2 These two
procedures give the same purely imaginary result,
whatever the vectors p’ and p”. A well-defined dis-
continuity across the positive real axis is obtained
between the resultsof theanalytic continuation through
the upper and through the lower half of the complex
E plane. The formula (92) for F has all the attributes
of a well-behaved Green’s function, which is all the
more surprising because, for a given positive energy,
certain parts of momentum space are classically
inaccessible.

It would be interesting to compare the discontinu-
ities across the positive E axis for the phase-integral
approximation F with those of the exact Green’s
function (99). This seems almost more difficult than
the comparison of the bound states, because the
latter form a countable set, whereas the former
form a continuum which depends on the three vari-
ables p’, p”, and cos . This problem is, therefore,
not examined at this time, although it may be of
interest for the discussion of scattering problems and
virtual bound states. The original goal still seems of
greater importance, i.e., the extension of the phase-
integral method to bound states in general spherically
symmetric potentials and eventually to simple molec-
ular potentials such as in the diatomic molecules.
The successful treatment of the hydrogen atom which
was presented in this investigation, constitutes a
crucial first step in this direction.

ACKNOWLEDGMENTS

The author would like to express his gratitude to
Dr. W. Schlup for many interesting discussions, and
to Dr. F. Odeh and Dr. B. Weiss for enlightening

1995

remarks about the existence and the meaning of

Morse theory.
APPENDIX A

The starting point is the identity

% . P AY
) o )
27miht 2ht

- fd:’pex —’[("— ) 2
Qmhy PRl 1 2m}
(A1)

which can be used in the Feynman integral (5)
between any two consecutive points ¢; and g;,, , if the
Lagrangian has the classical form L = mg?/2 — V(g).
If one calls p;,; the momentum between g, and ¢,,,,
the expression (5) becomes

N-3

H dp,

Lisy — (= 1)8],

= lim QQmh)y N H d%q,

N-w

X exp (A2)
with the abbreviations Sy and & as defined by (16)
and (18). The time intervals ¢;,; — ¢; have all been
chosen equal in order to simplify the definition of &.
The Fourier transform (13) immediately yields the
expression (17) for G(¢” ¢’ E), if the integration over
t from O to oo is interpreted as a Laplace integral
where E has a small positive imaginary part.

APPENDIX B
If (8) is inserted into (13) the exponent becomes
R(q"t,q'0) + Et apart from the factor ifA. For given
values of ¢, ¢’, and E this exponent is stationary for
t, defined by the equation

—0R/0t =

The exponent is now expanded in powers of ¢ — t,,
so that

R(q"t,q'0) + Et = R(q"ty,q'0) + Et,

+ §(t — 1)*(*R/o)],, +
The factor (D)} in (8) is assumed to vary slowly and
can, therefore, be evaluated at t = ¢, without any

further corrections. The integration over ¢ is elemen-
tary and gives

(BD

(B2)

n ot _ - 2 é. _3_2_13 _%
G(g"q' E) = —(1/2nh*)(Dp) ( ~ )
x exp[iS(q” q E)/h), (B3)
S(¢" 9" E) = R(q"ty,q'0) + Et,, (B4)

where ¢, is to be eliminated with the help of (B1).
The second derivatives of R have to be written in
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terms of the derivatives of S. One finds that

9°R a*s 3°S 9,8 /@S

= - : 5" (Bs

0q"0q' 0q"dq’ 0q"0E 0q'0E/ OF® (B3)
o°R oS\t

= (E) : (B6)

which leads immediately to the wave amplitude
(D)t in (20).

The 3 x 3 determinant |0%S/0g"0q’| vanishes, be-
cause the equation H(9S/9q",q") = E can be differ-
entiated with respect to ¢’, which gives three linear
homogeneous equations in the quantities 0H/dp” with
the matrix 0%S/0dq'dq". An interesting special case of
this remark arises in one dimension, where one has
the well-known formula

Sta” ' B) = [ om(E - V@) dg

= S(q" E) — S(q¢’' E) + const. (B7)

The expression (20) becomes, therefore, after ad-
justing the normalization

__1__ ei~eonst/h . ( azs )*

27h classical paths aan"
Y CR e

X ezS 1k ___) e—zS /’l' B8

(aan' (B%)

The constant in (B7) which reappears in the exponent

of (B8) is different for each classical path, depending

on the number of cycles in the path. If these details

are properly considered, one arrives at the formulas
of Kohn and Sham. 2

APPENDIX C

The main problem in obtaining the expansion (37)
for the Hamiltonian in momentum space comes
from the potential energy. The discussion is, therefore,
limited to evaluating the potential term in (30), if the
trial solution B(p” p’ E)exp [—iT(p" p’ E)/H] is in-
serted. We shall present first a short and rather
formal argument, and then attempt to give a more
rigorous, although lengthy, proof.

The inverse Fourier transform of (31) is given by

Vig) = f V(p' p') exp [;; @ - p')q] &', (C1)

and the derivatives of V(g) are written as

av
—_—— - V 7 I . II__ i
% hf @' p) (@ —r)

X exp [;; @ - p')q] &, (C2)
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etc. One can write, therefore, the following sequence
of equations:

f d*pV(p" p) - B(p p' E) exp [— ;; T(pp' E)J

= B(p"p'E)exp | — 1 T(p"p E)| (C3)
h

f PpV (0" p) :—((5% exp;i" [—T(pp E) + T(p"p 'E)]
= B(p") exp [;’i T(p”)} f d*pV(p" p)
B® i Nt o 2T
x{B(p,,)exp h[ T(p) + T(p") + (p p)ap,,]}

X exp [;: (" - p)q”}

where ¢" = +07/0p” and the argument p’ as well as
E has not been written anymore in the last line. The
next step is the questionable one, since it consists in
simply expanding the terms inside { } in powers of
p — p". Thus, one obtains

1 oB
— 1 + I —_ "y 2=
{ } B(p”) (p p ) apu
i A — 1"
+ 7 (r—p)p—p"

*T
op"op”
where the neglected terms would all contribute to
the order A% and higher. The expansion (37) for the
Hamiltonian follows immediately with the help of
(C2) and if we assume that V(p” p’) depends only on
the differences p” — p’. If the expansion (C4) is
carried further, higher terms in (37) are obtained
without difficulty.

A more careful procedure consists in applying
Parseval’s theorem to the integral in the second line
of (C3). Apart from the factor

B(p" p' E) exp [(—i[)T(p" p’ E)],

the potential-energy term in the Hamiltonian becomes

3 1 3 B(p)
dPqV(q) —— | d*p =2
J V@ (2nh>3f P B

x exp;‘; [—T() + TG") — (p — p")q). (C5)

4 e, (CH)

The factor which multiplies ¥(g) can be regarded as
a density function o(g) which weighs the various
contributions of the potential ¥(g). One finds, indeed,
that { o(q)d®¢ =1 whatever B(p) and T(p). It is,
therefore, reasonable to study o(g), its main peak
and its spread, particularly in the limit of small 4.
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Jones and Kline* have investigated the asymptotic
expansion of multiple integrals by the method of
stationary phase. The method used in this Appendix
differs somewhat and treats only interior critical
points, although boundary points would have to be
examined in a more complete theory. Also, we assume
analyticity for the functions B(p) and T(p).

Given ¢, the exponent in the integrand of (C5)
becomes stationary for a value p = j which is obtained
from the equation

oT/dp = ¢. (C6)

If we assume p to be a regular point of T, a real
linear transformation

p'— p =2 ayp €7
14

can be found, such that we can write the expansion
T(p) — T(p) + (p — PM
=42 P" + 4 2PunP PP"

+ i 2 BumnP PPTF" A 0. (CB)

jlmn
The coeflicients § are symmetric in all their indices,
and ¢; = +1 or —1. By purely algebraic manipula-
tions, we can define coefficients ¢ for a further
expansion

ﬁi z)’ﬂmPP +zyalmn‘1Amﬁ"+""
(&)

such that we have to all orders in § the equality

T(p) — (C10)

T() + (= Pa =13 ep™
If we require that the y’s are symmetric in all their
indices, they are uniquely determined in terms of the
f’s, namely

€Vitm = — % Biim> (C1n

€Y jimn - —2L jtmn
—lé—g k [ﬂjlkﬂkmn + ﬂjmkﬂkln + ﬂjnkﬁklm]-
(C12)

These relations increase rapidly in complexity.

The variable of integration in (C5) is now changed
from p to p. The Jacobian 9(p)/d(p) as well as B(p)
can be expressed in terms of «, 8, and y, and then
expanded in powers of p. The integration over p is

23 D, S. Jones and M. J. Kline, J. Math. & Phys. 37, 1 (1958).
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trivial because of (C10) and yields after some obvious
manipulations

1
@) B s

X exp [—T(p) + T(p") — (p — p")q]

IT e/ det |an(p)|

: {B(ﬁ) -
25

Jlm

o nzmejele’"(g’ﬂ"”ﬁ‘mm + 2ﬁnmﬁjzm)] + }
(C13)

The whole expression is to be considered as a distri-
bution function o(g), with p related to ¢ through (C6).

The result (C13) is now multiplied by ¥(g) and
integrated over ¢, again by the stationary phase
method with T(p) — T(p") + (p — p")q as the rapidly
varying phase. This phase is stationary at p = p” or
q = 0T/0p”, provided the determinant of the second
derivatives of T" with respect to j does not vanish
at p = p”. This requirement makes it also possible to
use p as variable of integration rather than ¢. There-
fore, we can also multiply (C13) with

V(+0T/0p) - det |02T/9pdp|,

replace ¢ in the exponent by 0T/dj, and integrate
over p.

The phase T(p) — T(p") — (p — p") - 0T/0p is now
treated with respect to j — p” exactly as the phase
T(p) — T(p) — (p — p) - 0T|dp was treated with re-
spect to p — p. There are some minor, though obvious,
modifications because the latter phase is not the
same function of p — p as the former of 5 — p”. All
the slowly varying quantities in (C13) have to be
expanded in powers of j — p”, although this is not
necessary for the terms which are already of order #.
Finally, we can express the coefficients § in terms of
the derivatives of T with respect to 5, and use such
relations as

zezfma = % 1B imm

Jlm

,a 2oa 0 Fim%m lhB(P)I:_ - zf B i

_0°T_
z aam in

2 % ja = (C14)

= €mOmns

in order to express everything in terms of T and its
derivatives. All the complicated terms in (C13) are
cancelled out, and one is left with the relatively
simple expansion (37).

Whereas the derivation of (C13) can be made
sufficiently rigorous, provided we include a discussion
of the boundary points, the further integration over
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g or p using (C13) may be much harder to justify in
view of its complicated structure.

APPENDIX D

In order to find the eigenvalues and the determinant
of the matrix (58), we first add a term —A7/N in the
diagonal elements. Let U, be the determinant which
results from (58) after all rows and columns beyond n
have been eliminated. The following recursion
formulas are then obtained:

U,= l[—_JW—__ - }“:l Un—i‘ - U'n—l7 (Dl)
N mr, =%
M M
U, =< + —l:|Un_ - U,
N l:2mr,,+1rn 2mr,t,._1 g !
(D2)

for half-integer and for integer n, respectively. The
initial values are

(D3)

2
U1=—1+I—|:M —A][ M, M —z].
N mryry 2mrgr,  2mryr,

(D4)

An alternating sign has to be ‘eliminated before going
to the limit of large N. Therefore, we define
U, = (—=D»*U, for half-integer n,

for integer n.

In the limit of large N with = remaining constant, the
recursion formulas (D1) and (D2) become

dWldt = — [(M|mr?) — A)U,
dU/dt = [(M[mr?) — )W,

(D6)
(D7)

where W = U, for half-integer n, and U = U, for
integer n. The initial conditions (D3) and (D4) reduce
to

W(0) =0, U®O0) = —1. (D8)

The discrete parameter n has been replaced by the
continuous parameter ¢ = n7/N. The consecutive
values of the radial distance r, are assumed to lie very
close to corresponding values r(¢) along the classical
orbit.

Because of (42), the solution of the initial-value
problem (D6), (D7), and (D8) can be written im-
mediately in terms of the polar angle ¢ along the orbit,

W = sin (¢ — A1),

U= —cos (g — At). (D9)
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If N is sufficiently large, we find, therefore, the
following approximate value for the determinant of
(58),

det [(58)] = (= 1) *sin [(¢" — ¢) — A(t" — 1)].
(D10)

The eigenvalues are, therefore, given by
L= (m—¢" + @) —1),

where v is any integer, positive or negative, larger
than —N and smaller than N.

APPENDIX E

The matrix (58) for the variations 6L, and 40,
was easy to discuss because its determinant could
be evaluated explicitly for large N even after including
a term —A7/N in the diagonal. In the case of the
matrix (60) with the subsidiary condition (63), such
a direct procedure can again be devised; but it is
important not to specialize the particular form of
the Hamiltonian at an early stage, because the general
features might easily be lost in the arithmetic. Also,
the treatment of the phase-integral approximation in
momentum space is equivalent to the treatment in
coordinate space, only if the kinetic energy is allowed
to be a more general function of momentum than
the usual p?/2m. Such a generalization would auto-
matically include a relativistic Hamiltonian. We shall
assume, therefore, that the kinetic emergy is an
arbitrary function D(p) of p = |p| and the potential
energy an arbitrary function ¥(r) of r = |q|, so that
H(pg) = D(p) + V().

In terms of the momenta s,, L,, and M, as well
as the coordinates r,, 0,, ¢,, we have in the limit
Ai—0,

2 2
p=sth 2y M,
Pudlnid  Todrpid sin6,_ysin6, 4
(E1)
6= L5 060 + L3 v
=— 2 D(p,)+ =2 V(r, E2
N 1 P N o (E2)

instead of (53). The formulas (77) and (78) are ob-
tained from (E1) and (E2) by the formal replacements
DoV, perr, sera, 0, ps 5, provided we
neglect the last term in (78). A discussion of the
second variation of Sy as given by (55) with a constant
& as given by (E2) includes, therefore, a discussion
of the second variation of T’y as given by (76) with-
out the quadratic terms with a constant & as given
by (77).
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The equations of motion (56) and (57) as well as
the matrix (58) are hardly affected by the new kinetic
energy, and can be treated exactly as before. The
matrix of the second variations in (6 M, 6sé , 0ry, 6s%,
dry, +++) is most easily written out in terms of the
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function
N-} N
k=23 D2+ M2/rn_;rn_g]‘l’ + 3> V(r,). (E3)
3 0

Let lower indices on J€ indicate the corresponding
derivatives, half-integers for s, and integers for r,.
Instead of (60), one now has the matrix

AK yrae Ay} AX 311 AXy3 A p5
AXyry AXyy —(1 — AKy) 0 0
ARy —(1—AXy) Ak, (1 + AJy) A¥e,,
- % ARy 0 (1 + Adey) ARy —(1— ARy -l (E4)
AX s 0 A¥e,, —(1 — AJyy) ARy,

where A = 7/N. The subsidiary condition (63) becomes
N-% N-1
OM -3y + 3 R8s, + 3 &, br, =0. (ES)
3 1

A comparison with (60) shows that a number of new
off-diagonal terms arise from the more general energy
(E2).

The 2N x 2N matrix (E4)isreducedtoa2N — 1 x
2N — 1 matrix in (3sy, Ory, 6s%, Org, -, (SSN_%) by
eliminating the variation M with the help of (ES).
The second variation which goes into the exponent of
(64) has, therefore (apart from a factor —1), the
matrix

¢ + A prpla; + b)(a; + b)) — bb;], (E6)

where c,; is the matrix (E4) without the first row and
the first column. The quantities a; and b; are given by
the derivatives of X,

a; =3[Ry, by = —Kpps[Rprne- . (ET)

The signature of the matrix (E6), i.e., the difference
between the number of positive and the number of
negative eigenvalues, as well as its determinant, have
to be found. Let I, be the determinant which is
obtained from (E6) after all rows and columns beyond
the index n have been deleted. According to a theorem
from linear algebra, cf., Bocher,* the signature equals
the sum over sign (I',_,I',) fromn = fton =N — }
with 'y = 1.

The determinant ', can be written in terms of the
determinants C,;, which are obtained from the matrix
¢;; by deleting all rows and columns before k and
beyond /. In terms of C;, = (—1)*#-D+HE-VC,  one

2¢ M. Bécher, Introduction to Higher Algebra (The Macmillan
Company, New York, 1907), p. 147.

finds after some straightforward algebra that
(=", = Gy, — 28y
x 3 (aa;+ ab; + ba;)Cy, 34C4,

i<ji<n
+ 288530 D CriaCite1Cital )

i<ji<k<l<n
{ } = a;b;bya, + b,a;b.a, + b,a,a.b,
+ a;b,a;b, — 2a,a,b,b, — 2b,b,a,a,.

(E8)

Certain terms of equal indices have been neglected
because their contribution is only of order 1/N or
smaller.

Since the elements of (c,;) differ from zero only if
they are close to the diagonal, one can easily derive
recursion formulas for Cp,;. In the limit of large N,
one obtains ordinary linear differential equations in
the parameter ¢ = n7/N = nA, provided the sequence
of momenta s, and distances r, approximates the
classical trajectory s(#), r(¢) in phase space. With the
Hamiltonian

H(sr) = D(s* + M2[r®)t + V(r), (E9)
this trajectory satisfies the equations of motion
ds/dt = —0H[0r, dr/dt = 0H|0s. (E10)

The “initial” values are r(0) = r’, r(7) = r”, and the
angular momentum M is determined such that

T H T
Ldtaa—M-=ﬁthZrl:"=¢”—<p', (E11)

with p = (s2 + M?%r?)}; e.g., let G, = W if [ is half-
integer, and C,, = U if / is integer. In terms of " =
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I7[N, the recursion formulas with respect to / become

dw  *H o0*H
& _Du+Liw
dr"  0s® + Osor
2 2
v _ _oH, GH, (E12)
dt’ or? dsor

These are the Jacobi equations for the so-called
assessory problem; cf. Caratheodory.?

Solutions to (E12) can be constructed if a family of
solutions s(z, u) and r(z, u) to (E10) is known which
depends on some parameter u. One finds immediately
that

U = 0s/0uiyr, W =0r[Ou|,—. (E13)
The initial conditions for U and W depend on k. One
finds for half-integer k that U(t") = 1 and W(¢') = 0,
whereas U(t") = 0 and W(t') = —1 for integer k, with
t' = kr/N. Since the angular momentum M is con-
sidered a constant in (E10) and (E12), the only
parameter left to yield a family of solutions is the
energy E.

The function U and W can be written as integrals
over the classical trajectory in the following manner:
in the case of half-integer k, the second Eq. (E10)
is integrated by writing ‘
r ﬂ’
» H g ’
where s in H, is assumed to be eliminated with the
help of H(sr) = E. The above equation is then differ-
entiated with respect to E at constant ", so that one
obtains the relation

tll — tl —

(E14)

o= L _(Tdr, 3

OE I+ H" Jo H® “OE
where 0r'/0E was assumed to vanish in accordance
with the initial condition W{(t') = 0. The derivative

0s/0E follows from H(sr) = E, so that

or’ ™ H A |
—| =Hy| dr—2=—H"| dt{—). (El6
JE |y fr H? ft (Hs)s (E16)

The lower indices always designate partial derivatives,
whereas the prime or double prime indicate the time
at which the quantity is to be evaluated. If the expres-
sion (E16) is inserted for W into the first Eq. (E12),
the corresponding function U is obtained. After
adjusting the result to the initial condition U(¥') = 1,
one finds that
H, s [ (1
U H’;+H8H'ﬁ ()

8/

¢ .
W = —HH" f dt(—]—)
v \Hj/,

28 C. Carathéodory, Variationsrechnung und partielle Differential-
gleichungen erster Ordnung (B. G. Teubner, Leipzig, 1935), p- 260.

(E15)

s
r

(E17)
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for half-integer k. Similarly, it follows that

’ t"
By owm( ar (i) :
r t’

. o (E18)
U= —HH f dt(—)
v H./,

for integer k.

The integrals in (E17) diverge when ¢ passes a
classical turning point where dr/dt = H, = 0. But a
close examination of U and W as t” approaches such
a time, shows that these functions approach well-
defined, finite values and can be continued in a natural
fashion without discontinuities. The same is true for
(E18). With the help of identity

" t”
Jo 4eGe). = 4G, * s~
e ). =) o) T T g

the integrals (E18)can be writtenliketheintegrals (E17),
and vice versa. Also, this identity shows how to avoid a
divergentintegralinthe neighborhood ofa turningpoint.

The calculation of I', from (E8) presents no
difficulties in the limit of large N. The coefficients a;
and b, are written for half integer j as

N
ajg Hsdt/J; Hllldt’

W=—

(E19)

. (E20)
and for integer j as ’
N
a; = Hrdt/f H}udt,
° (E21)

N
b,-% _HMrdt/f HI”Mdt'
0

It seems advisable to obtain first the sums of the type
2 (0 < NChiyais 2 (i < a,Chiyy, etc., with the help
of (E17) and (E18), then the sums of the type
2 <j<k<Dal 40, etc., and finally the
complete sums as they occur in (E8). The various
successive integrations can always be combined and
simplified, although the procedure is very tedious
and one suspects that there must be some shortcuts
to avoid these lengthy computations. The result is

N N H2
(=) Ty = HgHiv{f Hyppp dt —f ( M) dt}
[ [

8’8

x [(tN — 1) / fo u,, dtT. (E22)

The integrals in braces can be shown to equal
¢y — @0)/OM at constant r, and ry, whereas the
ratio (ty — to)/{N H,, dt is equal to dM/OE, i.c., the
change in angular momentum which is necessary to
accommodate a change in average energy while keep-
ing the same orbit s(r) and r(r). The integral (64) is
combined with (D10) and (E22) to give (20) with (46).
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The BBGKY equations are written in nondimensionalized form leaving two parameters « and
explicit. The coefficient « is a measure of the “strength” of the potential of interaction, while g is a
measure of the “range” of the interaction potential. The s-particle distribution function is expanded
about vanishing correlation with ¢ entering as a parameter of smallness. Nine cases are considered,
depending on the order of magnitude of « and f (viz., €, 1, e). Lowest order terms, in each of the cases
considered, give a kinetic equation, together with subsidiary conditions. In the “rigid sphere” limit,
the Vlasov equation appears together with a second-order differential constraint. The Vlasov equation
alone appears in the Rosenbluth-Rostoker limit. A critical survey is made of the compatibility problem
which is inherent to expansions of the BBGKY sequence. For the most part, the problem reduces to the
compatibility of “‘type-/ constraint equations. These constraint conditions cause any given order set of

equations to be over determined.

I. INTRODUCTION

N the recent past, a host of so-called “kinetic

equations” have appeared in the literature. A
kinetic equation is a single equation in space, time,
and velocity, for the single unknown—the one-particle
distribution function, F;. To date, the set of kinetic
equations include: The Boltzmann equation,® the
Vlasov equation,? the Landau equation,® the Fokker—
Planck equation,* and the Balescu-Lenard equation.®

Ideally, a kinetic equation should follow in a self
contained manner from the Liouville equation, which
is the equation of motion for the N-particle distri-
bution function Fy. Equivalently, one may work
with the BBGKY® sequence of N-coupled equations
for the set of N s-particle distributions functions
{F,}. The first of these equations (hereafter called
BY,) is an equation which couples F; to F,. The
second couples F, to Fy, and so forth. If a relation of
the form F, = F,(F,) is known, then substitution into
BY, gives a kinetic equation. Bogoliubov” argues that
in the time sequence of events governing the relaxation
of a gas, the mid-epoch (the “kinetic stage™) is
characterized by the functional relations

FS = FS(I’ e 3 s; Fl)‘

11.. Boltzmann, Lectures on Gas Theory, translated by S. Brush
University of California, Los Angeles, Calif., 1964).

t A. A. Vlasov, Many Particle Theory and Its Application fo
Application to Plasma (Gordon and Breach, Science Publishers
Inc., New York, 1961).

3 L. Landau, J. Phys. USSR 10, 25 (1946).

4 (a) A. Fokker, Ann. Physik 43, 810 (1914).

(b) M. Planck, Sitz. Preuss. Acad. 324 (1917).
(¢) S. Chandrasekhar, Rev. Mod. Phys. 15, 31 (1945).
(d) J. Hubbard, Proc. Roy. Soc. (London) 261A, 371 (1961).

8 (a) R. Balescu, Phys. Fluids 3, 52 (1960).

(b) A. Lenard, Ann. Phys. (N.Y.) 3, 390 (1960).

8 M. Born and N. S. Green, Proc. Roy. Soc. (London) 188A, 10
(1946); 189A, 103 (1947); 1914, 168 (1947); J. G. Kirkwood, J.
Chem. Phys. 14, 180 (1946); 15, 72 (1947); J. Yvon, La Theorie
Statistique des Fuides et I’ Equation (d’Etat, Herman, Paris, 1935).

7 N. N. Bogoliubov, Studies Stat. Mech. (Amsterdam) 1, 1 (1962).

All of the s-particle distributions become functionals
of the one-particle distribution. The notation is such
that the number / denotes the coordinates and
momenta of the /th particle.

The method of obtaining kinetic equations due to
Prigogine® is also centered about the Liouville equation
and employs the technique of the resolvant operator
familiar to quantum mechanics. A diagrammatic
approach is employed to represent the expansion of
distribution functions. Ansatzen regarding the form
of the exponential relaxation of the distributions
permits one to collect different “order” diagrams,
and kinetic equations emerge depending on the
relaxation scale imposed.

The method of analysis of the BBGKY sequence,
which we wish to examine in the paper, strongly
resembles that Mayer-Mayer® cluster expansion
familiar to equilibrium statistical mechanics. It has
been employed by Rosenbluth and Rostoker'® to
extract the Vlasov equation from the BBGKY set
and by Freeman!! to formulate a theory of irreversible
processes. The technique consists of expanding F,
about vanishing correlations. In general, if for all
s< N,

8
F,= EFx(l),

the gas is completely correlationless. The deviation of
F, from the product form defines the correlation
functions C,. For instance, F, appears as,

Fy(1,2) = H(DF(2) + C(1,2).
More generally, the first term in the expansion for F,

8 I. Prigogine, Non-Equilibrium Statistical Mechanics (John Wiley
& Sons, Inc., New York, 1962).

% J. E. Mayer and M. G. Mayer Statistical Mechanics (John Wiley
& Sons, Inc., New York, 1940).

10 N, Rostoker and M. N. Rosenbluth, Phys. Fluids 3, 1 (1960).

11 g A, Freeman, J. Math. Phys. 4, 410 (1963).
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is the product form given above. These expansions
merely serve as a transformation from the set of
functions {F,} to the set {C,}. However, in the method
of vanishing correlations, one sets C, ~ €° where eis an
infinitesimal. The lowest-order expression for F, then
becomes the product form J]¢ F;(/). Substitution of
these lowest-order forms into the BBGKY sequence
gives N equations for the single unknown F;. For
these equations to be meaningful, they must be
compatible, e.g., redundant. This compatibility
requirement is merely a property which the equations
must have in order that the solution is in the trial
product form given above.

The included analysis stems from a nondimensional
form of the BBGKY sequence due to Sandri.!? In
this form, two parameters («, ) emerge which contain
the strength and range of the interparticle potential,
and the temperature and number density of the system.
Nine distinct cases are considered, depending on the
magnitude of these parameters (i.e., €, 1, €1). Tables
III-XI give the kinetic equations and constraint
conditions which emerge. These tables are discussed in
the following analysis section. The physical relevance
of these results is discussed in the final section of this

paper.
II. ANALYSIS

A. Preliminary Definitions

Our investigation stems from the Liouville equation,

OF y

— + [Fy,H] =0,

Py [Fy, H]
where the brackets are the Poisson brackets, and H

is the Hamiltonian,

)

N N
H = 3 pif2m + 3 O(x;, x,). @

i<j

In this formula, x, is the position of the ith particle,
and @ is the potential of interaction between two
particles. Hereafter, we will set ®(x,, x;) = @,;. The
N-particle joint probability function Fy is normalized
to ¥V, where V is the volume of the system,
J'FN dl---dN = V¥, 3)
Operating on Eq. (1) with fd1 - - - ds, and perform-
ing some detailed, but straightforward manipulations,

gives the desired form,

oF, N —s

_aT + Kst - @an = (T) ist+1' (4)

12 G. Sandri, Ann. Phys. (N.Y.) 24, 332 and 380 (1963).
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The operators K, @, and [ are defined as follows:

]es = 121 (p,/m) - (0/0x,), (5a)
A 3 (oD, 0O ob,, 0
. = 7, i, . s 5b
. 121( ox, op;, Ox; ap,-) (5)
I = Zi d(s + 1)G; ,14. (5¢)
i-10p,

The force of the ith particle on the (s 4 1)st particle is

Wuurs _ |, Wi
041 ox;

Gi,s+1 = -

For convenience of future reference, we shall call the
sth BBGKY equation, BY,.

The transformation from the set of distribution
functions {F,} to the set of correlation functions
{C,} appears as

Fi(1) = Fy(1),
Fy(1,2) = Fy(DFy(2) + C(1, 2),
Fy(1,2,3) = F(1)Fy(2)F,(3)
+ Fi(DC(2, 3) + F1(2)C,(3, 1)
+ Fi(3)Cy(1, 2) + Cy(1, 2, 3);

F,= kl:! Fy(k) +, 2 l )Fl(ll) o il 9)Colles, 1)

2{lg, ol

+ 3 ) Fi)Cl, L, 1)
+ 4G, (6)

In this latter formula, P, is the set of permutations on
the set of integers (/;, - -, /) counting all permuta-
tions amongst (/;, -+, /_,) only once, similarly for
all permutations among (/,_,.1," ", /). There are
s!{n!(s — n)! distinct permutations in the sequence
P, . In passing, we note that an alternate way of
writing the last equation appears as

Fo=TIF() + 33 R Fylk = 1)

k1<ks
X F(ky 4+ 1)+ Fy(ky — DFy(ky + 1) - -
F(s)Cy(ky, ko) + « - -
+ 33 R Flk—1)

Ky <kg< - <kp—1<ky
Fylky + 1) - - - Fy(ky — )Fy(ky + 1) * - Fy(kpy — 1)
X Fy(kyy + 1) - - - Fy(ky — DFy(ky + 1) -+
Fy(s)Cylky, ko, v - - k) + -+ - + C(1,2,- -, 5). (6a)



COMPATIBILITY REQUIREMENTS IN BBGKY EXPANSION

The corresponding diagrammatic sum appears as

F, = [OF + [0F-*[0 — 0] + [0]~*[0 — 0 — 0]
8-cluster

4+ 4+[0—-0—0—"---—0]

The nth cluster is a sum of s!/n!(s — n)! terms. The
correlation functions C, are merely another representa-
tion for the distribution functions F,. What is hoped
is that this new choice of variables is more conducive
to the investigation of systems which enjoy some
element of “correlationlessness.”

The first insertion of any physics into the scheme
comes by way of the hypothesis that under proper
conditions C,~ e~!, where ¢ is a parameter of
smallness. The motivation is as follows. Consider the
limit of infinite tenuity (of a gas). Certainly (for
finite range potential of interaction), under such
conditions all C, vanish, and F, = IIF,. Now, let the
volume decrease, so that the probability of two
particles being in each other’s sphere of influence is
finite, while the probability that three particles
simultaneously being so joined remains zero. It is
consistent then to write Fy in some manner as the
product of F; and F,, with F, # FiF,.

For any three particles, the probabilities relating to
the state of a cluster of any one—and that of the
remaining two, are independent probabilities. This
property is satisfied, if in the second equation in the
sequence 6 for F,, C, is set equal to zero. The infer-
ence is that as the specific density is increased, the
higher-order correlation functions become significant.

The question arises as to the proper choice of € in
the expression C,~ ¢!, To answer this question,
we introduce a nondimensionalizing procedure, first
proposed by Sandri.’?

The physical variables which enter into BY, (Eq.
4) are ¢, X, p, and @. These are nondimensionalized
through the following equations. A variable which
carries a tilde is a nondimensional variable,

X = ro%; p = pob; © = ©,D; t = 1,f,

7
Po = mC; mC? = KT; t, = ry/C. M

The “strength” of the potential is ®,, while r, is the
“range” of the potential. In most cases, the choice
of @, and r, is clearly implied by the form of ® itself.

Inserting these changes into Eq. (4) gives [dropping
the tilde notation and setting (N — s)/V = N|V = n]

(% + K,) F,—a @F, =aplFpy. (8
In this equation,
a = Oy/mC? B =nri. 9

2003
TasL I. The @ — 8 scheme diagram
B
o € 1 €2

CASE I CASE 11 CASE 111

= el e el 1 €, et
CASE 1V CASE V CASE VI

1 1, ¢ 1,1 1, et
CASE VII CASE VIII CASE IX

€ €, € e 1 €, €1

All variables and functions, and parameters in
Eq. (8) are nondimensional. Inasmuch as two param-
eters arise in the process of obtaining this equation,
the choices of expansion about C, = 0, may be put in
terms of a two-dimensional array as depicted in
Table 1.

This scheme of values for o and § gives rise to nine
independent domains of expansion. In each case, the
expansion is completely specified by the additional
constraint

G, oc €1,

Having stated these prerequisite definitions, we are
now prepared to move on to the analysis of these
equations.

B. Expansion Technique and
Compatibility Requirements

In order to find effective expressions for F;, G,,
Cs, - - -, the expansions of the distribution functions
F, F,,- -, F,,as given by Eq. (6), are substituted in
the BY, equations, whose general forms are given by
Eq. (8). These equations, together with the order-
of-magnitude ansidtz (9), generate a sequence of
coupled equations. The equations so obtained depend
very strongly on which of the nine limits (shown in
Table 1) is being considered. In each case, the coeffi-
cients («, §)assume prescribed orders of magnitude. On
the other hand, F, as given by Eq. (6a), exhibits the
structure

F,=ﬁF1+eZ(ﬁF1\)é2+"'.

Substituting all of the F; functions into the appro-
priate BY, equations (s < /) and expanding, gives the
following set of equations:

BY? 4+ eBYY + BY® 4+ -+ =0,
BY{” + eBY + &BY{¥ + -+ =0.

(10)

(1)
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TasLE 1. Order of magnitude of type-/ constraint equations

CASES
FUNCTIONS 1 I I

v A4 VI vl VI X
F, 0-1 0-1 0-1-2 0-1 0 0-1 0-1-2 0-1 0-1
C, 1-2 1-2 1-2-3 1-2 1 1-2 1-2-3 1-2 1-2
C, 2-3 2-3 2-3-4 2-3 2 2-3 2-34 2-3 2-3

Equating coefficients of equal powers of ¢ to zero,
gives

o(1) BY{” =0, BY;”=0,---,

O(e) BY" =0, BY{" =0, (12)

The O(1) equations involve only F;, and may be
used to determine F,. This solution, when substituted
into the O(e) equations, determines C,, since O(e)
equations involve only F; and C,. The O(¢?) equations
involve only F;, C,, and C;, and may be used to
calculate Cg, once F, and C, are known.

Although such an iterative technique clearly points
the way to the construction of a solution, it is at this
point that the problem of redundancy enters.

The redundancy problem is two fold. For example,
there are N equations of the form [BY? = 0]. All of
these involve F; alone. Clearly, these equations must
be compatible (not redundant, since we are dealing
with partial differential equations and not algebraic
equations).

The second type of redundancy condition which
enters, is as follows. Suppose all {BY(® = 0} are
compatible. Now suppose {BY™ = 0} contains equa-
tions which involve F, alone. Such equations are not of
the form which contribute to the solution for C,.
Instead, they are extra equations which F; must satisfy
beyond the set {BY® = 0}. Similarly, {BY!® = 0}
may contain equations which involve only F; and

2.

The question then arises, how many equations are
there which involve F; alone, beyond the set
{BY® = 0}? How many equations are there which
involve only F, and C,, beyond the set {BY") = 0}?

Let us call equations which involve only (F,
Cs, -+ ,C) with C; explicit, “type-/ constraint
equations.” In Table II, the order (k in {BY* = 0})
of the constraint equations which enter for all of the
cases considered, are presented. For instance, in
Case II, the only type-2 constraint equations which
enter are of the form {BY® = 0} and {BY® = 0}
These type-I constraint equations are presented in the
final tables of results, for each of the nine cases
considered.

The schematic of solution is given in Fig. 1. The
type-1 constraint equation (Box I) determines F,

which in turn gives F, to terms of O(e):

F, =TI Fy + 0(e). (13)

The resulting F, is then used to calculate C,. This is
accomplished by inserting F, into Box II. At each step
of the procedure, F, is determined to successively
higher orders in e. If an incompatibility exists, most
likely this implies that solutions in the form of Eq.
(6) do not exist.

From Fig. 1, it is clear that in the cases considered,
there are, at most, three type-/ classes of constraint
equations (e.g., the box containing BY" in the first
level represents a class of type-1 constraint equations).
More generally, at any level in this schematic, there
are at most three type-/ classes of constraint equations.
This follows from the fact that the orders of magnitude
which are chosen for the coefficients « and 8 only
range over three values.

In the following analysis the nine cases of Table X
are separately studied.

C. Preliminary Ordering of Forms
Before constructing the systems of equations of
different orders, it is useful at this point to rewrite
the operators appearing in Eq. (8) in a more suitable

form,
R = P .(_3_),
" l=l1,2-,l,,.(m) ax,

In this expression, K,, operates on the phase variables

([1’ sy, Im)
With this generalization, the O(e) term of the first
term on the left-hand side of Eq. (8) appears as

(53" + g) 2 R P0G, 1)
t Polly -

(14)

R G Fl(ls_z)[ + Ko t)
pie i Fully)
{3 e, w5+ R]Ew) 09

where each of the integers i, j, k, ranges over the 3
values s — 2, s — 1, and s. In the same way, the
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Br{°) - o
S
\ Box T
B (l) = > - s
Yg 0 Type-1 F, Fy =‘,Ir F; + 0 (¢)
/ Constraints
BYéE) = 0
BYél) 0
Box IT [
(2) i S s-2 »
BY(?) = 0o Type-2 Fi,lo “TT R +3 TT 7)) ¢+ 0 (e?)
Constraints
sy(3) = o
BYée) =0 \
Box III [
5r{?) 0 f= mype-s  p wLo e flr =TT T
s 1752753 Fs = Fp+ ZTT F) & +
@) Constraints ]
By!") = o s-3
- ,//1 +2(TT 7)) t5+ 0 ()
7/ ]
/7 }

Fic. 1. Summary of type-/ constraint equations.

O(e?) term is

(3t )0

1)

F 1(13—3)03(13—2 s ls—l ’ ls)

= 3 R FM&[+k}ﬂmAmU
Pally -
+ z Fily -+ Fy(l,)
Pyglly - 1)

x {szmea(l,,zk, ,)[ + KJFl(z,) (16)

In the same way as for the operator R,, of Eq. (14),

we can define an operator &,,, acting on a function of
m phase variables, /; - - - /,,, in the following way:

A od,, 0 od,,. 0
- 1bg, Y 3, Y. 17
B by<by ( axbl anl * axbg anl) an

bribe=l1," sl
If the operator @n is intended to act on only n of the m
variables of the operand, the » variables are explicitly
indicated in parentheses at the right of @, [cf. Eq.
(19)]. It is now possible to rewrite @&, [Eq. (5b)] in a
different form. Again, as before, the O(e) term
appears as

®, 2 )F W) -

Pa 1

-F 1( 13—2)62( la—l ’ la)

=, 2. B Pl )8, 1)
+ Z Fl(ll) ' F1(13—4)
Pally-- 1)
8—8, - ~
x{z %%M@Mwwﬂ
Pg(l ik, v)
+ 3 R Bl
Pyll,y -

4k§”p@%wﬁmmmwﬂwm

Pylay,o2.a3) \J

The O(e€?) term is

@ 3 P00 Fulla 9Clls L 1)
Pyl -
= Z Fl(ll) co Fil,_ ) @5Coly2, Lin, 1)
Pylly -+ 1,)
+ E Fl(ll) * Fy(l,_5)
Pglly -

x{z @mw¢@mwmw
Pgli,i,k,v,2)
£ 3 ) F)

Pylly--

x{”i p@%%ﬂ%ﬁ%ﬂww”

Pylay - - - ag) {i=2
(19
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Next consider the operator , (Eq. 5¢). In order to
develop its generalization, we define,

I = 53— : f ds+ DGypors  (20)
plx
so that,
1= 1), (20a)
i=1

The remaining term on the right-hand side of Eq. (8)
then appears as, i.e., the O(e) term,

ia 2 Fl(ll) e Fl(is—l)ez(ls’ ls+1)
Pylly -« 1541)
2 F () - Fy(ls)
P;(ll
3—2,8—1,8
x [ 3 el WAF(G + DFG)
Pali,d,k)
+ 2 Fl(ll) *Fy(l,)
Pally -

{ S LA)FAGs + DG, s)}

{=g—1

+ 3 R Pl
Pally <+ 1)
s—1,s8
x { S LFUC,, s + 1)}
Pi(i,5)

+ Z Fily)- - Fl(ls*2)ilez(lsa s+ 1).

Pylly - 1g)

@n

With these generalizations of the operators, K, @,
and [ at our disposal, we move on to the nine cases
depicted in Table X.

Toward these ends, we consider the special Case
VII (« =€), (f = ¢).

In this case, there is no term of order ¢ . The
terms of order 1, from BY;, appear as

(_a_ + Kl) Fy(1) = 0. 22)
ot
Those from BY, appear as

(g} + K,)Fl(l) -+ Fy(s) = 0. 23)

Equation (23) can also be written in the following way:

> R Fl(ls_l)( + K)Fl(l,) =0. (24)

Py -

Therefore, Eq. (24) is satisfied if F, satisfies Eq. (22),
so that the system of Eqs. (22) and (23) are compat-
ible.

The first group of terms of order e appears in
BY,;

(a% + KZ) €1, 2) — a@eF(DF2) = 0. (25)

R. L. LIBOFF AND G. E. PERONA

Those from BY, (s > 2) are

(at + K)mz Fy(1) - Fy(lyp)Colr, 1)

- “@sFl(l) o Fy(s) = 0. (26)
Using Eq. (15), the above expression can be rewritten
Z Fl(ll)  Fy(lys)
Pyl -
3—1 3—1,8
x { S e, lk)[ + R|Fw)
Po(i,i,k)
+ 2 B i)
x {[5 + Kz] Culls, 1) = aBFi P =0

@7
which is satisfied if F; and C, are solutions to Egs.
(22) and (25). It follows that Eqgs. (22) and (25)
completely specify the solution to terms of Ofe).

The term of order €2, that appears in BY;, is

2. f 42,6, F(DF(2) = 0, 28)
o
and in BY,
A 2 0
@, D = 3o f d2,G,, s Fo(DFL2F,(3)
z 29)
or simply, R
@262(1, 2) = 05 (30)

since the right-hand term in Eq. (29) is equal to zero.
Let us now consider BY,;

(% + Ka) Cy(1, 2, 3) — oy

X E Fi(l1)Cy(l,, 1) = 0. (31)

Pally,19,15)

In the above equation, the right-hand side vanished
because of Eq. (28). This equation can be further
simplified taking into account Eq. (30) and Eq. (18).
There results,

(: + K3)63(1 23 —a 3

Pyll1,12,13)
x|t DRI ] =0 (2

The terms of order €% in BY, are

( +K) 3 | F(hslh, b, 1) - ot
ot Pally--

X E Fi(l)F(l)Cy(l3, 1)) =0 (33)

Pgylly -« -1g)
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or using Egs. (16), (18), (22), and (30),
S Cylls, @F(IDFy(ls) = 0.

Pally -« - 14)

(34

Finally, it is possible to verify that all the terms of
order € in the BY, (s > 4) equations vanish. Ex-
plicitly, these terms are

d
(— + Ks) S R Flo)Collys, Iy, 1)
at Pl - 1)
—a@®, Y F) - F(, 9C_,1)=0
Pylly--- 19
(35)

and using Eq. (16) and Eq. (18), this equation can be
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shown to be a linear combination of Egs. (22), (30),
(32), and (34). )

Procedures, similar to the one described above,
have been used in all the other nine cases. The results
are tabulated below.

HI. CONCLUSIONS
A. Compilation of Results

For each of the nine cases depicted in Table I,
terms of at least three orders of magnitude from the
largest'® have been studied. In most cases the smallest-
order terms included are of O(e?).

In the tables below, equations are grouped according
to their order in e. In each case, equations of O(e?)
have been reduced using equations of O(e*’) (5" < 5).

TaBLE III.
Case I: o = 0(1/¢); B = 0(e).
Terms of Derived
order Equations from
1/e @F()F2) =0 BY,
a
(a—: + KI)FI = aflLF,(1)F,(2) BY,
1 @:Cs(1,2) =0 BY,
3 A
> {E @a(ly, FI)C s, 1,)} =0 BY,
Py(1y,19,15) \i=2
ixez(la 2)=0 BY1
2
(2 + ka)esa, = aﬂ{E LORMEGN, D+ 3 LUFUICHs, 3)} BY,
ot i—y Pylly,le)
€ ®SCS(1’ 2’ 3) =0
4 A
> {Z XA A X (A AR 0} BY,
Pq(ly... .04 \s=2
TaBLE IV,
Case I1: o« = 0(1/e); B = 0(e).
Terms of Derived
order Equations from
1 i1F1(1)F1(2) =0 BY,
fe ®F(DF(2) = 0 BY,
a A
(3—t + Kl)Fl(l) = affiCy(1, 2) BY,
2
1 —@:Cy(1,2) = ﬁ{ S LOFRGCA, 2D+ Y LUFW)Cs, 3) BY,
=1 Py(1y,l2)
3 A
> {2 @y, 1,)F1(11)e,(12,1,)} =0 BY,
Py(ly,lg,l3) \j=2

13 The order of the largest order terms differs from case to case. In all, there are three possibilities. These are O(e~%), O(e7?), and O(1).
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TABLE IV (Continued).

2
(3 + B)ert. 2 = o8 3 hivest, 2,3 BY,
'} ) A 3

‘ 3 it + Ka)Flh) — a1, 2,3) = aﬁ{z LOCs(, 2, HFEE) BU,

Pa(ly. .. lg) i=1

+ 2 il(/,)n(l,)ea(l.,l.,4)}
. Polly...l3)
{7_ ®alls, DEWC, 1,,14)} =0 BY,
Pyl ... ) \i=2

TABLE V.
Case 111 a = 0(1/e); B = 0(1/e).
Terms of Derived
order Equations from
1/e LFEMFQ) =0 BY,
hei1,2)=0 BY,
1 A 2
fe —@:F(DF(2) = ﬂ{ > LOFRGCA,2) + Y hUFRUC, 3)} BY,
i=1 Pl”),’lﬁ)
(a R )F 1) = ' B
e + K )R =0 T,
a 2
~a@:Cs(1,2) = af > L()C:(1,2,3) BY,
i=1
3 . 3
1 - {Z @:(h, A)Fl(ll)c,a,,la)} =8> HOR@WC(1,2,) + 8 X LUWF()C, 15,4 BY,
Pyliy,13,1) bi=1 i=1 Po(ly,ls,13)
z ez(’!:ll)®ﬂFl(ll)FI(ll) =0 BY,
Pe(ly ... 1)
(3 K, )e 1,2)=0
at + 2 l( H ) - . BYI
A 3-
—@:C,(1,2,3) = B > [,()C.(1, 2,3, 4) BY,
i=1
4 4
« — 3D @, WCU s, LDF) = B X LG, 2, 3, HF(5) BY,
Pylly...1ly) i=2 i=1
+8 2 LOWRMCW, 1,1, 5)
P(ly--.1y)
z Cs(ls, 14, Ia)®|F1(ll)F1(ll) =0 BY,
Pylly ... 15)
TABLE VI.
Case IV: « = 0(1); B = 0(e).
Terms of Derived
order Equations from
7 4
1 (7’ + Kl)Fl(l) =0 BY,

BF(DF2) =0 BY,
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TaBLE VI (Continued).
LAR(W)FQR) =0 BY,
] .
« (a—, + K.)C.(l, 2) — a@:Cs(1,2) = 0 BY,
3 A
S 3 @, DCUs, IF() =0 BY,
Pa(ly.le. 1) i=2
he,(1,2)=0 BY,
2
2 LG, DFG) + 3 RUIFUIC(,3) =0 BY,
i=2 Pi(1y,13)
¢ (a% + K,)e,(l, 2,3) — «@:€i(1,2,3) =0 BY,
4 A
S D @, WFRU)Cs, 1, 1) =0 BY,
Py(ly...l4) =2
TABLE VII.
Case V: o = 0(1); B = 0Q1).
Terms of Derived
order Equations from
a A
1 (5 + &R = BLEOEE BY,
®F(DFRQR) =0 BY,
Ie,2) =0 BY,
F A A 2
¢ (a‘: + K,)e,u, 2) — a®:Ca(1,2) = «f X LOF(G)C1,2) +af D  LU)F(L)Cy, 3) BY,
=1 Piliy,lp)
3 A
2 @y, DFIIC(,15) = 0 BY,
Py(ly,lg,l3) i=2
2
D L)C(1,2,3) =0 BY,
i—1
a A a
& (a‘: + K,)e,(l, 2,3) — a@:Cs(l, 2, 3) = af X L(HRMAC(, 2, 3) BY,
=1
+af D LUDF(L)Cls, 15, 4)
Pylly,lg,l3)
4 A
z @3, I)F()Cs(ls, 15,10) = 0 BY,
Py(ly...1l) i=2
TasLE VIII.
Case VI: a = 0(1); B = 0(1/e).
Terms of Derived
order Equations from
1/e LF.()F(2) =0 BY,
?
(3 + &R = aphes, 2 BY,
N 2
1 —®F(DF(2) = z LOFEB)C(,2) + B Z LU)F(1)Cy(ly, 3) BY,

i=1 Py(ls,l3)
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TaBLE VIII (Continued).

N 2
(3 + &u)eutt, D — aBreat, 2 = B 3 hoes,2,9) BY,
t==1
a A 3 A
‘ S bzt R)Em - 3 3 @i, DEGCH1) BY,
Polly,la,l8) Pylly,lg,13) i=2

3
=af z LOFRM®E(,2,3) + of z LUDFR(W)C(Us, 15, 4)
i=1

Pa(iy,la,ly)

Z Cy(ls, ll)@ﬂFI(ll)Fl(li) =0 BY,
Pg(ly. .. 1)
TABLE IX.
Case VII: o = 0(e); B = 0(e).
Terms of Derived
order Equations from
a A
1 (3 + &)Fm = 0 BY,
a A A
‘ (2 + Ku)eutt,  — eBEMREE@ =0 8y,
LF()F(2) =0 BY,
@:C:(1,2) =0 BY,
2 N 3,
e (5; + Ka)ea(l, 2,3)—a 2 2 @y, F(1)C(l2,15) =0 BY,
Py(ly,13,l3) i=2
D Gl L)BFBIFU) = 0 BY,
Pally...19)
TABLE X.
Case VIII: o = 0(e); B = 0(1).
Terms of Derived
order Equations from
0 A
1 (‘a? + Kl)Fl(l) =0 BY,
LEMFRQ2) =0 BY,
a A N
e (5 + &e)entt, 2 — a@FORE = 0 BY,
he,(1,2)=0 BY,
2
—M:C4(1, 2) = ﬂ{ 2 LOFRB)C(,2) + z LUDF(1)C(s, 3) BY,
i=1 Pa(ly,l2)
a A 3 A
e (a—, + Ks)(l, 2,9 —a .3 3 @, DFE)Cs, 1) =0 BY,
Pally 15,13) i=2
2 Gl L)@FUF () =0 BY,

Py(ly...1l)
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TaBLE XI.
Case IX: o = 0(e); B = 0(1/e).
Terms of Derived
order Equations from
0 A
1 (E + Kl)Fl(l) = “ﬂilFx(l)Fx(z) BY,
jlcz(l’ 2) =0/ BY,
2 N A 3
. (5; + K,)ez(l, 2) — @ F(DFQ) = of 3 LG, DRG) +af 3 LDF()C:(1s, 3) BY,
i=1 Pi(ly,l9)
2
~@:Cs(1,2) = B > L1(DC:(1,2,3) BY,
i=1
a A 3 A
€ (a_t + Ks)es(l, 2,3)—«a z z @11, L)F(1)Cs(Us, 1s) BY,
Pa(ly,la,l3) i=2
3
=af D> LOFR@C(1,2,) +af >  LUDFU)Cs, 5, 4)
i=1 Pally,ls,15)
S Clls, LO@FUDE() =0 BY,

Pally .. . lg)

B. Comments on Results

The physical significance of each of the nine cases
presented above is given in terms of the coefficients
« and B. To realize this significance, we recall [Eq.
(9)] that g is proportional to the third power of the
ratio between the “range” r, of the potential, and
r,, the average distance between particles.

If the system is called rarefied when (r,/r,) < 1 and
dense when (ro/r,) » 1, Cases I, IV, and VII corre-
spond to rarefied systems and Cases III, VI, and IX
to dense systems.

The parameter « is proportional to the strength of
the potential and inversely proportional to the mean
thermal energy per particle. It follows that Cases I,
II, and III correspond to systems of either strong
interaction or low temperature. In particular, Case
I corresponds to the “rigid sphere” approximation.
Case VII describes high temperature, rarefied systems
and Case IX, high temperature dense systems.

From inspection of the above nine tables, we see
that all the {BY®) = 0} equations, at least in the cases
considered (k =0, 1, 2), can be reduced to a very
small number of nonredundant (but hopefully com-
patible) equations. In particular {BY{? = 0} can
always be reduced to one, or at most, two equations.

Cases VII and VIII yield the “streaming™ equation
to lowest order. Both these cases correspond to
systéms which include vanishing interaction. Such a
state is realized at either high temperature, or van-
ishing “strength” of potential. It is interesting to note

that although Cases I and IV include states of vanishing
density, in Case IV where the strength of the potential
is comparable to the mean thermal energy, the system
obeys a modified streaming equation; while in Case I,
where the strength of the potential is much larger than
the mean thermal energy, the streaming state is
destroyed.

Case IX to lowest order, yields the Vlasov equation.
This by far is the most revealing result of the present
analysis. What is known from plasma kinetic theory
studies® is that the Vlasov equation follows from the
Liouville equation in the limit (nd®~! — 0, where d
is the Debye distance. This is consistent with the
above result inasmuch as «f = 1 and f ~ e (Case
IX) implies that ry is the Debye distance and 8 becomes
(nd3). ‘

However, what has not been uncovered in such
analyses is that the Vlasov equation also appears in
two other cases implied by the single constraint
aff = 1. These cases are Case I and Case V. In Case I,
which includes strong interaction and rare density
(e.g., rigid sphere), the Vlasov equation appears in
the O(1) equations. The O(¢?) equation is a differ-
ential constraint on F; and appears as

@:F,(1)F3(2) = 0.

In Case V, where both « and § are of O(l), the
lowest-order equations are the Vlasov equation
together with the same differential constraint Eq.
(36), as appeared in Case L
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TasLe XII. Summary of type-1 constraint equations.

Case I Case II Case III
Modified Integral + Integral
Vlasov differential. constraint
aff =1 constraint off = ¢! aff = €2
Case IV Case V Case VI
Modified Modified Integral
Streaming Vlasov constraint
aff =€ aff =1 off = €}
Case VII Case VIO Case IX
Modified Streaming Vlasov
Streaming aff =€ af =1
aff = €

These results suggest that a modified Vlasov equa-
tion (viz., together with differential constraint) gives
a proper kinetic description of a rigid sphere gas.

R. L. LIBOFF AND G. E. PERONA

A summary of the above results is given in Table
XII.

Although this study is clearly an introductory
discourse, nevertheless, it is quite clear that the
analysis already assumes a burdensome quality.
Many outstanding problems are suggested. The most
evident of these are:

A. Extension of the analysis to terms of O(¢),
s> 2.

B. Determination of the existence of solutions. In
this domain, particular attention must be given to the
compatibility requirements discussed above, i.e.,
between type-/ constraint equations.
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The analytic properties of the Laplace transform of products of two confluent hypergeometric
functions as function of certain parameters are investigated. The radial matrix element of multipole
type that contain Coulomb-Dirac wavefunctions or special cases thereof are considered. These are
investigated as functions of the momenta p of the particles. Branch cuts and the behavior along the branch
cuts in the complex p plane are given, The formulas presented permit accurate calculation of the matrix
elements also, when the parameters have values arbitrarily close to singular points. The prime concern,
however, is to facilitate second- and higher-order perturbation calculations.

IN this paper we investigate the analytic properties of

certain radial matrix elements of a type that occurs,
e.g., in the theory of multipole radiation. Such a
matrix may be written

Pl V |p2 =J; @ (p,r)e™*'r a_lq)k(Pzr) dr,
Lk=1,2 (1)

where the functions @, and ®, may be expressed in
terms of confluent hypergeometric functions

lFl(bic’x)=z (-b)—n_x—s
n=0 (c),n!
I'l - ¢)
lFb’ ’ = ————F bs ’
(b, ¢, x) F(b—c+1)1l( ¢, x)
I'e—1)
+—(;(——l5—)x1 Fi(b—c+ 1,2 —¢,%), (2
as follows:

@y(pr) = &'\ Fly — i, 2y, —2ipr),
Oy(pr) = ¥ (y — in, 2y, —2ipr).
It can be shown that the functions
u(r) =rd(pr), i=1,2,
are two independent solutions of the equation
{(@/dr) + E — (BIr) — [y(y — D[r*T}u(r) =0,
provided that

€)

©)

p=EY 5= —p2p;
and that the functions

oaZ y_l[E 1 Yy — kK d:l
- + -\ (Di s
K—7y r o Z dr (r)

yt+xd
oZ dr

fr) =

gi(r) = —r"‘[E +1+ ](b,-(pr), i=1,2,

are two independent solutions of the equations

afr _ "___lf(r) - (E -1+ E)g(r),
r

dr r (5)
B~ (e 1+ )10 - e,
dr r r
provided

p=(E— Dt g = EoZ[p, y = (x*— AL

where « takes any of the values s« = 41, 42, £3,- .

Equations (4) and (5) are the Schrodinger and Dirac
equations with a Coulomb potential included as they
appear after a separation in spherical coordinates. In
order to obtain the free solutions we put, of course,
7 =0.

The solutions in (3) have been chosen because,
accepting the convention 0 < arg p < w for the square
root of p, one solution is square integrable at the
origin and one at infinity, since

(DI(O) = 1’
and?!
I(I)z(r)l A~ r-—[Y+Im(ﬂ)]e-—Im(Pr)

Clearly ®, is square integrable for any nonreal value
of E.

If we exclude the relativistic Coulomb wavefunc-
tions the function @,(pr) is an integral function of p.
The point p = 0, for which the parameter b =y +
i(B/2p) may be infinite, is no exception as can be
verified by a closer investigation. Since the function
®D,(pr) is defined by (2) and (3) it is an analytic function
of p in the entire p plane except on a branch cut along
the negative imaginary p axes which cut is caused by
the factor x1=° in (2). When ¢ = 2y is an integer the

1 Bateman Manuscript Project, Higher Transcendental Functions,
A. Erdélyi,. Ed. (McGraw-Hill Book Company, Inc., New York,
1953), Vol. 1, p. 278.
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function ¥ is the limit of (2) as ¢ approaches the
integer value. In this limit a term In x will appear in
the ¥ function so that the cut is present whether ¢ is
integer or not.

In case @,(pr) is an relativistic Coulomb wavefunc-
tion it depends on E = (p* + 1)} through the param-
eter 7 as it is defined in (5). The function is an integral
function of p® and E since it has the expansion

2 20Zr)"
@,(pr) = 3 ¢, 22,
n=0 n!

where the coefficients ¢, are obtained from the
recurrence relation

(n + 2y)c,y + Ec, +

2

40f;zzn-c,,_1 =0, ¢g=1,
and since the series is uniformly convergent in p? and
E. It is no longer an integral function of p, since it has
the branch points p = +i of (p* + D

In the following arguments concerning the analy-
ticity of the matrix elements (1) the relativistic Coulomb
case is excluded throughout. Its inclusion simply
implies that the branch cuts from p = +i to infinity
along the imaginary p axes are added to the branch
cuts that are obtained in this paper.

After this preliminary discussion of the analytic
properties of the standing and the outgoing wave
solutions we proceed to the discussion of the matrix
elements, beginning with

0
|V 129) =f e_(a_im-ws)rra_llFl(bu ¢y, —2ipyr)
0
x W(b,, ¢3, —2ipr) dr, (6)

where, for the sake of brevity, we have introduced

b=y — i, =2y, k=12

The integral exists when Re (@ — ¢, + 1) > 0 and
Re (s + ip, — ips) > 0 which follows from (2) and
the asymptotic behavior of the confluent hypergeo-
metric functions.? When it exists it is an analytic
function of p, and also of p, if a cut is made along the
negative imaginary p, axis where the integrand is
nonanalytic.

Our aim is now to continue analytically the matrix
element (6) as function of p, or p,. This can be accom-
plished by expressing it in terms of an associated
Appell function®

N@l'a —c, + 1)

V |pi) =
(Pl V Ip2) T@+ by — ¢, + 1)
X Fp(a, by, by, ¢, €y, 215 29), (7)

(s —ip, — ip)™

2 Ref. 1, p. 278.
3 P. O. M. Olsson, Ark. Fysik 30, 187 (1965), especially p. 190.
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where
% = _2i}7k/(s - iP1 - 1;02): k= 1, 2,
and the Fp function is defined by the expansion

Fp(a, by, by, ¢y, a5 21, 25)
_ v (@nb)mla — ¢ + Dzt
2o (c)m(@ + by — ¢y + 1),,m!
X Filla+mby,a+b,—c,+m+1,1—z,),
[z <1, zy# 0. (8)

The investigation of the analytic properties of the
matrix elements (1) is, in fact, intimately connected
with the theory of the Appell functions, which were
defined by Appell as certain solutions of a set of
partial differential equations.* We also need solutions
which are not Appell functions. Such solutions are
called associated Appell functions and are used in order
to define the Appell functions for the whole range of
their arguments.

In Iarge the analytic properties of the Fp function
are most easily obtained from integral representations.
Choosing a suitableintegral representation of the hyper-
geometric functions appearing in the terms of the
series (8) (Ref. 5)

JJFila+myby,a+by,—co+m+1,1—z,)
=I‘(a+b2——c2+1)(a+b2—c2+1)m
F(@I'(by —c; + 1) (@m
1
X f (1 — Pl — (1 — zp)] 2 dt,
0

Rea>0, Re(b2_C2+l)>O,

and inserting it into (8) we obtain
FP(a, bla b2s €1,Cs, 21, 22)
— Pla+by—ca+ 1) J(b)mla—co+ Dm
I'(@)'(by — ¢3 + 1) mo (c)m!

XJII““(tzl)"‘(l — Pl — (1 — zp)] " dt.

When |z;] < 1 we may sum under the sign of
integration which gives
Fpla, by, by, 1, €3, 21, 25)
_Ta+by—ca+1) (1
T T(@D[by— ¢s + 1) Jo
X [1 — 1 — zx)] ™™ Fi(a — co + 1, by, ¢, tz,) dt,
Rea >0, Re(by—c,+ 1) > 0.
Since the condition
Re(by —c,+ )=Re(—in, — v+ 1)>0

ta—l(l . t)bz—ﬂg

4 Ref. 1, p. 234,
5 Ref. 1, p. 59.
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in general is not fulfilled, we transform the integral
with the aid of®
Fpla, by, by, €1, €3, 21, 2,)
=z;Fp(@— ¢+ 1, by, b — ¢y + 1,
€15 2 - Coy 2y, 22):
and obtain

Fla—c+1)
a+b,—c;+1)

_ 5™ 1a-cg =TI _ cq—bg—1
=16y L (1 — "1 — (1 — zp)]

X oFy(a, by, ¢, tz) dt,

The ,F, function is an integral function of b, and
an analytic function of its argument x = ¢z, in a cut
x plane from x = 1 to x = + co. Since the right-hand
side of (9) is an analytic function of p, if p, takes values
such that the singularities of the integrand are avoided
along the path of integration, the possible nonanalytic
domains are the branch cut of the ,F; function

FP(aa bls bzs €15 Ca5 2122)

t21=1+§1, 0S§19 OStSI,
and the branch cut #
1—-Hl—2)=-§, 05§, 0<tL],

of the factor [1 — #1 — z)] %%, This may be
written
=1+4§,

where we have not bothered to introduce new nota-
tions for the parameters & as long as they have the
same range. The points to be avoided are then

2y = _‘52’

P _Pz(l + &) —is,
1= (2 + is)(1 + &)

The point p, = 0, for which b, = y, — in, may be
infinite, need not be considered since we know
already from (6) that the matrix clement is analytic
when Re (s &+ ip; — ip,) > 0 which is always the case
for sufficiently small values of |p;| since s > 0 and p,
is assumed to be real.

The factor (s — ip; — ip,)~® in (7) contributes with
the cut

= —Pp:— I(S + 53): 0 S Eaa

in case the exponent is noninteger. There are then
three possible cuts ending at the singular point
p1 = —ps — is but only one ending at p, = p, + is.
Since

®,(pr) = Oy (—pr),

8 Ref. 3, p. 189.

FiG. 1. Analytic domain of {p,| ¥ |p}>
in the p, plane,

s

the matrix element considered is an even function of
P and the cuts

n=x@:+in1+ &), 0L
are the only ones that cannot be discarded. Hence the
matrix element (p,| ¥ |p{) is an analytic function of
py in a cut p, plane as in Fig. 1.

The properties of the matrix element as function of
P2 are not conveniently obtained from (9) since the
existence of the integral requires Reb, = y, +
Im 7, > 0. An integral representation which is more
appropriate in this case can be obtained from the
five parametric double-series expansion of the Fp
function’

Fpla, by, by, ¢y, Ca5 21, 25)
73 i (Dmsn(@ — 2 + Db
mn=0 (@ + by — ¢y + 1) n(c)mm! 0!
(@)
Zy 2y

in the following way:

< @ minl@ — ¢ + Dmyn(b))m (ﬁ)m (22 - 1)"
mn=0(a + by — ¢y + 1), .(c1)m! nt\2z,

_ 2 _@ya—c+ Dy

=o(a + by — ¢, + 1)yN!

8 é., (cl)m((zzl)fljri)! m! C")m (zzz—:l)w

_§ ey (s 1)N
N=0 (a + b2 — Cy + I)NN! Zy

3 ENalbide (=)

m=0  (¢)),m! — 2z,
(@x(@ —c, + Dy (22 - I)N
O(a + b2_ C2+ I)NN!

XZFI(_Nsblacls = )
1—2z
_ F(cl) fltbl_l(l _ t)01—b1—1
L(b)I'(ey — by) Jo
X 2F1(a,a —c+l,a+ by, —cy+1,
zit + zy — l) a,

2y

Reb, >0, Re(c; —b) > 0.

2y

=2

2y

? Ref. 3, p. 187.
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In the last step we have used

Fl(—Na bla C1» = )
1 —22

— P(Cl) f 1tb1—1(1 _ t)cl—bl—l
L(b)T(c; — by) Jo
zt VY
xo_——ﬁn
1 -— 22

Reb1>0, Recl_b1>0,

and summed under the sign of integration. Hence

FP(a’ bls b29cl,02’zlaz2)

D(cy) by~1 e1—by—1
= T)T(e, — by - f’ =9

XgFl(a,a-c2+1,a+b2—c2+1,

th + 22 - l)dt
Zy ’

Re b, >0, Re(e, — by) >0, (10)
and
T(@)I(a — ¢, + DIer) »
—2ip
BV I = T — by P
1

xf tbl_l(l — t)cr—br—l

[}

2F1(a,a —c¥+l,a+b,—cy,+ 1’21t+22'— 1)

Z2

X
T@+ by — 3 + 1) dt,

Reb, >0, Re(c; — b)) > 0. (11)
The function
oFi(a, b, ¢, x)[T'(c)

is an integral function of ¢ for every regular point® x
from which follows that the integral in (11) is an
analytic function of p, except possibly at p, = 0, where
b, may be infinite and points p, for which

(zt+z—Dfzz=1+¢ 0<§ 0<5rL,
or
pe = [/ + 28)][p, 2t — 1) — is].

This excludes a triangular domain with corners at
the points p, = 0 and p, = +p, — is in the p, plane.

AND P. OLSSON

F1c. 2. Analytic domain of {p,| ¥ |pJ)in
the p, plane.

In case the parameter a is ncninteger, the factor
(—2ip,)~* contributes with a cut along the negative
imaginary p, axes. Since we know already that the
matrix element is analytic when Im p, > —s (p, is
now assumed to be real), except for the cut along the
negative imaginary p, axes, we obtain the analytic
domain in Fig. 2.

Either function in (6) may be a bound state wave-
function by letting p, or p, take the values on the
positive imaginary axes which correspond to the
eigenvalues of E.

We next consider the matrix element

il vV 1pd) =f e TP (b, ¢y, —2ipyr)
0

X W(b,y, c;, —2ip,r) dr. (12)
This integral exists when Re (¢ —¢; —c; +2) > 0
and Re (s — ip; — ipy) > 0. There is obviously no
distinction between the variables p, and p, as far as
possible singular domains are concerned. The integral
is uniformly convergent in p, when s 4+ Imp;, > 0
and since the integrand is an analytic function of p,
in this domain, cut along the negative imaginary p,
axes, the integral is analytic in the domain. Analytic

continuations are obtained by expressing the matrix
element (12) in terms of an associated Appell function®

(PILV IpE) = (s — ip, — ip)™*
X Fg(a, by, by, ¢y, ¢4, 24, 25).

This function has an integral representation

Frla, by, by, ¢y, €2, 24, 25)
F(a) f f b1—1,09—1 ¢1—by—1
= o I’ 1 t,)er %
T(b)T(by) 1 141
X (1 4 t)*7 Y1 + tz, + ty2,)"%dt, dt,,

subject to convergence conditions, but may also be
represented by the series expansion®

Fal@, by, ba, €1, €0, 71, 20) = T(@T(@ — ¢, + D@ — ¢ + Dzterzts S Dalulalbos

n=0 n!

><2F1(a—c1+l,bl—c1+1,a+b1—c1+n+1,1—z,)

a4+ by, ~—c;+n+1)

x2F1(a—02+1,b2—62+1,a+b2—02+n+1,1—22).

8 Ref. 1, p. 68.

(13)
IMNa4+by,—co+n+1)

9 P. O. M. Olsson, Ark. Fysik 28, 113 (1964).
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FIG. 3. Analytic domain of {p| ¥ |p7) in
the p, plane.

The series is absolutely convergent when
Re(@—¢,— ¢, +2)>0,

z; # 0 and z, % 0. As we have seen, the terms are
analytic functions of p, except on the branch cuts of
the oF, functions

0S§19
0< &,

and the point p, = 0 for which b; may be infinite.
This gives the two possible cuts

pr=(—p2 — D1 + &),
1= =pll + &) — is,

Zy = —Ela

zp = —&,,

which are drawn in Fig. 3.
Since we may write

(Pl V 1p3) = (—2ipy)z;
X FR(a’ bls b2’ Cy,C25 2y, 22);

in case p; is the variable, the matrix element has the
same branch cuts.

It is possible to define the Fy function with a cut
along the negative imaginary axes in the p, plane. This
would agree with the fact that the integrand in (12)
has a cut there but we prefer to define the F, function
by (13) with conventional concepts concerning the
oF; functions.

There remains now to investigate the matrix element

[ o]
ol V by = f emimimIna L E (b ey —2ipyr)
0

X 1Fy(bg, €3, —2ip,r) dr. (14)

The integral exists when Re @ > 0 and
Re(s L ipy £ ips) >0

and is then an analytic function of p, or p,. Again
there is no distinction between the variables as long
as we are interested in possible singular domains only.
It may be expressed in terms of the Appell function!® F,

(Pl Vips) = L(a)(s — ip, — ipa)™®
X Fz(a, bl’ bz: C1» Ca5 2y, Zz),

15)

10 Bateman Manuscript Project, Table of Integral Transforms,
A. Erdélyi, Ed. (McGraw-Hill Book Company, Inc., New York,
1953), Vol. I, p. 224,

FiG. 4. Analytic domain of {p;| ¥ |p,) in
the p; or p, plane.

7~

defined by the double series!!
Fya, by, by, ¢, ¢4, 24, 29)
_ 5 Dminb)nlbo)azi'zg

(¢)m(c)um! n!

Analytic continuations may now conveniently be
obtained by expressing the matrix element in terms of
the previously discussed matrix elements (p,| ¥ [p}).
In order to obtain such an expression we replace one

of the standing wave solutions in (14) by a combina-
tion of incoming and outgoing solutions, using'?

szl + 12e] < 1.

m,n=0

) .
lFl(bs [ x) = Eg—c—)_b) ke sip mlF(b, c, X)

L) _inic—nsi
4 == gAY e e —x).
T) ( )
Here sip x means the sign of the imaginary part of
x. The occurrence of these discontinuous factors are
due to the many-valuedness of the ¥ function. We
obtain easily from (14) and (6)

I'(cy)

Vipy) = —2
nl V |p2) s — )

eI, V 1p])

L) intorvarsrm o), __ ot

+ oy ¢ (=ml VI=ps2), (16)
where srp (p;) means the sign of the real part of p,.
We recall that in (p,| V' |p3) we have found the branch
cuts p, = +(p, + is}1 + &). Hence we have in
(—p1l Vi—=p$) the cuts p, = £(p, — is)(1 + &),
which immediately gives us the analytic domain in
Fig. 4.

We may as well, however, consider the matrix
element as function of p, without changing the role of
p, and p, in (16). As afunction of p,, the matrix element
(pal V Ipt) was cut as in Fig. 2. The second term in
(16) gives a corresponding cut in the upper half-plane.
We know, however, that (p,| V' |p,) is analytic in a
strip |Im p,| < s so that there remains T-shaped cuts
in the lower and upper half-planes as is shown in
Fig. 5. This is an alternate way of cutting the p planes.

We next investigate in detail the behavior of the
various matrix elements at the end points of the
branch cuts and assume throughout that p, ~ +p,

11 Ref. 1, p. 224.
12 Ref. 1, p. 259.
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and that |p,| > s. Physically, this assumption corre-
sponds to elastic scattering by long-ranged interactions
or high-energy scattering with small energy transfers.
In these cases a direct numerical calculation may be
prohibitively difficult. Mathematically the assumption
ensures that the arguments z; and z, of the Appell
functions are both close to unity (p, &~ p,) or infinity
(p, &~ —p,). These points are singular points of the
functions.

Since all matrix elements encountered here may
be expressed in terms of Fp functions it suffices to
investigate this function near these points. However,
the neighborhood of |z;] = |z,] = oo may be trans-
formed into the neighborhood of z; = z, = 1 by using
the result

FIG. 5. An alternate way of cutting the p,
or p; plane of (psf V| py).

(il VIp3) = (—=pl V |pD).
Expressed by means of the Fp function this trans-
formation reads
Fp(a, by, by, ¢1,¢5,21,29) =(1 — z)7°

XFP(a’cl—bl,l;é9cl9C25L, -t ).
z;—1 1—2
It suffices then to investigate the neighborhood of
P1=py + is, which gives z; =1,
zy = pof(ps + is) ~ 1.
The analytic continuation of the .Fp function to
this neighborhood has been derived recently,®

Fp(a, by, by, ¢y, by, 2y, 25)

e+t
= C':u(zl, Z,) + 1 f u(tz,)

—dt}. 17

27l Je—io t — 2z

Here the constant C is
— I(a + by — ¢; + DI'(a + b, — ¢, — by)[(cy)
L(@)'(bpI'(a — ¢, + 1)

and u(z,, z;) a function which can be expressed in
terms of Appell’s hypergeometric function'* F,

u(zy, zo) = zi’l—cxz;bs(l _ Zl)clfbl+bg_a

C

>

XFs(cl“bubz,l—b1,b2_02+1,

21_1

Xe—b+by—a+1, ,1_21),
Z; Zg

13 P, O. M. Olsson, Ark. Fysik 29, 459 (1965).
14 Ref. 1, p. 224.
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which function is defined by the double series

Fy(ay, as, by, by, ¢, X;, X5)
= < (a)m(a9)n(b1)m(bs), X7"X3
(©)mpam! 1!

) lxll < 1’
[xg] < 1.

m,n=0

It follows that u(z, , z,) is regular in a neighborhood
of zy=z,=1if acut fromz;=1to z; = + is
made in order to remove the many valuedness of the
factor (1 — z;)~Pr+*=¢ In general this cut is necessary
also when ¢; — b, + b, — a is an integer since then
aterm In (1 — z,) appears in the Fp function and the
formula (17) has to be modified. This so-called
logarithmic case is not considered. It offers, it seems,
no essential difficulties, and is in many cases best
dealt with by disregarding it until the final result is
obtained. We have in mind here perturbation theoret-
ical applications not only to the first order.

The second function in (17) is, as we see below,
regular at z; = z, = 1. If there is no Coulomb inter-
action the parameters #, and 7, are zero and the
dependence of p, and p, enters solely in the arguments
z, and z,. Then the right-hand side of (17) is an
analytic function of p, or p, except on the cut z; =
14 &, £2>0 of the factor (1 — z,)%r?rte—% which
gives rise to the cuts in Figs. 1 and 4. The situation
is not altered if the Coulomb interaction is included
though the energy dependence then enters also via
the parameters b, and b,. The rather detailed and
lengthy discussion that verifies this statement is
omitted.

In order to obtain the explicit behavior of the Fp
function at z, &~ z, &~ 1, we derive a series expansion
of the second term in (17). The Fp function may be
written

FP(as bls sz €15 62’21722)
_ e _(ba)u(by — ¢y + 1), (22 - 1)"
=2y Z
n=0 (@ + by, — ¢y + 1),n!\ 2z,
% 3F2( a,bj,a—c+ 1,2 ), (18)
c,a+by,—c;+n+1
where the ;F, function is defined by the series

( ab,a—c+ 1,2 )
aFa
c,at+ by —co+n+1
— < (a)m(bl)m(a — Cp + 1)mzin
m=0 (c)m(@ + by — ¢y + n + 1),,m!’
Izll < 1’

and its analytic continuation.
The series (18) can be shown to converge when
Re z, > } for any z, exceept possibly z; = 1, for which
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value the Fp function, as we have seen, may be infinite.
Replacing the 4F, functions in (18) by their analytic
continuations to the neighborhood of15 z; = 1,
F( a,bl,a—02+1,zl )
? ¢,a+b,—c,+n+1
( a,b,a—c,+ 1,z )
I ci,a+bp—ca+n41

ab,a—c+1,z
F s V1 2 s ~1 ,
+ R(cl,a+b2—cz+n+1)

we obtain two series one of which can be identified
with the function u(z,, z,). The other series must then
be an expansion of the integral in (17).

We have?¢
F ( a,by,a—c;+ 1,2, )

I Cl,a+b2—62+n+1
. (a+b2—62+1)'n
G—b+by—a+1),

n
X z%—bg—cl(l _ zl)c’_bl+b2—“ (Zl - 1)
£31

» < (g4 cg—a— 1, (by+ n), (zl—l)”‘
m=o(c; — by +by—a+n+1),m\ z
X oFi(1 —a,1 — by,
co~bi+by—a+m4¢n+1,1-—2z),

Rez, > &.
For large values of n the sum tends to

(cl + Cp—a — l)m(bz + n)m (Zl —_ l)m
mwo(c,— b, +b;—a+n+ 1),m\ z

=2F1(C1+‘32"a'—1’b2+",

cl—b1+b2_a+n+1,21_1)

Zy
=zt LB (e, +cg—a—1,¢,— b —a+1,
ag—b+by—a+n4+1,1-2z2),
Re z, > 3,
sincel?

JFia,b,c+n,z)~ 14+ O(l), z# 1,
n

2019

Hence also
Folen+e,—a—1,¢,—by—a+1,
Cl—b1+b2—a+n+1,1—zl)

~ 1+ O(1/n),
and we obtain

Fz( a,by,a—cy+ 1,2z, )
¢, a+by,—co+n+1
(@+by;—cy+ 1),
(@ —bi+by—a+1),

z; — 1V
e zi:g—bg—a(l _ zl)cl—b1+bg—a( 1 ) .
2

Thus the series
—rgn _(Bdalby — ¢y + 1), [z, — 1V
z3 Y
n=0(a + by, — c; + 1),n!\ =z,
% FI( ab,a—c+1,z, )
c,a+b,—c;+n+1
converges for Rez, > 4 and Rez, > } and conse-
quently the series
—bg © (bulby —cs + 1), [z — 1\
Er)
a=0(a + by — ¢y + 1),n'\ z,
( a,bj,a—c,+ 1,2z )
Fg
cl,a+b2—62+n+1
converges in the same domain since its terms are the
differences between the terms of two convergent series.

In the neighborhood of z; = z, =1 the first series
behaves as

C( 1 — Zl)cl_b1+b2—a,

and is thus identical with Cu(z,, z,), since the second
expansion is regular at the point since Fp, is regular
at z; = 1. We may now write

Fpgla, by, by, ¢, €0, 24, 2,)
c+io
< f u(t, zy) dt

21Ti c
—by v (b)u(by —ca + 1), [z — 1V

= Z, z

n=0 (a + b2 - Cz + l)nn! 22

a,bj,a—c,+ 1,z

X F . 9
R(cl,a+b2—cz+n+l) (19)

For the function Fp we have derived various ex-
pansions, e.g.,®

—io | — Zy

_ D@+ by —ca+n+ DI'(c; — by + by + a + n)

a,bl,a_02+1,zl )
R(Cl,a+b2—‘62+n+1

T T(a — ¢y + DIe, + by — a + mI(c, — by + by + n)

el +ca—a—

)by + n)(¢c; — by + by — a + n),

X

m=0

(C1 + b2 —a+ n)m(cl - bl + b2 + n)mm!

x2F1(a,b1,a+bl‘—cl—bg—n—m+1,1"‘zl),

18 P, O. M. Olsson, J. Math. Phys. 7, 702 (1966).
18 See Ref. 15.

Re(a —c; +1)>0, Rez; > 3.

17 O, Perron, Sitz. Ber. Heidelberger Akad. Wiss, 9, 3 (1917).
18 Ref. 15, p. 704.
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This gives

Fpgrla, by, by, ¢y, €2, 2, 23) =

D(c)l(a + by — ¢ + DI(cy — by + by — a) z—b,i(bz— c; + l)n(zz - 1)”
T'(a — ¢, + DI(c, + by — a)(c; + by — by) ° a0 n!
% i (b minler + 3 —a — Dyley — by + by — @y

m=0 (1 + by — @pminler + bz — by)ppym!
x oFi(a,by,a+ b, —¢;~by—m—n+1,1—1z),

Re(a—c;+1)>0, Rez; >3, Rez,> 4.

Putting m + n = N and summing over N and n we obtain
D(c)l(a + by — c3 + DI'(c; — by + by — a) 40 E:(bz — ¢+ l)n(z2 - 1)"
T(a — c; + DI(c, + by — a)[(cy + by — b)) © nmo n!
x g (bafcr = by + by — a)yley + €3 — a — Dy_,(—N),(—=1)"

m=0 (er + by — a)y(cy + by — by)yN!
x2F1(a,b1,a+b1—cl—b2—N+1,1—21)

- D(e)(a + by — ¢g + DI'(c; — by + by — a) z;b, w (bp)n(cy — by + by — a)nle; + ¢ —a — 1)y
I(a — ¢; + D¢, + by — a)[(¢y + by — by) N=0 (¢y + by — a)y(c, + by — by)yN!

Zy

Fpgrla, by, by, ¢y, €3, 21, 22) = ~
2

X sFy(@ byya + by — ¢y — by — N 4 1,1 — 2)) 5 —ZMnlbs — 2 + s (22‘ 1).

no(@a —c¢; —cg— N+ 2),nt\ 2z
The last sum is the hypergeometric function Since the function is regular at z, = z; = 1, it may
be expanded in a power series. Various power series
oFi[-N, by —c;+l,a—c,—c;— N+ 2, expansions of the Fg function in (19), such as*®

(z2 — D/z]- a,byj,a—c;+ 1,z
Noting that FR( ! ? ' )

Cl,a+b2—02+n+1

(n+cs—a— I)NzFl(_N’ by — ¢y + 1, —_ z;blz@(.z_l;l)
(e + by — a)y m=0 m! Z
a-—Cl"‘Cz"'N+2,zz—1) xst(a’b1+m’a—c2+1,1),
Zy ¢, a¥+by—co+n+1

= 2Fl(— N,by—co+1,¢; + by — a, —l—z), may be used to accomplish this. We immediately ob-
z tain, using (19),

we finally obtain the single series Fpg(a, by, by, 1, €3, 21, 23)

Fpr(a, by, by, €15 €3, 215 2) B i L AN VY
_ T(epT(a + by — ¢3 + DI(e; — by + by — a) P nie(a + by — eyt 1),m!n!
I(a — ¢, + DI'(c; + by — a)l'(c; + by — by) y (zl —_ 1)7»(22 _ l)n
x z;b.i(bz)n(cl — b+ by—a), Z Zg
a=0 (¢, + by — by),n! % .F (a, b+ ma—c,+1, 1) @1)
X2F1(a,b1,a+b1—cl—b2—n‘+1,1—Zl) 3261,a+b2—cz+n+1
x 2F1(—n, by—co+ 1,¢,+ by — a, l), In general, however, the single series (20) can be
Zy expected to be more convenient than the double series

Re(a—c,+ 1) >0, Rez, >} Rez;> 3. (21) in numerical applications. Its terms are simpler
(20) 19 Ref. 15, p. 705.
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to compute and are connected by simpler recursion
relations.

Series containing products of ,F; functions in its
terms exist for most Appell and associated Appell
functions and seem, in fact, to be one of the best ways
of representing them particularly from a numerical
point of view.

We give an expansion of this type for the Fp
function:

I'(a + by — ¢y + DIY(ey)
L(by + c)l'(@ — ¢, + 1)
% Z;b,i(bz)n(cl + b, — a),

(by + 1) n!

X oFy(a, by, by + ¢, + n, zy)

X 2F1(—”a bp—cy+1,¢,4+ by — a, l)- (22)

z

FP(aybl’b2aclsc2szlsz2) =

n=0

The series is absolutely convergent when
Re(a—c; + 1) >0

and Re z, > 3 for all values of z; which can be verified
by means of estimates of the ,F; functions for large
values of n.2 For z; = 1, however, a finite number
of terms at the beginning of the series may be infinite,
since?
oF(a, by, by + €1 + 1, 2)

_ T+ ci+ml(cy—by+by—a+n

T I(by+ ¢, — a + m(e; — by + by, + n)

30 See Ref. 17.
31 Ref. 1, p. 108.
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X Fa,by,a+b,—ci,—by,—n+1,1—2z)
I'by + ¢; + MI'(a + b, — ¢; — by — n)
D(a)'(by)
X (1 — z,)0r-tr+deatn
X oF(by+ ¢, —a+n,by+ ¢, — by + n,
a—b+by—a+n+1,1-2z),

+

where again we encounter the singular factor
(1 — z,)~%+2=4, The proof of (22) is easily established
by inserting the above expression in (22) which is an
elementary way of deriving (17) in its explicit form.
The knowledge of the 3F, function previously used in
deriving it is no longer needed.

With this result we think that our investigation of
the matrix elements considered here is fairly complete.

As far as we are aware, the singularities of the matrix
elements have never been given explicitly though
there has been a considerable amount of investigation
in the field. For a selection of more recent investiga-
tions we refer the reader to a paper by Reynolds,
Onley, and Biedenharn,?? published when this work
was at an early stage. These authors derive (p| r*~L |p)

which is essentially the Appell function F, of unit

arguments.
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The integral j‘:i p(5)f(s) ds, where p(s) = (1/9)[(s — 5)(s — s}, 0 < 5. < 5,, is evaluated for an
arbitrary function f(s) which is meromorphic in the complex s plane and has the behavior at infinity
[s1+ef(s)] W—-;) 0. Some applications to the N/D method of elementary particle physics are discussed.

5|+

N the relativistic scattering theory of spinless
particles, there arises integrals of the type

1= f " p9)f () ds, )

where “
p(s) = (1/9)](s — s)(s — )1, )
spo= (my + my)?, s = (my — my)?, 3)

and m,, m, are the masses of the particles. It is our

purpose here to evaluate (1) for an arbitrary function
Jf(s) which is meromorphic in the complex s plane
with the behavior at infinity

IS ) 7% 0. @

In Eq. (2), p(s) is positive for s > s, , and can be

analytically continued in s with cuts on the real axis

-0 <55, 5, £5< 4. Taking the phases
as indicated in Fig. 1, we have

(1/5)(p+p_)§e§'i(¢++¢—), 5)

5+ ie s—ie Ap=p(s+ ie) — p(s — ie)
value of| * > s, +p®l  ~[p)] 21p()I
o(s) |5~ <5 <8 +ilp()  +ilp(s) 0
s < 8. —lp®)|  +ip@) =2 [p(9)l.

For s < s_, we have ignored the 1/s factor which
changes sign for s < 0.

Now suppose that we have a function F(s), suitably
bounded at infinity, which has only the left-hand cut
of p(s), and the same discontinuity, i.c.,

AF(s) = F(s + i€) — F(s — ie)
= Ap(s) =—2p(s)| (6)
so that p(s) — F(s) has only the right-hand cut of p.

Then, integrating around the contour shown in

Fig. 2, and discarding the terms on the semicircles,

§[p(s> — FIf(s) ds
- f * [p(s + i€) — F())f(s) ds
- f " Io(s — ie) = F@If(s) ds

=" Ap(s)f(s) ds

24

=2 f ® o(5)f(s) ds, )

which is the desired integral. We may therefore
evaluate (1) by means of the Cauchy theorem

o
f p(s)f(s) ds = mi Y, residues {[p(s) — F(s)1f(s)},
i ®
* Supported by U.S. Air Force Grant AF-AFOSR-198-67 and the
Ohio University Fund.

where the sum is over the residues of the poles of
f(s) and the pole of [p(s) — F(s)] at s = 0.
It is shown in Appendix A that the function

F(s) = —(1/mi)p(s) In g(s), ®
where
As) = (Is)l(s — s)(s — s, (10)
RS Y
gls) = (s —s) (s —s5) (11

(s\— s+ (s —spt

satisfy the necessary conditions. It should be noted,
as indicated in Appendix A, that p(s) and j(s) are not
identical, since their branch cuts are taken in different
ways. The function p(s) — F(s) has a simple pole at

S

¥ cuTs o Yk

Fic. 1. Singularities of p(s).
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F1G. 2. Contour for evaluating Eq. (1).

s = 0 whose residue is

lim s[p(s + i€) — F(s + i€)]
ERd]

3
1 b sJ} —s_ ,
= —(s,5_ b —(s,8_) [ln——-————- — 11r:|
+5-) mo s+* + s_lr

_ .}

= Lt =5

e 12)
i i+si (

We have, then, assuming that f(s) has simple poles,

s b s_a]
i+t

F(spl, (13)

IRCCES ~[Est
x f(0) + =i g Bilp(s;) —

where s; are the positions of the poles of f(s) and g;
the residues. For the equal-mass case m; = m,,
s_ = 0, and the first term on the right disappears. In
this case, p(s) = [(s — 4m?)/s]t and there is no pole
in p(s).

The form of the other contributions from the poles
of f(s) depends upon the location of s5;. We write
down several cases of particular interest..

1. s; > s, [on top of the cut of p(s)]
Then g(s;), p(s;) and p(s,) are all real and positive,

p(s;) — F(s;) = slt(s,- — )G, — st

i

(s; — st = (s, — st
1 In 14
[ +1'rl (s; —s_)*+(s —s+))‘f:| (4
2, 5. < 85; < 854

In this case, p(s;) is positive imaginary and F(s,) has
the form indicated in (All),

i
psy) — F(sp) = i [, — sf)s(sf —s)]
1 (5= s_)’} —(s; — s+)*
X [1 + ﬂarg (Sj — S__)* + (S,- _ s+)*]’ (15)
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3.5, < s_

Both p(s) and F(s) have branch cuts in this region,
but p(s) — F(s) does not, so that there is no difficulty.
If we look at s; + ie we see that p(s) is negative and
F(s) has the form indicated in (A12),

—[(s, — s )s= — s)IF
S;
1[5 = s = st

i §;

3
% [1 (54 — s,)% —(s_— si)i
n 1 i
(54 — 5% + (5= — 55)
s =) — st
i 5;
G st = —s)?
(5. — st + (= — st

It should be noted that (15) and (16) can also be
obtained directly from (14) by analytic continuation,
and that (14) can actually be continued to arbitrary
complex s;.

We close by discussing some applications in the
N[D method for spinless particles. Here, the scattering
amplitude A,(s) is written as A,(s) = N,(s)/Dy(s),
where D,(s) has only the unitarity cut (m; + mp)? <
s < o of A,(s), and N,(s) has the unphysical cuts
L of A;(s).! Then, neglecting inelastic effects, the
equations for N,;(s) and D,(s) can be written as

p(s) — F(s;) =

=

(16)

Ns) = 7—1 fL ds’ D’s(szlzn A a7
p=1-1f" | EEED. ay

We have taken the subtraction of D,(s) at infinity
for simplicity, but this restriction is in no way essential.

A. Effective Range Formulas®

The essential approximation is to replace the
unphysical cuts of 4,(s) by poles, or

Im A4y(s) = 7 3 2,0(s + a¥, (19)
D(—a’ A
Nys) =— 2“——:’:(_ a‘;') = _g - +'a2_ , (20
A= “iDl(—'af‘)' (21)
Then
° ds’p(s’)
D) =1+ ; b f(m1+mz)’ (s' — 8)(s' + a)’ (22)

1 G, F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960).
3 L. A. P. Balazs, Phys. Rev. 128, 1939 (1962).
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The integrals can be evaluated for all s and a2 by
the above methods, 4; being determined by setting

= —a%. The model is then exactly soluble, 4,(s)
being given in terms of the input parameters «,, 4.

We write down the integral for real 42 > 0 and
5> (my + my)?,

j ® ds’p(s")
(mytmy)* (5" — s)(s' + a?)

_Gst sdost g khﬁ%ﬁﬁ@ﬁ

sa? s+*+s*+s+a§ a’
@++ﬁﬁ—@ +adt | (s —s)s—sIP
(s+ +adt + (s, + ot s
@—Htﬂ—m*ﬁhﬁm—wﬁﬂ
(s—s) +(s-s)'} s ’

(23)
with other cases being obtainable by analytic con-
tinuation.

B. Pagels’s Approximation®
Pagels has given an approximate solution for the
N/D equations, completely soluble algebraically for

arbitrary input. The essential approximation is that
on the unphysical cuts of 4,(s), the function

J‘ ® ds’' p(s")
(mrmp® (8)°(s" — 5)

can be approximated by poles on the real axis,
a; > (my + my)?,

= G(s) 24

€y

§a9=z 25)

78— ay

In evaluating (24), there is the slight complication of
having the double pole at 5" = 0 coincide with the
simple pole of [p(s) — F(s)] at the same point. We
can then write for s < (m, — m,)?

[(s. — s)s_ — o)t
Ss

1G(s) = —
s

o= - -9t
Gy — )+ (o — )t

_1giwu—wm_-ﬂﬁ
2 ds? s —s

(s — s — (=)
(sy — s’)* + (s — s’)1lr #'=0

® H. Pagels, Phys. Rev. 140, B1599 (1965).

X In

X In (26)

JAMES DILLEY

C. Integral Equation for D(s)

If one substitutes (17) into (18), then an integral
equation for D,(s) is obtained,

Dis)=1+2 f ds" D(s") Im A(s")
wJL k)

xJ‘ao ds’p(s’)
tmtmar (8" — s)(s’ — §”
The integral has exactly the same form as (23),
f ® ds'p(s")
(mytma)? (8" — $)(s' — s")
1 3
_ (548) In s+} s_ir + 1
ss” 5.7 + s_ - 5"
" __n* _II}__ _Ilé'
x‘_[®+ SN = SO (50 = 8" — (s = 5")
S” (s _ sl/)i‘ + (S — sll)‘}
Ll =)= =)t — 6 — st
s (s — s_)} + (s — s+)*
_ o\t
lomaomalt )

N

(27

(28)

Again, this particular form has been written for
real 5" < (my — my)?, s> (m; + my)?, other cases
being obtainable by continuation.

D. Inelasticity

One method of treating inelastic effects phenom-
enologically is to introduce a function R,(s) = o
total/o elastic into (18) so that it becomest

D(s)=1-— 1 f ° ds’ p(s")R{sIN|(s")
(my+me)® s —s '

(29

Then all of the integrals considered here can be
formally evaluated in the same manner if one assumes
that R,(s") can be analytically continued into the
entire s' plane. We have no idea what such a procedure
might mean and merely want to point out that the
possibility exists.

APPENDIX A
Consider the function
F(s) = —(1/mi)p(s) In g(s), (A1)
where
A = <165 = 5.6 — st (A2)
oW e
2(s) = (s—s) —(s—s) (A3)

=+ —sot

¢ M. Froissart, Nuovo Cimento 22, 191 (1961).
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S

S cuts of B(g) S
Fi1G. 3. Singularities of p(s).

We take the cut of 5(s) on the real axis s_ < s < s,
with the phase as shown in Fig. 3,

s+ ie s—ie
5> 8, B 1p(s)I

PO) s <s<s, ip@®l —ilps)] (Ad)
s < s =1 1),

where we have used p(s) = (p,p_)te?2#++¢) Asin the
case of p(s), the last line does not include the change
of sign due to 1/s for s < 0.

The function g(s) also has branch points at s, and
the cuts are taken to the left on the real axis. However,
we need to keep track of the phase of g(s) because of
the logarithm, Writing

t dig- ¥ dio,
p_¢ — P+ e i¢
&(s) = , — = |g|€?, (A5
P—%e*l¢—- + p+§eél¢+ lg ( )

it is seen that the phase is given by

s+ ie s — ie
s>, 0 0

p=argg(s_ <s5s<s, —7<¢$d<0 0<p<n
s< s -7 .

(A6)
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In particular, for s_ < s < s, it is seen that g(s) has
the special properties

arg g(s + ie) = —arg g(s — ie), (A7
lgl = 1. (A8)
Finally, there are logarithmic branch points where
g(s) = 0 and g(s) = oo. The first of these is as s = co.
The second comes from the vanishing of
(s = st + (s — sDH),

and is reached by passing through one of the square-
root branch cuts to the second Riemann sheet and
going to s = oo. We can therefore take this logarithmic
cut — oo < 5 < 5, so that, writing

Ing(s) = In|g(s)| + i arg g(s), (A9)
we have
s+ie s—ie
5>5, In (g(s)| In (g(s)]
Ing(s) {s_<s<s, iargg(s+ie) —iargg(s+ic)
s<s_ In {g(s)|—im In |g(s)| +imr.
(A10)

It then follows from (A4) and (A10) that for
s.<s<s,,
AF(s) = F(s + ie) — F(s — i€)
= — (@) {[i |p(][i arg g(s + ie)]
— [=ilp@I[—iarg g(s + i}
=0, (All)
and for s < s,

AF(s) = = (i)™ {—|p(s)] [In |g(s)| — im]

+ |p®|[In |g(s)| + ]}

= —2|p(s)l (Al2)

so that F(s) is the required function.
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As a consequence of Lorentz invariance, reasonable mass spectrum and local commutativity, the holo-
morphy envelopes H(S2) for the analytic functions arising from vacuum expectation values of products
of n field operators are related in such a way that H(Gl;) furnishes upper bounds (in the coordinates)

for all H(Sy) with N > n.

1. INTRODUCTION

N recent years, it has been found instructive to
study some of the problems of relativistic quantum
field theory in a general manner. Useful tools for
such investigations have been the analytic functions,
namely the Wightman functions, which have vacuum
expectation values of field operators as their boundary
values.!? It is known that a quantum theory of fields
can be reformulated in terms of a denumerable set of
such analytic functions.®* One would thus like to
know the nature of the holomorphy domains for
these functions. To date they have proved to be very
difficult to determine.5* We show in this note that
one can make a general description, of how the
holomorphy envelopes for functions of different
orders are related.” It is hoped that this description
will help towards solving problems of analytic com-
pletion. At the same time, this will set up a connection
between such questions that are of interest to the
physicist and the classical theory of several complex
variables.8-?

The physical assumptions used are Lorentz invari-
ance, reasonable mass spectrum, and local commuta-
tivity, but not the positive definiteness condition.

Section 2 summarizes the known facts that we
require about Wightman functions. Section 3 deals
with upper bounds for permuted extended “tubes.”
The discussion of domains over C™ begun in Sec. 4
is continued in the Appendix. Upper bounds for

1 R. F. Streater and A. S. Wightman, PCT Spin and Statistics and
All That (W. A. Benjamin, Inc., New York, 1964), and further
references there.

2 R. Jost, The General Theory of Quantized Fields (Am. Math.
Soc., 1965), and further references there.

3 A. S. Wightman, Phys. Rev. 101, 860 (1956).

4 This reconstruction theorem can be extended to cover arbitrary
spinor fields—A. S. Wightman (unpublished).

5 The simplest nontrivial one is known, Ref. 6.

8 G. Killén and A. 8. Wightman, Mat. Fys. Skr. Dan. Vid. Selsk.
1, No. 6 (1958).

? A. C. Manoharan, Bull. Am. Phys. Soc. 12, No. 1, 116 (1967).

8 H, Behnke and P. Thullen, Theorie der Functionen Mehrerer
Komplexer Verdnderlichen (Julius Springer-Verlag, Berlin, 1934),
(reprinted by Chelsea).

% A.S.Wightman, in Dispersion Relations and Elementary Particles
(John Wiley & Sons, Inc., New York, 1960), p. 229.

holomorphy envelopes are obtained in Sec. 5 and
discussed in Sec. 6.

2. PRELIMINARIES

Our interest begins with the vacuum expectation
values

: xn) = (OI ¢1(x1) U ¢'n(xn) |0>

of the products of n field operators transforming
according to irreducible representations of the in-
homogeneous SL(2, C) group. (This is referred to
as inhomogeneous Lorentz invariance.) N points in
(3 + 1) dimensional spacetime are shown as x;, - - -
x,. By the condition of a reasonable mass spectrum,
which means it lies inside the closed forward light
cone ¥, these distributions W, are boundary values
of functions W,(z,, " z,), holomorphic in the do-
main

61;(21’ e zn)

={(z1, "

q'vn(xls Xg,**

2p)| =Im (z; - z;.) €V,
i=1,-n—1} (@2.1)
We notice that
6n(zl + a,::°z, + a) = 6ﬂ(zls ot .zn)

for all complex translations a. As a consequence of
Lorentz invariance, W,(z,,°*-z,) has a single
valued continuation’l® into a larger (extended)

domain
Cn(z1,  z)= U AG,(z, " 2,) (22)
Aef L (C)
where
AS, (21, z,) ={(z{, - z}) | z; = Az,
i = 1’...n’ (21,"'27,)561,}

‘and £,(C) is the identity component of the complex

Lorentz group, i.e., A is any 4 X 4 matrix satisfying
AgA =g, det A =1, where g = diag (1, —1, —1,
—1). Thus &, is invariant both under complex

19 D, Hall and A. S. Wightman, Kgl. Danske Videnskab. Selskab,
Mat. fys. Medd. 31, No. 5 (1957).
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Lorentz transformations as well as complex trans-

lations. As a consequence of local commutativity,

W,(z,, " 2,) has a single-valued analytic continua-

tion!!-12 into the union of permuted extended domains
&r = U (sS),

oef,
where
611: = 65(21, e Z”),

66;,(21 st zn) = 6::;(zcv(l) » " za(n))

and ¢ denotes a permutation of the group ¥, on n
symbols. SF is schlicht.

If n>2,&F is not a natural domain of holo-
morphy and every function holomorphic in &I is also
holomorphic in a larger domain. One wishes to deter-
mine the largest domain into which all functions
holomorphic in & may be analytically continued.
This is the holomorphy envelope H(SL) of . We
refer to H(SP) as the holomorphy envelope for the
n point function.

3. UPPER BOUNDS FOR UNIONS OF
PERMUTED EXTENDED DOMAINS

Let us use the abbreviations

Cor = C"(zl, e z,), Gf_, = gf_r(zﬂ_l, e Z,,),

and let X denote the topological product. Thus, C*"
is the space of 4r complex variables z,, * - - z,.

Lemma 1:
GF < (68F,) x (6C*), all oc€7,,
0<r<n @3.1)

Proof: We pick out r indices p(1), - - - p(r), in order,
from the set (1,2,---n) and let the remaining in-
dices, in order, be denoted p(r + 1), - - p(n). Then
from the definition (2.1) of the domain &,, we see
from the convexity of ¥, that

6ﬂ(z]. s *

1z, < en—r(zp(1‘+l) >t 'Z,,(n))

X C¥(zy0y, " 0" Zpm)s  (3.2)

because,
—Im(z; —z;,)€EV,,j=1,'n—1
=—-Im @, —z,u) €V, j=r+1,-"n—1
Statement (3.2) may also be written as
G < (pG4-r) X (pCY). (3.2)
Next, from the definition (2.2) of the extended

11 D, Ruelle, see Ref. 2, p. 150.
11 Y. Tomozawa, J. Math. Phys. 4, 1240 (1963).
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domain &, and from (3.2), we have
&, = U Al(pS,.) x (pC*)]
L0

Ae
= U [(Ap8,_) x (pC™)]

AL (O

=( U Ap@n_,,) x (pCn)
AE£+(C)
= (pS,-) X (pC*)

S < (pS;) X (pC*). (3.3)

Let Q, denote the set of permutations of (1, - - - n)

such that p(r + 1), - - - p(n) remain in the same order

but p(1), - - - p(r) are placed between or outside them

in all possible ways. Then from (3.3),

U (%)) < (68, x (pC*).

Let R, denote the set of permutations of (1, -+ - n),

such that the positions of only p(r + 1), - p(n) in
(1, - -+ n) are permuted among themselves. Then,

U U@e)e U [, ) x (pCM]. (3.5)

ueR,, reQ, ueR ,

(

or

(3.4)

Since R,Q, = T,., we can write (3.5) as

Sr < (p&7-) x (pT*). (3.6)
This is true for all p. But disordering the indices
p(1),++ - p(r) andfor the indices p(r + 1), - - p(n)
does not change the right-hand side of (3.6). The
result (3.1) follows from this.
We also have

Corollary:
&r < N (687, x (eC*).

oef,

3.7

4. DOMAINS OVER C™

We are concerned in the following with a certain
generalization®®-1® to several complex variables of the
concept of a Riemann surface for one complex vari-
able. This will be within the framework of the classical
theory of several complex variables. We shall con-
sider a many sheeted object called a domain over C™
which does not include ramification points, whether
uniformizable or not. Our restriction here to such a
concept of a Riemann surface appears to be justified
for the following reason. We deal in this note with
Wightman functions having the original Lorentz
vector variables as arguments and so begin with
schlicht domains in C™ without ramification points
and consider analytic continuations from such do-
mains. To answer certain types of questions one

13 B. A. Fuks, Introduction to the Theory of Analytic Functions of
Several Complex Variables, Am. Math. Soc. transl. (1963), Chap. II.
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makes a holomorphic mapping from this space to the
space of invariants, and one has to consider®!¢ a
more refined notion of analyticity on an algebraic
variety in place of analyticity on a manifold. By not
going over to invariant space, and working in the
flat space of vectors, we avoid at least some of these
complications. A brief summary of definitions needed,
regarding domains over C™, is given in the Appendix,
which is a continuation of this section but may be
skipped by the reader who is familiar with the notation
used in Sec. 5.

5. UPPER BOUNDS FOR
HOLOMORPHY ENVELOPES

Asaconsequence of the definition of H(D), we have:

Lemma 2:3 If D,, D, are domains over C™ and
D, < D,, then
H(D,) < H(Dy,). 5.1)

This is because the functions holomorphic in D, are
also holomorphic in D, , but not necessarily vice versa.

Lemma 3:15°18 Let D = D(z,, -+ z;) be a domain
over C!, and 6§ = §(wy, - -w,) be a domain over
C™. Then

H(® x &) < H(D) x H(8). (5.2)

Proof: If S is the set of functions f(z, w) holomor-
phic in D x &, then
HD x & = ND x &);,.
feS
Let S, be the set of functions f;(z, w) holomorphic in
D x & which are such that f,(z, w) = g(z)h(w) where
g(2) has domain of holomorphy H(D) and A(w) has
domain of holomorphy H(&). Then f,(z, w) cannot be
analytically continued into a domain > H(D) x H(8).
Thus,

(5.3)

N ® x &), < HD) x H(®).

1181
On the other hand S} < S, and so we have
N®Dx 8, < NEDx §),,.
re8 11€81

Combining statements (5.3), (5.4), and (5.5), we get
the result (5.2).

(5.4)

(5.5)

Remark: By using Hartog’s fundamental theorem
on simultaneous holomorphy in several complex
variables, one may show that'? in fact

H(® x & = H(D) x H(8).

14 K. Hepp, Helv. Phys. Acta 36, 355 (1963); Math. Ann. 152,
149 (1963).

15 See Ref.13. The definition of the topological product of domains
over C?, C™ is also given here.

18 F. Sommer and J. Mehring, Math. Ann. 131, 1 (1956).
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Theorem:
H[S (21, 2,)]
<GQ {HIS,_ (zetrs1)s * * * Zata)] X
' C"(zowr»> " " * Zote) s

0 <r<n, relative to H(SL). (5.6)

Proof: From Lemma 1 and Lemma 2, we have

H(GE) < H[(6BL_)) x (¢C*)] all ¢eq,. (5.7
Using Lemma 3 we obtain
H(GE) < H(oGL ) x (¢C%¥) all cef, (5.8)

and thus

H(SE) < N {H(eGE,) x (cCT*)},
7 relative to  H(GE),

which is (5.6). Although the intersection is relative
to H(SYL), it is not necessary to know the latter to
construct the intersection. Any point of &7’ is sufficient
to do this.

6. DISCUSSION

If it turns out that the holomorphy envelopes in-
volved are schlicht, then we can replace the < by the
set theoretic inclusion < in (5.6).

In general, the projection (the image under the
covering map) of the left-hand side of (5.6) must
be contained in that of the right-hand side. For
example, putting r = n — 3, the right-hand side is
the intersection of permuted cylinders whose bases
are the known®?1? three-point function holomorphy
envelopes in the appropriate variables. Thus, we
have upper bounds, in the coordinates, for the
holomorphy envelope of the n > 3 point function in
terms of that of the three-point function. This is true
within the so-called “linear program™ i.e., before
applying the positive definiteness condition in Hilbert
space.
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APPENDIX
Domains Over C™ (Continued)

A detailed treatment of the theory is available
elsewhere.®%:1* We only give a brief summary of the
ideas. A domain D over C™ consists of a connected

17 D. Ruelle; Helv. Phys. Acta. 34, 587 (1961).
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Hausdorff topological space which is locally homeo-
morphic to an open subset of C™. One pictures D
as lying above its projection D into C™. The projection
P of a point P of D furnishes coordinates for that
point. It is possible that several points of D project
into the same point P of D. If the projection map is a
global homeomorphism, then D is a schlicht domain
(single sheeted). If D, , D, are two domains over C™
and D, can be mapped continuously into a subset of
D, so that corresponding points have the same
coordinates, we say D, lies inside (liegt im innern) D,
and write D; < D,. Although D; < D,, it is possible
that D, is more ramified (has more sheets) than D,.
For schlicht domains D; < D, means the same as
D, © D,.

Suppose § is a domain over C™, such that § < D,
for each of a set {D,} of domains over C™. Then, if
P is a point of G, the projection preserving continuous
map in the definition of < gives an image point P,
in each domain 90,. If § < D,, then there is associ-
ated, due to <, an image subdomain &, of 9,. One
defines the intersection & = (| D, of the domains
{D,} relative to G as follows®?:

(a) 6§ < D,, each a,
(b) P,€§,, and
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(c) every domain & satisfying (a) and (b) satisfies
& <&
It can be shown that § is a domain over oo™ and that
it does not depend on the choice of P,3* provided
PeS.

Given a (single valued) holomorphic function f”
in a domain 0, suppose there is a domain D > D’
and a function f holomorphic in D such that f = f’
for corresponding points of the domains. Then f is
an analytic continuation of f’ from 9’ into (the
“larger” domain) D. Considering the development
of the holomorphic functional germs of f’, one ob-
tains f, and in the process D is generated with ade-
quate ramification to have f single valued in it. If D
is such that f cannot be analytically continued into
a domain & > D, then D is the holomorphy domain
D; for the function f.

Given a domain D, we define the holomorphy
envelope H(D) of D by H(D) = N, D,, relative
to D, where the intersection is taken over the set S
of all functions holomorphic in D. We remark that
although D may be schlicht (as we have for &F), its
holomorphy envelope H(D) may not be schlicht.
This explains why we have gone into the consideration
of domains over C™.
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Invariants of Nearly Periodic Hamiltonian Systems
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A new and simple method of finding an invariant J of a nearly periodic dynamical system is presented.
The Hamiltonian is written as H = p, + «Q(gp;), where £ is periodic in ¢, and € « 1. The first four
terms of the invariant series are found explicitly in terms of 2 using Poisson bracket and averaging
operators. This invariant is related to the adiabatic invariant and to various constants of motion discussed
in celestial mechanics, such as Whittaker’s adelphic integral. J is shown to be an asymptotic constant by
using the rigorous methods of Kruskal to calculate the adiabatic invariant K; it is found that K/r =
H — eJ, where 7 is the period in ¢,. The adelphic integral has different functional forms depending on
the presence of resonant denominators, but is shown to be always a function of H and J. The present
method provides a single functional form which is applicable even when ( is only almost periodic in ¢, .
It is also much simpler than the methods of adiabatic invariant theory.

1. INTRODUCTION

THIS paper is primarily concerned with dynamical

systems that are nearly periodic in the following
sense. The Hamiltonian of the system is time inde-
pendent and also a function of a small parameter e.
When e = 0, all motions of the system execute closed
orbits in phase space but for small values of € the
orbits are no longer exactly closed and slowly drift.

One can show (see Sec. 2) that the Hamiltonian for
such systems can be reduced to the form
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where (g;; p;) are some set of canonical coordinates
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function of ¢; . Many of the results with Q periodic can
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Hausdorff topological space which is locally homeo-
morphic to an open subset of C™. One pictures D
as lying above its projection D into C™. The projection
P of a point P of D furnishes coordinates for that
point. It is possible that several points of D project
into the same point P of D. If the projection map is a
global homeomorphism, then D is a schlicht domain
(single sheeted). If D, , D, are two domains over C™
and D, can be mapped continuously into a subset of
D, so that corresponding points have the same
coordinates, we say D, lies inside (liegt im innern) D,
and write D; < D,. Although D; < D,, it is possible
that D, is more ramified (has more sheets) than D,.
For schlicht domains D; < D, means the same as
D, © D,.

Suppose § is a domain over C™, such that § < D,
for each of a set {D,} of domains over C™. Then, if
P is a point of G, the projection preserving continuous
map in the definition of < gives an image point P,
in each domain 90,. If § < D,, then there is associ-
ated, due to <, an image subdomain &, of 9,. One
defines the intersection & = (| D, of the domains
{D,} relative to G as follows®?:

(a) 6§ < D,, each a,
(b) P,€§,, and
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(c) every domain & satisfying (a) and (b) satisfies
& <&
It can be shown that § is a domain over oo™ and that
it does not depend on the choice of P,3* provided
PeS.

Given a (single valued) holomorphic function f”
in a domain 0, suppose there is a domain D > D’
and a function f holomorphic in D such that f = f’
for corresponding points of the domains. Then f is
an analytic continuation of f’ from 9’ into (the
“larger” domain) D. Considering the development
of the holomorphic functional germs of f’, one ob-
tains f, and in the process D is generated with ade-
quate ramification to have f single valued in it. If D
is such that f cannot be analytically continued into
a domain & > D, then D is the holomorphy domain
D; for the function f.

Given a domain D, we define the holomorphy
envelope H(D) of D by H(D) = N, D,, relative
to D, where the intersection is taken over the set S
of all functions holomorphic in D. We remark that
although D may be schlicht (as we have for &F), its
holomorphy envelope H(D) may not be schlicht.
This explains why we have gone into the consideration
of domains over C™.
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pendent and also a function of a small parameter e.
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orbits in phase space but for small values of € the
orbits are no longer exactly closed and slowly drift.

One can show (see Sec. 2) that the Hamiltonian for
such systems can be reduced to the form

H=p, + 50(%?}’1‘)5 an
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and Q is a periodic function of ¢, . There is also a range
of problems where  is only an almost-periodic
function of ¢; . Many of the results with Q periodic can
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be extended to the almost-periodic case and so this
class of motions will also be considered.

Being time-independent, the Hamiltonian itself is
one constant of the motion, but unless it exhibits
some other symmetry, like possessing an ignorable
coordinate, there are no other obvious constants.
However, it is possible to find another integral of the
motion, expressed as a power series in e, associated
with the fact that the system is nearly periodic. It is
with this invariant that the paper is mainly concerned.

Invariants of this type have been discussed previously
but in two quite different contexts, celestial mechanics
and plasma physics. In celestial mechanics various
authors!~® have studied the motion of a particle near a
point of equilibrium and looked for another constant
of the motion different from the Hamiltonian. For
example, Whittaker® obtains an invariant that he
calls an adelphic integral ®. He solves Liouville’s
equation and finds ® as a series of terms of decreasing
order of magnitude. In his method several difficulties
arise. He encounters the problem of small or vanishing
denominators which entails using different techniques
in a variety of special cases. As a result the adelphic
integral has not one but several different analytical
forms. Another drawback is that these methods do
not allow any conclusion to be reached about the
nature of the series, whether for example it is con-
vergent or asymptotic. Applications of this invariant
have been found in the three-body problem and the
problem of the third integral of galactic motion.

In plasma physics the problem of particle contain-
ment has led to detailed study of adiabatic invariants.
Originally they were regarded as quantities that
remained virtually constant as the parameters of the
system varied slowly in time. A more general invariant
is obtained when the parameters are allowed to vary
slowly in both space and time and a detailed discussion
of this case has been given by Kruskal.” The invariant
is found as an action integral and is evaluated as a
series of terms which is shown to be an asymptotic
series. Examples of the invariant are the three
invariants of a charged particle in a magnetic field and
the magnetic surfaces generated by nearly periodic
magnetic field lines. Other examples arise in the
motion of artificial satellites.

1 G. D. Birkhoff, Dymamical Systems (Am. Math. Soc., New
York, 1927).

# J, M. Cherry, Proc. Cambridge Phil. Soc. 22, 325 and 510 (1924).

3 G. Contopoulos, Z. Astrophys. 49, 273 (1960).

% G. Contopoulos, Astron. J. 68, 763 (1963).

5 G. Contopoulos and M. Moutsoulas, Astron. J. 70, 817 (1965).

8 E. T. Whittaker, Analytical Dynamics of Particles and Rigid
fodiég (Cambridge University Press, Cambridge, England, 1937),

th Ed.
7 M. Kruskal, J. Math, Phys. 3, 806 (1962),
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It is not immediately apparent and does not seem
to have been remarked in the literature that the
invariants obtained in these two situations are
equivalent. The correspondence is most easily seen by
considering the Hamiltonian in each case. The
equations that Kruskal deals with are the equations of
motion for a Hamiltonian of the form (1.1), but with
Q strictly periodic in ¢; with period 7. One can in
general find an invariant as long as  is a function of
p1 and a slowly varying function of (g,, g3 * - ¢,;
P2, Ps* * * Py) and the time, 7. The dynamical systems
discussed by Whittaker also have Hamiltonians that
can be reduced to the form (1.1). In his case Q is the
sum of several terms periodic in g, with periods
7, (i=1,2---) and where the , are constants,
independent of the coordinates and time. In this paper
we limit ourselves to a discussion of dynamical systems
having this latter form with Q either

(a) periodic in g; with period  independent of
space and time coordinates; or (b) almost
periodic in the sense that it is the sum of
several such terms with periods 7; that are
incommensurable.

The methods used below can however be generalized
to other cases where the periods are functions of the
coordinates.

Once the Hamiltonian has been reduced to the
standard form an invariant can be calculated explicitly
in terms of £ and this is done by two methods. In the
first of these (Sec. 3), which is the most straight-
forward, Liouville’s equation is expanded in powers
of « and solved order by order. It differs from Whit-
taker’s method in several important respects and as a
result the problem of vanishing denominators no
longer arises. One formalism embraces all the cases
that previously needed separate treatment and a
single expression is obtained for the invariant. The
operator techniques used also allow several terms in
the series to be evaluated with comparative ease.
The second method is to carry out explicitly the
procedure described in general terms by Kruskal. This
is more tedious to apply but has compensating
advantages. It is systematic and so allows one, in
principle, to obtain the series to any number of terms.
It also gives information about the asymptotic nature
of the invariant. Kruskal’s method and its application
are described in Sec. 4. Although these two methods
give essentially the same result, it is not obvious that
they are equivalent to the adelphic integral. The
relation between Whittaker’s invariant and the forms
obtained in this paper are discussed in Sec. 5.
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2. REDUCTION OF THE HAMILTONIAN
TO STANDARD FORM

The basic dynamical system considered in the
following is #n-dimensional and has a time-independent
Hamiltonian of the form

H = H(q;, p}) + €Hi(q;, p)), (2.1)
where (g;, p;) are canonical coordinates. It is assumed
that the equations of motion for the zero-order
Hamiltonian H, can be solved and that all the
trajectories are closed curves in phase space, having
the same periodic time 7. This being so, one can use
Hamilton-Jacobi theory® to transform to new co-
ordinates (g;; p;) such that H, is a function of the new
momenta p; only. In particular it is possible to choose
(q:; p:) so that H, = p,. This is done by solving the
Hamilton-Jacobi equation

, OW
Ho(‘la" ‘F) = D1
q:

for Hamilton’s characteristic function W(g;, p,). It is
then found that

g =1t+ P, ?’ld g =0, i#1, (23)

where the §; are constants. The new momenta are
given by the equations

(2.2)

’ aW ’
pi == (g, p).
9q;

249
During the motion described by H,, therefore, g, is
proportional to the time and (¢z° - ¢,;p1: " " Pn)
remain constant. A simplifying step in the following
calculations is to transform to this coordinate system
that displays the fundamental angle variable, ¢,, of
the zero-order motion.

Because of the periodicity the point (g, ¢,;
P1° " Pn) is the same as the point (¢, + 7, ¢s* " * 4,;
P1°* ° Pn)- Since the Hamiltonian is a constant of the
motion and a single valued function of position in
phase space it follows that

H(g) = H(g: + 7).

The Hamiltonian can therefore be written in the
required form

H=p, + Q(p;,q) (L.D)

with Q periodic in ¢, period 7. Although it has not
been stated explicitly, Q can itself be a function of e.

There are dynamical systems where the lowest-order
motion is not strictly periodic with closed orbits but
conditionally periodic, the orbits describing open

8 H. Goldstein, Classical Mechanics (Addison-Wesley Publishing
Company, London, 1959), p. 280.
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Lissajous figures. For example, if the lowest-order
Hamiltonian is of the form

H= élis(p.’-2 + aig?), (2.5

_the system represents n uncoupled simple harmonic

oscillators. If all the ratios «,/«; are rational numbers,
the phase—space trajectories are closed and the system
periodic. If any ratio is an irrational number, however,
then the motion is only conditionally periodic. In this
case one can still transform to new coordinates such
that the Hamiltonian takes the form (1.1), but one now
finds that Q is only almost periodic in g, .

3. THE POISSON BRACKET METHOD

With the Hamiltonian in the reduced form, a new
constant of the motion J can now be found different
from H. Considering firstly the case with Q periodic in
41, an invariant is sought independent of time and
periodic in ¢, with period 7. The constant J must
satisfy Liouville’s equation

dJ _ dJ
—=——-[J,H] =0, 31
o [/, H] (3.1)
where [J, H] is the Poisson bracket defined by
0JOH dJoH
[J,Hl=—— - —— . 3.2)
op; 09; 9g, Op;
With 8J/0¢ = 0, (3.1) reduces to the equation
[J, H] = 0. (3.3)
J is expanded as a power series in €:
J=YeJ,. (3.4)
n=0

Substituting (1.1) and (3.4) in (3.3) and equating
terms in €*, one obtains

% =0, 3.5)
04,
and
dJ,
— = [Jp, QL (3.6)
0
Integration of (3.6) gives
o= f [Joa, Q1 dg, + G, X))

where G, is independent of ¢, . Since J,, is required to
be periodic in ¢, , one obtains the periodicity condition

f "Voes» Q) dg, = 0. 3.8)
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To generate the terms in the series for J, it is now con-
venient to introduce some new terminology. For a
periodic function f of g, period =, the functions f and
[ are defined as follows:

f= 1 f "fdas, (3.9)

and

7= =1 da, (3.10
with the constant of integration chosen so that f = 0.
Thus, f is the mean value of f and f the indefinite
integral of the oscillatory part of f. It follows from
the definitions that

f=o, G.11)
om_ (¥
= (ax), (.12)
and
Do (¥
=D (ax), (3.13)

where x i, any of the variables ¢,, p,. The following
results can be proved using integration by parts:

fi+fg=0 (.14)
and

fe+fe=fe—fe+fe+f5, (315
where both f and g are periodic in ¢, period 7. Use
is also made of the Poisson bracket relation

and Jacobi’s identity
fs [g. hl} + [, [f, gl + [g, [A, /11 = 0. (3.17)
Finally for a function K, independent of ¢,
[K.f1= [K.f] (3.18)
and
P
[K.f1= [K.]1 (3.19)

The first few terms of J can now be calculated in terms
of the operators —, *, and [ ]. Equations (3.7) and (3.8)
become

N
Jp=[p1, Q1+ G, (3.20)

and

Vo, Q] = 0. (3.21)

J, is independent of ¢, from (3.5) and the lowest-order
periodicity condition is obtained from (3.21):

In generating a constant of the motion, J, one seeks
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only a particular solution of this equation and an
obvious solution is
Jo = Jo(D).

Since any function of an invariant is also an invariant,
any functional form could be taken for J,. For sim-
plicity the choice made is that

Jo=Q. (3.23)
Equation (3.20) then gives
Ji= [2, Q] + G,
and the periodicity condition (3.21) gives
[[Q, QIQ] + [Gy, Q) = 0. (.24

To solve this equation for G, the first term is re-
arranged as follows:

using (3.17), and (3.18),
= —[[%, 0], Q] - [19, ], O],
using (3.14), (3.16), and (3.19).
- 10, Q1Q] = —3[[Q, Q1Q]. (3.25)
Equation (3.24) becomes
[G, — 30, Q], 0] =0.

With the equation rearranged in this way, a particular
integral is easily found:

G, = }[Q, Q] + F@),

where F is any function of Q. In generating the
invariant series one chooses the particular case F = 0.
Any other choice merely adds a function of the lower-
order invariant J; to Jy .

This process can be repeated, a new partial
differential equation for G, having to be solved in each
order. The equation for G, has been solved in a
similar manner to that for G,. The terms were re-
arranged to obtain an equation for which a particular
integral was easily found. The relations (3.11)-(3.19)
were the only ones needed to accomplish this. It has
not yet proved possible to demonstrate that such a
rearrangement can be made for all values of n.

For the particular case when Q = 0 the lowest-
order periodicity condition (3.22) is identically
satisfied and J, must be determined from the next
order periodicity condition. This process can be
continued and the invariant is the same as is obtained
by putting =0 in the general solution. When
Q = 0 it also proved possible to find G;. To sum up,

(3.26)
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therefore,
J = §:€an, 3.4
where e
PN
Jn = [Jn—-la Q] + Gn (37)
and
N
[Gn’ Q] + [[Jn——l’ Q]’ Q] =0,
A solution is
Jo =0,
Gl = %{Qa Q]’
G, = }[Q, [Q, Q)] + 3[Q, [, Q]1, (3.27)
and when Q) =0
Gy = 310, [, [0, OO + 319, 0, [, Q1)
+ IIQ, Q], ], Q).

The distinction between ) being periodic and
almost periodic now appears to have been unnecessary.
Instead of insisting that J be periodic in ¢, , one could
have applied the condition that J contain no terms
that become indefinitely large as ¢, — co. This is
assured if

tim L [, Q1dg, =o. (3.28)
o 7T JO
With a redefinition of £ to be
F=1im X [ fdq, (3.29)
= T JO

[which also includes the previous definition (3.9)], it
is apparent that the calculation follows exactly as
before. The results obtained in (3.27) therefore apply
both for Q periodic and almost periodic in ¢, with the
averaging operator defined by Eq. (3.29).

It must be stressed that this is merely a formal series
solution of (3.3). The derivation allows no statement
about the validity of the solution and whether the
series is convergent or otherwise. However, using
Kruskal’s method one is able to show that it is in fact
an asymptotic series in the limit ¢ — 0 for the case
where { is periodic.

4. KRUSKAL’S AVERAGING METHOD

A large part of celestial mechanics is concerned with
almost periodic systems and, since one can rarely
obtain exact results, a particular aim has been to find
approximate descriptions that are valid even for
large values of the time. For this latter condition to be
realized, it is necessary for the solution to be free from
secular terms and one of the achievements of the
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subject is to have produced perturbation techniques
that accomplish this. They are all essentially what is
now called *“‘the averaging method” and associated
with the names of Poincaré,® Bogoliubov,'® and many
others.

A. General Description of the Method

A general formulation of the averaging method has
been given by Kruskal’ and in several important
respects he has extended its usefulness. He deals with
a set of equations of the form

X, = dx/dt = F(x, ¢),

such that for ¢ = 0 the point x(¢) traces out closed
curves (loops) as ¢ increases. (For this reason his
method as it stands is only valid for the case where the
lowest order motion is periodic and not for the
conditionally periodic case.) It is then possible to
transform to new variables y and an angle-like
variable » such that y is constant on a loop and »
varies around it. When the motions around the loops
all have the same period 7 the equations for y and »
become

Y = eg(y, 'V), (4~1)

/Vt = 1 + Ef(y, ’V), (4.2)

where f and g are periodic in v period 7. When ¢ is
small, these equations describe a slowly drifting
oscillatory motion and the object of the method is to
transform to new variables z and ¢ which separate the
drift motion and the oscillation. It is required that z be
periodic in v and that ¢ be an angle-like variable, i.e.,

z(y,v) = z(y, v + 7), “4.3)

oy, v+ 7)=o(y,») + 7, 4.4)
and also that the equations of the drift variables
should not contain the angle variable, i.e.,

z, = h(z) (4.5)

(4.6)

Kruskal has shown that it is possible to find system-
atically z, ¢, h, and w as power series in € to any order
required. It is also possible (and this is essential in
what follows) to find the inverse transformation as a
power series in e, i.e.,

Y=YZ ¢) =23 €Yy,
n=0

g =1 + ew(z).

v = ¥(z, ) = Zae"vn.

® H. Poincaré, Les méthodes nouvelles de le mécanique céleste
(Dover Publications, New York, 1957), Vol. 3.

10 N. N, Bogoliubov and Y. A. Mitropolsky, Asymptotic Methods
in the Theory of Nenlinear Oscillations (Gordon and Breach Science
Publishers, New York, 1961).
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One can show that the solutions of the transformed
equations (4.5) and (4.6) provide asymptotic solutions
of Egs. (4.1) and (4.2) in the following sense. If one
writes the partial sums in forms like

W™ = 3 éh,, (4.7
=0

then z’ and ¢’ are defined to be solutions of
dz'[dt = ehl")(Z'),
do'ldt =1 + ewl™XzZ').

In terms of these, one can write

Y =y, ¢,
and
v =m(7, ¢).
Kruskal proves that if y* and »* are solutions of the
original equations satisfying the same initial conditions
as y’ and #', then
y* -y = 0@,
and
p* — ¥ = O(e™H)

for ¢ within a range of order 1/e. That is, solutions of
(4.5) and (4.6) give asymptotically correct solutions
of (4.1) and (4.2) as € — 0.

It is apparent that the equations of motion derived
from (1.1) are equations of the form (4.1) and (4.2)
with

(»y)~(@;p),

and
(fs 8 ~ (Qp: —Qq),
where
aQ
Qp = —, etc
ap

One could therefore find an asymptotic solution of the
equations of motion to any order in ¢ by solving (4.5)
and (4.6) for z and ¢ as functions of ¢ and then
substituting the results to obtain q(z, ¢) and p(z, ¢).
However, if one seeks an invariant of the motion
rather than the trajectories, it is not necessary even to
solve the differential equations for z and ¢.

If C, is any closed curve in phase space at time
t = O and if at a later time, ¢, the points that comprised
it now lie on a curve C,, then it is well known that the
action integral taken around C;:

§p-dq

is an invariant of the dynamical system. In order to
evaluate the integral, it is necessary to know the
general form of C, which usually entails solving the
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equations of motion. However, one can see from Egs.
(4.5) and (4.6) that the points comprising a ¢-loop (a
closed curve on which z is constant and ¢ varies)
remain a ¢-loop as the system develops in time.
Choosing C, to be a g-loop one can therefore define
an invariant K:

K@ =3€ p-dq = 4.8)

T aq‘
"—"!d .
op op 4

The time rate of change of X is

K, =3§(pt - dq — q, - dp),

the second term having been integrated by parts, i.e.,

K,=—56(H«.-dq+H»-dp)

= -35 dH.

If p and q were known exactly as functions of z and ¢
and used to evaluate this integral, then X, would be
exactly zero. However, p and q as functions of zand ¢
are only defined as power series in e. If the invariant
is calculated to order n using the partial sums pt*]
and ¢! instead of p and q, then the integral does not
vanish exactly. One finds

K™ = O(e").
The quantity K is therefore only asymptotically
invariant.
B. The Coordinate Transformation

As a preliminary to calculating X, the transforma-
tions
312 @)
are obtained. From (4.1) to (4.6) one finds
z, = eh(z) = eg-2, + (1 + ¢f)z, “4.9)
and

=1+ ew(z) =eg- 9, + (1 + ¢f)p,, (4.10)

where z, = 0z/dy is the tensor with ijth component
0z,/0y,, etc.

On integrating over » and applying the initial
conditions

=Y,
4.11)
=0,
when
v =0.

Equations (4.9) and (4.10) give

2=y +e L ‘dbz) — g7y — fr)  (4.12)
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and
p=7+e f o) — g 9, — fp). (413)

There is some freedom in choosing the initial
conditions of the transformation. In the work of
Bogoliubov and Mitropolsky,'® the integration con-
stants are chosen to eliminate the contribution of the
lower limits to the integrals in (4.12) and (4.13). This
makes the transformation formulas somewhat simpler,
but the only convenient choice, if the inverse trans-
formation is to be obtained also, is that given here.
If one now writes

Z = ((P’ z), H(z) = (v, h),
Y=y and G)=(f¢g),
Egs. (4.12) and (4.13) become

(4.14)

Z=Y+4e fo " H@) — G- Zy).  (4.15)

The conditions that z be periodic in », and that ¢ be
an angle-like variable with period = can be written

f'dv(ﬂ(z) —G-Zy) =0
or °
H(y) = i f (G + 7 + H() — HE)

=G+ Zy 4+ H(y) — H(z). (4.16)

Equations (4.15) and (4.16) can now be solved iter-
atively to give a power series expansion of

z2=Sez,.
H must also be expandedoas follows:
H(z) = Hy(2) + eHy(z) + "Hy(2) + - - -
= B + o(H(20) + 1 2 Htz))
+ (B + 2 2 H
+ % (z1 éa;)gﬂo(zo)). *.17)

It is convenient at this stage to introduce the
operator defined by

7= f F=Pav,

where f'is any periodic function of ». Comparison of
Eqgs. (3.10) and (4.18) shows that f and f differ only
by an integration constant. The ~ operator has
slightly more complicated properties than the * operator

~

(4.18)
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as follows: . _
f=0, f#0 (4.19)
and
B om (U
% = (av) =0. (4.20)
However
2y=r~7 @.21)
vV
and
(‘;i) = 10) — 1), 422)
v

where f(0) is f evaluated at » = 0. One can also show
that

fe+fE=fg+Te (4.23)
and

fe+fg=rg+FE+/2 (4.249)
We can now proceed to calculate the required trans-
formation, using Eqgs. (4.15)-(4.24);

ZO=Y,
H, =G,
v ~r
z,= [ #@-6) = -&,
0
Hl=1ﬂdv(—c-€;y+§-é,).
T

Adding fG,, which is zero by (4.20), to the integrand
we can write H; as '

H1= —G'éy"l"a’ay: —G'éy'i'é'ay
and similarly
Zg-’_—'G’é’Y—‘é'éy.

Evidently one can find Z and H to any desired order
in e. To find the inverse transformation, we start with
the equivalent of Eq. (4.9) for y,

Y. = eg(z, (P) = ¢h *Y. + (1 + ew)yw

and follow exactly the same procedure. As shown by
Kruskal, the series and their inverses are unique and
the choice of integration constant shows that the
series are equalat v = 0, ¢ = 0. To order 2, therefore,

the transformations are
—~

Z=Y— G+ &G:Gy — G-Gy) + 0% (4.25)

~ Pt -z
Y=Z+4 G+ &G+ Gy — G+ Gy) + O(®). (4.26)

The equation of motion for Z, Z,= ¢H, looks
different according to which transformation, Z — Y
or Y —Z, one calculates, but with the aid of Eq.
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(4.24) they can both be shown to be
Z,=a+ eG(Z) — &G -G, — G- Gy, (4.27)

where a is the vector (1,0,0 - - 0). For the Hamil-
tonian system (1.1), Y and G can be chosen as

Y = (q;p),
G = (Q,; —Q).
The averaged coordinates Z are denoted by
Z=(Q;P).
For any function S(q; p) the dyadic products of the

transformation formulas can be conveniently written
in terms of Poisson brackets,

G-Sy=—-Q,:5,+Q,-5,=[Q, S]
The formulas (4.25) and (4.26) can then be written

~ [ x
P=p+Q — [Q,Q]+ e[Q,Q,] + 0(eY),

(4.28)
~S >
Q =q-—- GQD + Ez[Qa Qp] - 52[03 Qp] + 0(53)a
(4.29)
T~ =
p=P — Q, — &[Q, Qo] + €[Q, Qq] + O(¢®),
(4.30)
- o~ =~
q=Q + Qp + [Q, Qp] — €2[Q, Qp] + O(ed).
(4.31)

The equations of motion of the averaged variables P
and Q are

P, = —ellq — €[, Qgl + [0, Qo] + O(eY),
(4.32)
Q=12 + ey + [0, Qp] — [0, Gyl + O(€).

(4.33)
C. The Action Integral

It is now possible to evaluate the action integral

K=[n2% a0

The leading terms comes from

f do.{P, — EQ — € [Q Qo1

+ [0, QQI] + 0(&’)}

x {1 + e(Qp, — Qp) + €(F — F) + O(?)
=P, — GQQI - 62Q01(QP1 - Qp)

— &[0, 0,,] + (084, + 0().

The second-order term in d¢,/dQ; denoted by (F — F)
has zero average and does not affect the result to this
order.

—0g,
00,

=Tp,— (4.8)
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The remainder of p - dq gives

; 1 P, — eQ, +0(%)

s =7 [ deupi~ g, +0()

x {e(Qp, — Qp) + E&F — F) + 0(4},

= _€2QQ,-(QP, — QP‘) + O(Y).
Now

Qoi(QP.. - QP;) = (Qoi -
from (4.19)

8,)@p, — Op),

= _(Qgi - QQ)(QP,_ ép,-),
using (4.23)

=@ D), @ - 1)),

Also,

0,1 — [, 81 = — [ g — [, O,
using (4.24) |

= [0, QO] - [@, Q- Q)
2, 20)] - &, 2] + 9, QO),
= —[Q, Q).

As a result,

2,28 _
"0, ”
Transforming back to coordinates p and q, using

(4.28) and (4.29), and transforming from ~ to *
operators, using

_ 2 _ 2 ——
P — 0y, + ‘3 [, O] + ‘—Z[Q, Q] + 0(&).

Q=0 - Q0),
one finally obtains
P2 g+ - O — 0,

3 [Q, Q, Q] +0(). (4.34)
One then has

9q;
9Q,
=7H — evQ — ([0, Q] — 3[Q, Q) - - -
This is obviously related to the invariant J calculated
from the Poisson bracket method, by
K=71H — erJ
at least to order €%

The advantages of the Poisson bracket method is
that the first few terms of the invariant can easily be
found. The advantages of Kruskal’s method are that
itis systematic (although the task of calculating higher-
order terms would be arduous) and that one shows

K =1p,

(4.35)
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that the invariant is an asymptotic invariant. The
correspondence of the two methods to terms of order
€% suggests that the Poisson bracket method generates
a true asymptotic series. Another advantage of
Kruskal’s method is that one obtains some physical
understanding of what the invariant is. In a periodic
dynamical system with an ignorable angle variable,
the corresponding action is a constant of the motion.
In the present system which is nearly periodic there is
an ignorable (in an asymptotic sense) coordinate ¢.
The invariant K is the action corresponding to this
almost ignorable angle variable.

D. Reduction to a System of Lower Dimensions

Having found a constant of the motion, it is well
known that new canonical coordinates can be found
in which the constant is one of the new momenta. In
fact Kruskal shows that new coordinates can be found
of which X and Q, are a conjugate pair. For the
particular systems considered in this paper such a set
of coordinates is easily obtained. Although (Q;P)
are not canonical coordinates, the set of quantities
with K replacing P, are. This can be demonstrated
directly by transforming the Hamiltonian to obtain

H=K+€Q(Q2,“‘,Q";K,Pz,"',Pn)-l-O(Ez).
(4.36)

The equations of motion, (4.32) and (4.33), are of
Hamiltonian form with the above Hamiltonian.

Another method of finding new canonical co-
ordinates (Q’; P’) is to solve the Poisson bracket
relations

[P, Pjl = [Q;, 251 =0,
[Pi, ;1= 9y,
where P; is chosen equal to K. Equations (4.37) have
one set of solutions

P;=pi+€(Q(I.'+

(4.37)

as

a‘h

0 =g — e(ﬂp.. + ﬁ) +0(),
aPi

where § is any function independent of g,. There
exists therefore considerable freedom in finding new
canonical coordinates. If the particular choice

S=-Q(¢g =0
is made, the coordinates are identical with the set
mentioned in the previous paragraph since
Q=Q- Q@ =0).

As in Sec. 3B, the only one of these transformations
that can be readily inverted is the one obtained from
Kruskal’s averaging method.

) F O, %1,
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In the reduced Hamiltonian (4.37), K appears
merely as a parameter and the system has been
effectively reduced to n — 1 dimensions. If this
Hamiltonian contains a further small parameter d,
such that for 4 = 0 the motion is once more periodic,
then another adiabatic invariant exists and can be
calculated by the methods of Secs. 3 and 4. It is
worth remarking that these other periodicities may
not appear in the original Hamiltonian, only being
created by the construction of the first invariant and
the subsequent transformation of the Hamiltonian.
This behavior occurs in plasma physics where firstly
the magnetic moment can be found and subsequently
the longitudinal and flux invariants. A recent deri-
vation of these from Liouville’s equation but not
using canonical formalism has been given by Hastie,
Haas, and Taylor.}*

5. WHITTAKER’S ADELPHIC INTEGRAL
A dynamical system of the type under consideration
is the motion of a particle near a point of stable
equilibrium. The Hamiltonian can be written (Whit-
taker, Ref. 6, Chap. XVI) in the form

0
H=3¢H,, (5.1)
n=2
where H,, is a homogeneous polynomial of a degree n
in the canonical coordinates (g;; p;) withi = 1,---, N.

In particular, H, is of the form (2.5) so that to lowest
order the system can be either periodic or conditionally
periodic. Invariants of such systems have been
studied extensively'—® and Contopoulos!? has shown
that the various treatments are equivalent. Whittaker’s
method is to change to new variables ¢/ , p/ that reduce
the Hamiltonian to

N
H=z(“rP:)+Ha+H4, (52)
r=1

where the o, are the periods of the lowest-order
simple harmonic motions. H, is a homogeneous
polynomial of degree n in (p,)* and also a function of
sing; and cosg; . One looks for a time-independent
constant of the motion, @, and for simplicity only a
two-dimensional system is considered. @ satisfies the
equation

[©, H] =0, (5.3)
which when expanded gives successively
D oo
4y -a——,z' + o, :‘: = 0, (5.4)
oqy aq;
% ai)f + aza—(%’ = [®,, Hj), etc. (5.5)
oq] 095

11 R, J. Hastie, F. A. Haas, and J. B. Taylor, Ann. Phys. 41, 2
(1967).
12 G. Contopoulos, Astron. J. 68, 1 (1963).
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To find a solution @ different from H, one can take @,
to be any function of p] and p; independent of H,
(for example Whittaker took @, = a,p, — ayp;) and
the @, can be found as particular integrals of the
successive equations. This differs from the method of
Sec. 3 because @, is chosen at this point merely to be
different from H, rather than being determined by the
periodicity condition.

A feature of this solution is that in the series one
finds coefficients of the form

(0] £ aym)7,

where / and m are integers, the range of possible values
of which increases as the order of the term » increases.
This means that, with a,/«, irrational and for suffi-
ciently large n, there are in the series coefficients that
are arbitrarily large. When «;/«, is rational, the problem
is eveh more acute, since in the formal series for @
there appear some coefficients with vanishing denomi-
nators. Whittaker overcame this difficulty using two
techniques. In solving for @, he had selected only
a particular integral, but could equally well have added
an arbitrary amount of the solution of the homo-
geneous equation. In some cases it proves possible to
avoid zero denominators by a suitable choice of these
constants in the lower order terms. For others,
however, it is necessary to renormalize the series
solution for @ by, effectively, multiplying by the zero
denominator, the new form for ® now starting with
the term that previously had the troublesome co-
efficient.

The problem with these methods is that it is not
clear at any stage whether further difficulties will arise
in higher order terms. There is also the curious point
that the formal expression for the adelphic integral is
different depending on whether «,/«, is rational or
irrational and also whether terms of a particular type
appear in the Hamiltonian. All of these difficulties
arise from the particular choice of @,.

The Hamiltonian (5.2) can be written in standard
form (1.1) using the transformation

D1 = &Pl + %Py, g1 = ¥qijo + q3/as),
P2 = %P — %P5, qo = ¥qi/ax — q3les),

and the invariant J of Sec. 3 calculated. The question
arises as to whether the adelphic integral and J are
equivalent or not. The main disparity is that the lowest-
order term of the adelphic integral is a function only
of p, and p, (except in some special circumstances
associated with rational values of «,/a,), whereas the
lowest-order term in J is apparently only independent
of ¢, . However one is able to show that the first term
in the series for J is, in general, only a function of p,

(5.6)
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and p, (depending on g,, only when «,/a, is rational).
The way in which this occurs is as follows; £ consists
of a number of terms like

fmn (s::)ns {(ndl + mota)‘h + (nal - macg)qz}, (57)

where f,,,, is a function of p, and p, only and m and n
take a range of integral values. The lowest-order term
in J is Q which is only nonzero if there are values of
m and n such that
ooy = —myfn
and then
Q = f,,, cos {(nx,; — mas)gs}. (5.8)

Except under these special circumstances = 0 and

the lowest order term is J, = }(Q, Q). This quantity
consists of terms that are averages over ¢, of products
of two expressions like (5.7) and leads to integrals of
the form

I=1im1
-

700

ordqlfcos {((n = By + (m — Do)ay

+ ((n — Doy — (m — Dag)ge}, (5.9)

where f is a function of p; and p, only, and n, m, k,
and / take various integral values. When n = k and
m = [, this integral is equal to f and there always
occur some terms of this form in J; . The only way for
I to be nonzero and to depend on ¢, is for

(= m)(n — k) = oyfa

(i.e., for o/, to have a particular rational value).

So, apart from these special rational cases, both H
and J have lowest-order terms that are functions of p,
and p, only. It is possible therefore to construct
another invariant (a function of J and H) that has as
its lowest-order term any function of p, and p,
whatsoever. This in fact is what the adelphic integral
is. In the three examples quoted by Whittaker (Ref. 6,
Chap. XVI), one can show that the adelphic integral
is a function of H and J. Examples worked out by
Contopoulos and Moutsoulas® are also equivalent to
J in the same way.

The advantage of the methods of Secs. 3 and 4 is
that they overcome all but one of the difficulties
encountered by Whittaker. The problem of vanishing
denominators does not arise at all. A single expression
is obtained for the invariant irrespective of the value
of a,/a, and, for the rational case at least, one can
show that the series is asymptotically invariant. The
problem of small denominators when a, /a, is irrational
still occurs however, and it is this fact that prevents
one proving that the format series is asymptotically
invariant for all values of «,/e,.
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We present a few results on the spectral properties of a class of physically reasonable non-Hermitian
Hamiltonians. These theorems relate the spectral properties of a non-self-adjoint operator (of the afore-
mentioned class) in terms of that of a self-adjoint operator. These theorems can be specialized to yield
conditions under which the perturbed eigenvalues (of the above class of operators) vary continuously from
the eigenvalues of the unperturbed operators. If the Schrodinger equation has to be solved numerically,
a knowledge of the spectral properties of the non-Hermitian Hamiltonian would insure when the eigen-

solutions exist.

1. INTRODUCTION

N principle, only completely self-contained physical
systems are described by Hermitian Hamiltonians,
but in practice many physical systems are well
approximated as completely isolated. However, one
also encounters quantum-mechanical systems that
are intimately coupled to the environment. For ex-
ample, if one is interested in the properties of a
hydrogen “atom” in an interacting medium, then the
dissipative nature of the medium is appreciable and
must be taken into account.! One then is immediately
confronted with a nonconservative quantum-mechani-
cal system whose Hamiltonian is not self-adjoint.
In the literature there exist many examples of non-
Hermitian description of physical problems ranging
from optical potential model, the theory of « decay
of the nuclei and the nuclear reaction theory to
nuclear pile theory.
The purpose of this article is to bring attention to
a few mathematical results on a fairly broad class of
physically reasonable, non-Hermitian Hamiltonians.

For convenience, this class of non-Hermitian operators

will be called dissipative (to be defined) in accord with
physical intuition. The mathematical theorems (to be
given later) provide important information on the
spectrum of a non-Hermitian operator H (= H, + H’)
in terms of the spectrum of a Hermitian subpart Hy;
and furthermore the continuous part of the spectrum
of H coincides with that of Hy. When the theorems
are specialized to perturbation theory, they provide
justification (for this class of operators) for the usual
perturbation assumption that the eigenvalues of
H = H, + gH’ (H, is Hermitian) vary continuously
toward that of H, as the parameter g goes to zero.
Moreover, for operator H satisfying the conditions
of the theorems, the sum of the spectral multiplicities
of the eigenvalues 4,, 45, - -, 4, of H (= Hy + gH’)
is the same as that of Ay of Hy if 4, — 4, (i =1,

* This work was performed under the auspices of the U.S. Atomic
Energy Commission.

1T. Nakayama and H. DeWitt, J. Quant. Spectry. Radiative
Transfer 4, 623 (1964). )

2,:.+-,n) as g—0. All this is important mathe-
matical information for physicists who are concerned
with the kind of non-Hermitian (or Hermitian)
Hamiltonians defined in this article. It is often
desirable to solve the full non-Hermitian Hamiltonian
Schroedinger equation rather than just the Hermitian
Schroedinger equation plus a perturbation part.
We list two reasons for this: (1) if the “perturbation”
is not small, then clearly, perturbation theory is not
even useful, and (2) if the problem can only be solved
numerically, then a qualitative knowledge of the
eigenspectrum deduced from the mathematical theo-
rems assures one of the existence or nonexistence of
the eigensolutions.

It is emphasized that the results of this article are
restricted to a special class of non-Hermitian operators,
and the proofs are physicists’ proofs. The general
problem is much too hard and the mathematical facts
about non-Hermitian operators are too little known.

Section II contains all the mathematical facts of this
article. Section III contains a brief summary.

2. SPECTRAL PROPERTIES OF
DISSIPATIVE OPERATORS

An operator H is defined to be linear dissipative if
the imaginary part of all its eigenvalues 1, (n =1,
2, ) is less than or equal to zero. If the equality
sign holds for all n, then the spectrum is real and H
is assumed to be self-adjoint. The adjective “linear
dissipative™ has its origin in the expression exp (—il, )
which decreases exponentially as the time ¢ becomes
large and positive. Actually, what we are going to
prove holds true for operators with point spectrum
anywhere in the finite complex plane. But with physical
systems in mind, and for lack of a more descriptive
terminology to designate the class of non-Hermitian
operators to be considered in this article, we shall
continue to use the term dissipative for this class in the
sequel. We shall study only those linear dissipative
operators H which can be written as a sum of two
operators, H = H,+ H,. It is assumed that (1)
the operator H, is self-adjoint, (2) the operator H,
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is bounded and (3) the operator (H,)tR; (H,)} is com-
pact? (or equivalently completely continuous) where
R,[= (H, — AI)™'] is the resolvent operator of H,
for the regular value 1. The operator H, is required
to be self-adjoint because the spectral properties of
self-adjoint operators are well-understood. The oper-
ator (H)ER, (H)} is required to be compact because
a compact operator has only a discrete point spectrum.?
It turns out that the spectral properties of H bear
close resemblance to that of H, due to the above
restrictions on H,. The close resemblance of the
spectral properties between the operators H and H,
enables us to deduce useful spectral information on
H from that of H,, in spite of the general lack of
understanding concerning non-self-adjoint operators,

In the remainder of this section, we put down the
mathematical statements of this article. We only give
references to those proofs that are readily available in
the published literature. However, we sketch the
proofs of those theorems that are not readily acces-
sible.

Lemma 1%: The spectrum o(7T) of a compact
{(completely continuous) operator T is at most de-
numerable and has no point of accumulation in the
complex plane, except possibly at the origin. Each
nonzero point of the spectrum ¢(7) has finite multi-
plicity.

Lemma 2°: Let T(2) be a compact operator and be
analytic in the parameter. A in a region G, designated
as 4 € G. Then for all complex 4 € G, the dimension
of the null space of the operator I — T(4) is a constant
o (notice the interesting case « = 0) except for isolated
points at which this dimension may be higher.

First, the null space of an operator T'is the collection
of all those vectors x such that 7x = 0. Second, for
« to be zero for almost all 2 € G, it suffices to show
that « = 0 at one point of G.

Theorem A%**: We assume that: (1) the self-adjoint
operator H, is defined on the domain D(H,), dense
everywhere in the Hilbert space L,. (2) Its resolvent
R = (Hy, — AI)™* (4 is said to be in the resolvent set
p(H,) of H,) is given as an integral operator,

(R,f)(x) = f M(x, y; Df()dy.  (@2.1)

(3) The operator S is a bounded operator with domain

2 N. Dunford and J. T. Schwartz, Linear Operator Part 1 (Inter-
science Publishers, Inc., New York and London, 1958), p. 549.

31 C. Gohberg and M. G. Krein, Am. Math. Soc. Transl. Ser.213,
206 (1960).

¢ R. M. Martirosyan, Izv. Akad. Nauk Arm. SSR, Ser. Fiz.—Mat.
Nauk, 14, No. §, 9 (1961).
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D(S) = L,; and (4) the operator SR,S is compact for
A € p(H,). Then, all points of the continuous spectrum
a,(H,) of the operator H, belong to the spectrum of
the operator H = H, + S2[D(H) = D(H,)]; and
every point outside the spectrum o(H,) of H, is either
a regular point of H or a point, in the point spectrum
o,(H) of H, of finite multiplicity.

Remarks: This theorem is essentially due to
Martirosyan.? The general ideas that such a theorem
may be true can be found in Refs. 3, 5, and 6 where,
e.g., the operator S2 is assumed to be compact instead
of SR;S as in Martirosyan’s paper. In applying this
theorem to the Schroedinger equation, the former
assumption falls short of a physicist’s needs, because,
e.g., a multiplicative function operator such as the
potential V(x) (= S?) is not compact.

Proof: We will first prove that if for some 4, there
exists a bounded resolvent operator B, = (H — Al)™!
of the operator H, then the operator SB,S is compact.
It suffices to show that [assuming 4 € p(H,)]

B, =R, — R,S(I + SR,S)'SR,, 2.2)
where the operator (I + SR;S)™! is defined on all of
L, and is bounded. Let B, exist for some A, then the
equation (H — Au = (H, + $* — A)u = 0, and con-
sequently the equation # + R,;S?u = 0 has only a
trival solution. Therefore ¢ + (SR;S)¢ = O has also
only a trivial solution. By assumption, the operator
SR,S is compact. Hence, from the Fredholm alter-
native,’ it follows that there exists a bounded operator
(I 4+ SR;8)™, defined on all of L,. The operator S is
assumed to be bounded and the norm [|R,| of the
resolvent operator R; is bounded by the inverse of
d, [the shortest distance from Atothespectrum o(H,)].”
Without loss of generality, we can choose d; so large
such that | SR,S|| < [ISI? IRl < IS]*d;* < 1. Then
Eq. (2.2) can be verified as an identity by series ex-
pansion of (I + SR,S)™. This identity equation (2.2)
remains valid for all other values of A reached by
analytic continuation. Multiplying both sides of Eq.
(2.2) by the operator S, we obtain SB,S = SR,S —
(SR, S)I + SR;S)™ (SR;S). Since (I + SR,S)7! is
bounded and (SR;S) is compact, their product is
compact.®

To prove the first assertion of the theorem, we
assume that 1 belongs to the continuous spectrum of
the operator Hy[4 € o,(H,)], but is a regular point
of the operator H[le p(H)]. We arrive at a

® F. Riesz and B. Sz-Nagy, Functional Analysis (Frederick Ungar
Publishing Company, New York, 1955), 2nd ed.
(1;5(9:5 L. Dolph and F. Penzlin, Ann. Acad. Sci. Fennicae No. 263

7 See Ref. 3, Eq. (5.5).
8 See Ref. 5, p. 178.
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contradiction. It is evident that the equation

Hy—~Du=H—-1—-5=0,
is equivalent to the equation

(I — B,S%u = 0. 24

The function u cannot be an L,-solution of Eq. (2.4),
otherwise u is an L, solution of Eq. (2.3), contrary to
the assumption that A€ o,(H,). Equation (2.4),
(I — B;8%)u = 0 having only a trivial solution implies
that the equation (f — SB,S)¢ = 0 also has only a
trivial solution ¢. As we have just shown, SB,S is
compact. Hence, the Fredholm alternative implies
that (I — SB,S)? exists and is bounded. But this
would imply that the resolvent R; = (H, — Ay
can be defined by the following identity,

R, = B,S(I — SB,S)"1SB, + B;;
this is contrary to the assumption that 1 € o,(H,).
This proves the first statement of the theorem.

To prove the second statement of the theorem,
we start with a point 1 not in the spectrum of
Hyl4 € p(Hy)]. The operator (I + SR,S)™? either
exists and is bounded or is not defined. For the first
possibility, 4 is a regular point of the operator H
because the right-hand side of Eq. (2.2) is analytic in
A. Now by analytic continuation other 4 values can be
reached. If the point 4 is such that (I + SR,S)"? does
not exist then by Lemma 2, 4 is an isolated point of
the spectrum of H. Furthermore, this eigenvalue is of
finite multiplicity because of Lemma 1. This proves the
second statement of the theorem.

2.3)

Corollary 1: If 1 is an eigenvalue of the operator H,
then the complex conjugate of A(A*) is an eigenvalue
of the adjoint of H(H™).

Proof: Let A be an eigenvalue of the operator H,
then the operator (I + SR;S)™! is not defined.
Therefore the adjoint of this operator (I + S*R;,.S*)~*
is not defined. But the adjoint of a compact operator
(in this case SR,S) is compact.® Now retracing the
proof of the theorem and taking the adjoint of Eq.
(2.2) one can readily show that the resolvent of H™,
(Hy + (St — A¥)1 is singular at A*.

Corollary 2: Let the self-adjoint operator H, have
the following representation:

Ha) 9 = 3 2 [0 a—‘a‘—fc’i)] + V),
i.9=1 0Xy i

(a;; = ay) (2.5)
where a;,(x) are appropriately differentiable functions.
Furthermore, let S? be represented as a bounded,
complex-valued function C(x) belonging to L;. Then
the two statements of Theorem A are true.

* See Ref. 5, p. 217, footnote 12.
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Proof: The resolvent R,[4 € p(H,)] of a self-adjoint
operator of the representation equation (2.5) is an
integral operator with a Carlemann type kernel'®
M(x,y; %) [see Eq. (2.1)]. The kernel M(x,y; 1)

being Carlemann type possesses the following
property: If g(x) is defined as

g(x) = f IM(x, y; DI* dy,

then g(x) is not bounded ar most at a point set of
measure zero. But this implies that the operator
(C)} - R, - (C)} is square-integrable,

(2.6)

ICCOM(x, y; HC(HHdx dy

< (max 1€ON) - [1E| [1MCx y; D dy)

< oo,

since C(x)e L,. The fact that the operator (C)?-
R, - (C)} is an L, kernel implies that (C) - R, - (C)}
is also compact; this follows from the fact that an
L,-kernel can be uniformly approximated in the mean
by a kernel of finite rank which ensures compactness.'!
Compactness of the operator (C)} - R, - (C)} is just the
requirement of Theorem A.

Remarks: This corollary is true for weaker restric-
tions on the function C(x). Instead of C(x) e L,, it is
enough that C(x) goes to zero as {X| goes to infinity.
But this refinement entails too much mathematical
analysis. Hence, we do not wish to pursue it further
here.

Theorem B': Let H be a self-adjoint operator, let
B be a bounded operator and let 4, be some eigenvalue
of finite multiplicity », of the operator H, whose
distance 4 from the rest of the spectrum o(H,) is
d > 2 | B)|. Then in the closure of the circle |4 — 1,} <
|B|, the operator H, + B has a finite number of
eigenvalues and the sum of their respective spectral
multiplicities is exactly »,.

Remarks: The content of this theorem is very useful
to those doing perturbation calculation on a quantum-
mechanical system and wishing for information on the
perturbed point spectrum. As far as this article is
concerned, we only quote it as a plausibility argument
for the following restriction on our Hamiltonian H:
This article deals only with that class of physical
systems whose Hamiltonians H = H, + S* satisfy

10 M. Sh. Flekser, The spectral function of the operator
3 1 (B10x ) A ()(u/3x)] + Cx)u,
[Mat. Sb. 40 (82),No. 1 (1956)].
11 See, for e.g., B. Friedman, Principles and Technigues of
Applied Mathematics (John Wiley & Sons, Inc., London, 1956), p. 39.
13 Reference 3, Theorem 5.2, p. 29.
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Theorem A, and in addition every point outside the
continuous spectrum of Hj is an eigenvalue of finite
multiplicity of the Hamiltonian H. It should be
remembered that Theorem A says: every
point outside a(H,) is either a regular point of H or is
in the point spectrum o,(H) of H.” That is why we
need Theorem B to insure that there are only a finite
number of points of ¢,(H) in a neighborhood of a
point of o,(H,), if B (of H = H, + B) is sufficiently
small. That the class of Hamiltonians H satisfying
Theorems A and B is not empty can be illustrated by
the following example. Our example would be an
H = H, + 5% having the following properties: (1)
H satisfies the conditions of Theorem A, (2) H,
corresponds to a Schrodinger equation with a
Yukawa potential; (3) ||| is sufficiently small.

Now we turn briefly to the question of completeness
of the eigensolutions of any dissipative operator H.
In a recent article Fonda er a/.* demonstrated that the
set of eigensolutions {y,} of H is complete if the
associated resolvent operator B,(H) satisfies the fol-
lowing three assumptions:

(a) There exists a dense set D of functions in the
Hilbert space such that if  and ¢ belong to D, then
(¢, B,y) is an analytic function of A with simple poles
and a branch cut lying along the real 1 axis, such that

llirri (A —2)($, Byy) = —(¢, Py),
‘ (i=1,2-,n)
lim (¢, Byy) — lim (¢B,y) = 2mi($, Pgy),
A= E+i0 A=>E—i0

where 4, and E belong to the point and the continuous
spectrum, respectively. The P; and Py are the related
projection operators.

2

(b) There is no accumulation point in the point
spectrum ¢,(H) and no point in o,(H) lies in the
continuous spectrum o,(H). Thus, the number of
points in o,(H) is finite.

(c) The function (¢, B,(H)y) — (¢, Iy)i—'as |3 —
oa for all 4 in the resolvent set p(H).

For dissipative operator H of this article, the con-
tinuous spectrum is demonstrated to lie within the
real 4 axis. However, the poles of B, corresponding
to the point spectrum of H need not be simple.
Therefore, we make such an assumption here also.
For a finite matrix H, the resolvent has simple poles
implies that H can be diagonalized; otherwise H can
best be brought into a Jordan canonical form. Under
assumption (b), we have to assume that the self-
adjoint subpart H, (of H = Hy 4 S?) has. a finite set
of points in o,(H,). Then by Theorem B, a,(H) is a
finite set.

JACK WONG

The asymptotic property of the resolvent B,(H)
of H [assumption (c)] follows from the asymptotic
property of R;(H,), where H, is self-adjoint. This is
easily deduced from Eq. (2.2). The above brief
discussion indicates what are and what are not
assumed in writing down the completeness relation
for our class of non-Hermitian operators. Following
Fonda et al.,® we write the following completeness
relation:

3 191X annl + f dE [yt)dhl = I, (2.7)
A,u(l)

where 4 sums over the point spectrum o,(H) and u(4)
sums over the finite multiplicity of the eigenvalue A.
It should be noticed that ¢, is an eigensolution of the
adjoint of H, namely H*, with eigenvalue A* (the
complex conjugate of 1),
H*¢, = 4*¢;. (2.8)
In writing down Eq. (2.7) we are aided by Corollary
1 of Theorem A. It also follows from this Corollary
that we have biorthonormality between the two
complete sets of eigensolutions {¢,} and {y,},

(¢’,n v) = 6;11 .
3. SUMMARY

Before concluding, we would like to briefly re-
capitulate the mathematical results of Sec. II.
Theorem A states that the spectrum of the operator
H (= Hy + 5% resembles closely the spectrum of
H,, where S% is a bounded operator and SR,S is
compact. Corollary 1 states that if 4, is an eigenvalue
of H, then 1} is an eigenvalue of the adjoint H™.
Corollary 1 results in a relatively simple completeness
relation equation (2.7) and in biorthonormality
equation (2.9). Corollary 2 specializes the bounded
operator $% of Theorem A to a multiplicative bounded
L,-function such that direct application can be made
to quantum-mechanical problems. Theorem B says
that if the perturbation operator B to H,, is sufficiently
small, then the spectral multiplicity of an eigenvalue
Ay of H, is the same as the sum of the spectral multi-
plicities of all the eigenvalues of H (= H, 4+ B) in a
neighborhood of 4,.

(2.9)
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The four exactly solvable problems for the Dirac equation previously found by the author are dis-
cussed in detail. The presentation is mainly within the two-component relativistic description of a spin
% particle. Both bound state and scattering solutions are considered.

I. INTRODUCTION

CAREFUL search of the literature has revealed
only six configurations of external electromagnetic
fields for which the Dirac equation is exactly solvable.
They are: the absence of all fields (free particle), a
Coulomb potential,’ a constant magnetic field,? a
constant electric field,® the field of a plane wave,!
and the field of a plane wave with a constant magnetic
field pointing along the direction of propagation of
the plane wave.® Recently, the author has found
four additional exact solutions of the Dirac equation.®
The subject of this paperisamoredetailed presentation
of these solutions.

The first problem encountered in any attempt to
solve the Dirac equation is one of algebraic complexity.
The Dirac equation is a compact way of writing four
coupled differential equations for the four com-
ponents that comprise the Dirac spinor. The un-
coupling of the differential equations is an algebraic
problem that can be minimized by adopting a two-
component formulism. An electron, e > 0, in an
external electromagnetic field is described by the
relativistically invariant two-component equation,”®

[(P + eA) + m? + es - (H + iE)[¥
= (W+eVp¥. (1)

The o’s are the ordinary Pauli matrices. The units are
=c=1
The four-component spinors which are solutions of
the Dirac equation are generated from the solutions
of the two-component equation by

_ ([c-(P + eA) + (W + eV) + m]¥
[o:(P+eA)+ (W+eV)—m]Y¥

* Work performed under the auspices of the U.S. Atomic Energy
Commission.

1 P. A. M. Dirac, Proc. Roy. Soc. (London) A117, 610 (1928).

21. 1. Rabi, Z. Physik 49, 7 (1928).

3 F. Sauter, Z. Physik 69, 742 (1931).

4 D. M. Volkow, Z. Physik 94, 25 (1935).

5 P. J. Redmond, J. Math. Phys. 6, 1163 (1965).

¢ G. N. Stanciu, Phys. Letters 23, 232 (1966).

7 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958).

8 L. M. Brown, Phys. Rev. 111, 957 (1958) and Lectures in
Theoretical Physics, Boulder (Interscience Publishers, Inc., N.Y.,
1962), Vol. 1V, p. 324.

). @

It can easily be verified that if ¥ is a solution of Eq.
(1), then yy, is a solution of the Dirac equation

[Vi(P + ed); + iyy(W + eV) — imlp =0 (3)

in the “standard” or Pauli representation, i..,
y; = pg0, and y, = ps. The p’s and o¢’s are the usual
ones.

In order to solve the Dirac equation, it is sufficient
to solve the two-component equation and generate
the corresponding Dirac solutions by use of Eq. (2).
It should be noted that the two-component description
of a spin } particle is perfectly adequate and one
never has to work with the four-component formu-
lism.?-8

II. MAGNETIC FIELD SOLUTIONS

Algebraically, the two-component equation is very
simple. In fact, when the scalar potential ¥ vanishes,
the two-component equation has the canonical form
of the Pauli equation. The two-component equation
assumes a particularly simple form when V is zero
and the magnetic field has only a z component and
depends upon only one coordinate, say y. With this
choice of the external fields and an asymmetric choice
of the gauge, 4, = A4, = 0, Eq. (1) becomes

[Py + P} + (Py + eA, ()" + m® + esH (0¥,
=Wy, 4
The spin index s assumes the values +1 and —1

corresponding to the spinors y, = (1)

a'nd Xa= |?‘9

respectively.

The variables P, and P, are constants of the motion
and can be immediately taken as constants. The
trivial plane wave dependence on x and z can be
suppressed, and then 'V, is only a function of y. After
this is done, Eq. (4) is in the canonical form of the
one-dimensional Schrddinger equation. Thus one
method of constructing exact solutions of Eq. (1) is
to choose an 4,(y) such that Eq. (4) becomes equiv-
alent to a Schrodinger equation with a solvable
potential. For a constant magnetic field, 4.(y) =
—H,y and Eq. (4) becomes the Schrédinger equation
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for an harmonic oscillator.® Other choices of A,(y)
can be made that lead to solvable potentials.

The vector potential A,(y) = —(Hy/a) tanh (ay)
and the corresponding magnetic field H (y) =
H, sech? (ay) when substituted into Eq. (4) give,
after some re-arrangement,

[P2 4 &2 — 2P £tanh(ay) — (£ — sa&)sech®(ay)¥ 1,

= (W —m*— P2 — PY¥,. (5
The quantity & is eHy/a and without loss of generality
both of the quantities @ and H, are taken as positive.
Equation (5) is formally equivalent to a one-dimen-
sional Schrédinger equation with a Rosen-Morse
potential'® or an Eckart potential.!! The Rosen-Morse
and the Eckart potentials are essentially the same.

With the introduction of the notation

p=— 2£Pw/a2’

y = (€ — séa)/a”,

e = (& + m® + Pi + P} — WHa®;
W, satisfies the differential equation
[(@%/dy?) — ea® — pa? tanh (ay) + ya® sech® (ay)]¥,

=0. (6

Following Rosen and Morse,'® we convert the differ-
ential equation for'¥'; into the hypergeometric equation
by making the change of variable = (1 + tanh (ay))

and the transformation ¥, = e cosh™ (ay)F,(y).
The constants ¢ and = are

o = —3}[(c + p)t — (¢ — p)H],
7= }(e + p)t + (e + p)}],

where both square roots are taken as positive quan-
tities. The differential equation satisfied by F,(n) is

7L —Fn) + (e + 7+ 1) — 2n(= + D]F(n)
+ [y — 7(r + D]F(n) = 0.

This equation is in the standard form of the hyper-
geometric equation. The solution regular at n =0
which corresponds to y = — oo is

Flr+3—@+dDhr+1+ @+ DL
o+ 7+1;7]

This particular hypergeometric function diverges like
e*'—*% as % approaches 1 which corresponds to
y=+4w, unless 7+3+ @ +H or 74+ 3—
(7 + Dt equals a negative integer.® The first possi-
bility is not allowed since = and (y + })? are positive

% M. H. Johnson and B. A. Lippmann, Phys. Rev. 76, 828 (1949).

19 N. Rosen and P. M. Morse, Phys. Rev. 42, 210 (1932).
11 C, Eckart, Phys. Rev. 35, 1303 (1930).
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quantities. Therefore, in order to have ¥, finite at
infinity, we must have

=G+ —1—n
In this case the hypergeometric series terminates and

is a Jacobi polynomial. It follows directly from the
finitions of o and  that ot = —p/2, or

o= —bpl(r + P} —n — 41

The quantum number » is zero or any positive integer
which satisfies the relationship

n<(y+ D= lhplt — b = |¢a — Isl

— &P JaF — L. (7)

This result follows from examining the behavior of
6+ 7 and ¢ — 7. Since the case fa ! < % and
s = +1 is clearly impossible, the restriction on 7 can
be written as

n< Eat — |EP,Ja%t — s — L.

®

If the inequality for » is not satisfied, there are no
bound states (quantized orbits).

The energy eigenvalues are calculated from the
relationship o® + 72 = . In terms of the original
parameters and the quantum number N = n+ § + {s,
the energy eigenvalues are

W, ,= [m*+ P2 + P2 4+ & — (£ — Na)®
— £%PX€ — Na) . 9)

The limit @ = 0 corresponds to a constant magnetic
field. In this limit » can be zero or any positive integer
and the eigenvalues given by Eq. (9) become

W, , = [m? + P? + 2eH,NIE.

This is the well-known result for a homogeneous
magnetic field.-®

The energy eigenvalues and the restriction on the
quantum number » for a positively charged particle
are

W, ,=[m®*+ P2 + P2 4 £ — (£ — N'a)?
— £PXE — N'ay 2t
n < (§la) — |EP,Ja*t + 35 — }.

The quantum number N'=n—4s+ % and £ is
leHo/a].

The scattering solutions are not difficult to con-
struct. Instead of exponentially damped solutions at
Yy = £00, the solutions are oscillatory. This occurs
when both (¢ — p)t and (e + p)? are pure imaginary.
Therefore, let us introduce the notation (e — ot =
iz and §(e + p)¥ = if, where the quantities o and §
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are
«=[W?— (P, + &° — P* — m*]})2a
p=W* = (P, — & — P — m'}}j2a.

As a particular example of a scattering problem,
let us choose the boundary conditions such that at
y = —oo there is an incoming and an outgoing
(reflected) wave and at y = 4 co there is only an
outgoing (transmitted) wave.

The wavefunction which has the proper asymptotic
behavior at y = — o0 is
\ij'(y) — e—i(ﬁ—a)ay Cosh—i([i-i—a) (ay)

XA{CF} +i(f+ o) — AL+ i(f+ o)+ 4,

1 + 2ia; $(1 + tanh (ay))]

+ Gol3(1 + tanh (ay)]*F(G + i(f — ) — A,

14 (B — ) + A, 1 — 2ia; 1(1 + tanh (ay)]}z..
(10)

The notation A = (y 4 1) has been introduced and

the plane-wave dependence of x and z has been

suppressed. The asymptotic behavior of (y) as y

tends towards minus infinity is

111-( y)y:_, 2i(/}+a) e2iaay[cl + C2 e—4ia¢w] s

In order to calculate the asymptotic behavior of V(y)
as y tends towards 4 oo, one must analytically con-
tinue the hypergeometric functions. The analytic
continuation of W(y) is'?

\Ij‘(y) — eAi([I—a)ay Cosh—i(ﬂ+a)(ay)

X {CAFB+iB+0) — A3 +i(f+ o)+ A

1+ 2if; 3(1 — tanh(ay))] + C,4,[3(1 — tanh (ay))}~*#

X FI} + i@ — ) — A, § + i(x — ) + A,

1 —2if; 3(1 — tanh(ay))] + Co4;[4(1 + tanh (ay))]*

X Fl3 + i —a) —A § 4+ i(f — o) + A,

1+ 2iB; 4(1 — tanh (ay))] + CoA;[4(1 + tanh (ay))]~**

x [3(1 — tanh (ay)]*#F[} — i(e + B) — A,

1 —i(e + B) + A, 1 —2if; 3(1 — tanh (ay))]}xs,( )
11

where
4= T[L + 2ia]T[~2if]

YT 4 i — B + AT + i — B) — A
_ I'[1 4 2i]T'[+2ip]

I} + i(e + B) + AT + i(e + By — Al
o= [ — 2ia]I[—2if]

YU — i+ B) + AT — i(x + B — A
4= I'[1 — 2ia]T[+2if]

2T I4 — il — B) + AT — i(x — B) — A}

‘ (12)

12 The hypergeometric functions are analytically continued
according to Bateman Manuscript Project, Higher Transcendental
Functions, A. Erdelyi, Ed. (McGraw-Hill Book Company, Inc., New
York, 1953), Vol. I, pp. 108-109.
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The asymptotic behavior of ¥'(y) as y tends towards
+ o0 is
1P‘(y) ~ 2z‘(ﬂ+a)e—2wau

y—+ o
X [(C1A, + CoA]) + (C14, + CoAp)e' ™)y,

There is no spin-flip in the scattering process, since
the asymptotic values of W(y) only contain y, with
the same spin index s. The boundary condition at
infinity (only an outgoing wave) is satisfied by choosing
Ci4; + CoA; = 0.

The reflection and transmission coefficients are
computed from the asymptotic values of the incident,
reflected, and transmitted probability currents. These
currents are calculated in the four-component formu-
lism by constructing the Dirac spinor by the use of
Eq. (2) and then using the definition of the probability
current j, = i(Ppy,wp)- The currents can also be
calculated strictly within the two component formulism
(see Ref, 8). The currents are

jinc = 8aa(Pz + W) lC1|25
jret = —8an(P, + W) |C,f",
Jtrans = Saﬂ(Pz + W) |Ci4, + CzAé|2-

By definition, the reflection and the transmission
coefficients are

R = gf 2= ﬂ 2
C A,
and
Bl CAP B Ay — Asay
o C, o Aq

By using elementary properties of the gamma function
and noting that the quantity A = (y + HE =
|§a* — 15| is a real quantity, the expressions for R
and T can be written as

__cosh 27(x — f) 4 cos 2mA
cosh 2m(ox 4+ B) + cos 27A

(13)
and
T = cosh 2m(a + B) — cosh 27(ox — )
T cosh2m(x + f) + cos2mA

(14)

The conservation of probability demands that
R 4+ T =1 and is satisfied. Both coefficients depend
upon the spin index s via A, The reason for this is that
the two spin projections have different energies and the
incident energy is effectively raised (s = +1) and
lowered (s = —1) depending on the spin projection.
The coefficients for scattering with a positively charged
particle are obtained from Egs. (13) and (14) by
changing the sign of £ in «, 8, and A.
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In the above expressions it is assumed that oscil-
latory solutions exist at y = 4 oco. This occurs when
o and f are real or equivalently when «* and §? are
positive. The reality of « and # implies one condition
on the energy, namely

W2 > m?+ P2 4+ P24 &8 4+ 2|P|.
There is also the possibility that there are oscillatory
solutions at —oo and an exponentially damped
solution at + oo. This corresponds to pure reflection
and occurs when «? is positive and £ is negative. This
is only possible when P £ is negative and W satisfies
the inequalities

m® + Pi + P} + & — 2P|

<WE<m*+ Pi+ PI+ £+ 2|Pg.
Finally, the case «? positive and § equal to zero also
gives pure reflection.

Another choice of 4,(y) and H,(y) that leads to an
exactly solvable equation is: 4,(y) = (Hy/a)(1 — ™)
and H,(y) = Hye®. This choice of the external fields
gives the two-component equation

[PE42&P, + &% — (2EP, + 28 — séa)e™ + £26*|Y 1,

=W — P, — P, — m)¥y,

which is formally equivalent to a one-dimensional

Schrodinger equation with a Morse potential.!®

Again both a and H, are taken as positive without

loss of generality and & = eH,/a. The spin index s
and the spinor yx, are the same as before.
With the introduction of the notation

g = [W*—m*— P; — (P, + &%/’
f = (séa — 2P, — 28%)/a?,

and
h = &a°,
the differential equation for ¥',(y) is
[(@%/dy?) + ga? — fa%e™ — ha%e**]¥ (y) = 0.

This equation is transformed into Laguerre’s equation
by performing the change of variable x = 2(h)tesv
and the transformation ¥ (y) = x(~0e—teG (x).13
The differential equation satisfied by G, is
xGi(x) + [(2(—g)* + D) — x]Gy(»)

— {1 + UMW + (—9h6m =0,
The differentiation is with respect to x. Thus G, is a

solution of Laguerre’s equation. The regularity
conditions'® imply that bound states only exist if

(=t + 2 + = —n, (=g >0. (19)

13 P. M. Morse, Phys. Rev. 34, 57 (1929).
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The function G, is the associated Laguerre polynomial
Lf,“g’l'(x) and the two-component wave function in
terms of the variable x is x~9e-4=12-0}(x),  The
four-component wavefunction is constructed by means
of Eq. (2).

The second part of Eq. (15) implies that the quan-
tum number can be zero or any positive integer which
satisfies the relationship

n < [(§+ Pfa] — is — & (16)

The energy eigenvalues are easily calculated from the
first part of Eq. (15) and are

W, ,= [m®+ P2 + 2Na(é + P,) — N2a*t. (17)

The quantum number N = n + 45 + §.

The constant field limit is ¢ = 0 and in this limit
the eigenvalues become the eigenvalues for a constant
magnetic field, as they should.

The energy eigenvalues and the restriction on the
quantum number n for a positively charged particle
are

W,,=[m* + P! + 2N'a(§ — P,) — N%a*}},
n<[(§— Pylal + s — &

The quantum number N'=n—4s+ % and £ is
leH,/al.

The scattering solutions are not of much interest.
As y tends towards — oo, oscillatory solutions exist if
(—g)} is pure imaginary. As y tends towards + oo,
only exponentially damped or growing solutions
exist and consequently, the only defined scattering
problem must have a reflection coefficient of one. Of
course, nontrivial scattering problems can be con-
structed by either letting 4,(y) equal zero past some
point A or matching at A with the previous field.

III. THE ELECTRIC FIELD SOLUTIONS

The two-component equation for the external field
configuration A = 0 and a scalar potential depending
upon only one direction, say z, is

[P+ m? + iseE WV x, = (W + eV)*¥ x,. (18)

This equation is formally equivalent to Eq. (4), though
it describes a different physical situation. Consequently
the potentials ¥(z) = —(E,/a) tanh (az) and V(2) =
—(Eyla)(1 — %) lead to equations which are formally
equivalent to one-dimensional Schrédinger equations
with a Rosen-Morse potential and a Morse potential,
respectively. Thus both of these potentials give rise to
exactly solvable problems that correspond physically
to scattering from one-dimensional repulsive barriers;
there are no bound states. (Even nonrelativistically
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these potentials have no bound states.) The wave
functions satisfying appropriate boundary conditions
are easily constructed in terms of the hypergeometric
functions for the first potential and the confluent
hypergeometric functions for the second potential.
The scattering solutions from the second potential are
only of the Klein paradox type, since the potential
becomes infinitely large and only the ““pair production”
solutions are possible.*-15 Of course, a potential that
is finite everywhere can be constructed from the
second potential by appropriately truncating the
potential and matching the truncated part of the po-
tential with a constant potential or any other solvable
potential which is finite, for example, the first potential.
Only one example of the numerous scattering prob-
lems is considered here.

Let us consider the first potential with the boundary
conditions such that there are incoming and outgoing
waves at z = —oo and only an outgoing wave at
z = 4 0. For definiteness, let us take both a and E,
as positive. Then the function y, obeys the differential
equation
[(d%/dz?®) — a*¢’ — p'a® tanh (az)

+ y'a? sech? (az)]¥(z) = 0
where
€ = — (W2 —m? — P — P2 +%)/a’,
p = 2Wv/a?,
y = — (* + isva)/a’,
‘and
v = eEyla.

The equation for W,(z) is identical to Eq. (6) after a
trivial relabeling of the variables and constants. Thus
the scattering solutions for the present problem can
be obtained from the magnetic field scattering field
solutions. Performing the trivial relabeling, we have
\IJ'(Z) ~ 2i(ﬁ‘+a’)62ia’az[C1 + Cze-—ua’az]xs
and o
IIJ'(Z) ~ 25(#’+a’)e+2iﬁ’a2[C1A2 + C2Aé]x.s'
z—+w
The primed constants are
o« = [W + »)? — P2 — P2 — m?})2q,
B =W = »* — P, — P} — m*}¥]2a,
A = {—[* + isa)ja®) + }t = s + i(va™)
= —1is + i6.
The constants C; and C, are related by C, 4, + C,4, =
0. The constants 4,, 4, 4,, and 4, are given by Eq.

14 Q. Klein, Z. Physik 53, 157 (1929).
1% J. D. Bjorken and S. D. Drell, Relativistic Quantum Mechanics
(McGraw-Hill Book Company, Inc., N.Y., 1964), pp. 40-42.
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(12) when all of the arguments of the gamma function
are replaced by primed quantities. The probability
currents are calculated in the same manner as for the
magnetic field case and asymptotically are

Jine = 8ia'a(W + v + 2aa’s) |G,
jret = —8id'a(W 4 v — 2aa's) |C,|?,
Jtrans = 8if'a(W — v + 2af's) |C,4; + Cpd3l*.
The reflection and transmission coefficients are

2

R = (W + v — 2d/as)
(W 4+ v + 2a'as)

T = (W — v + 2af’s)
(W 4+ v + 2ada's)

4

Aj

AzAi - AlAé 2
A '

bl

By use of elementary properties of the gamma function
and taking into account that A’ = —4s + i where
0 is real, the coefficients can be written as

_ cosh® m(a' — ') — cosh® =
cosh? m(a’ + f') — cosh? 7’

T = cosh® (@’ 4+ B) — cosh® m(a’ — B)
cosh? m(a’ 4 B’) — cosh® =d

(19)

(20)

Both of the coefficients are independent of the spin
index s. This occurs because both spin projections have
the same energy and consequently, the spin splitting
of the incident energy that occurred in the magnetic
field problem does not happen here. It is apparent
that R + T =1, and thus probability is conserved.

In the above expressions it is assumed that both
«’ and f’ are real. If p’ is pure imaginary, then the
wavefunction at z = + oo is exponentially damped
and pure reflection occurs. 8’ is pure imaginary when
|W — | < (P2 + P2+ m)h

The oscillatory solutions occur when both «’ and
p’ are real. The reality of «’ and g’ implies that
|W — »| > (P% + P2 + m?)?}. There are two cases to
distinguish. If W > v, then W > v + (P2 + P2 + m?t.
This is the familiar realm of scattering over a potential
barrier. If W <, then W <v — (P + P2+ m2)t
which is only possible if » > m + (P2 + P2 + m?t,
since W > m. This is the region of the Klein paradox,
i.e., oscillatory solutions scattering through the
potential barrier.4:15 In this case the reflected current
exceeds the incident current and the transmitted
current is negative, though R + T 'is still equal to one.
This behavior follows from Eqs. (19) and (20) since
d > o' 4+ f’ in the Klein paradox region.

For completeness, we mention that when (W —v) =
(P2 + P2 + m®)?}, which corresponds to f’ = 0, pure
reflection occurs.
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In this paper we discuss the problem of the Poisson bracket realization of various Lie algebras in
terms of analytic functions of the generators of a given Lie algebra. We pose and solve the problem of
realizing the general 0(4), O(3, 1), and E(3) algebras in terms of analytic functions of the generators
of a prescribed realization of an E(3) algebra. A similar problem is solved for the symmetric tensor
realizations of SU(3) and SL(3, R). Related questions are discussed for O(n + 1), O(n, 1), E(n), SU(n),
and SL(n, R). We study in some detail the finite canonical transformations realized by the generators of
the various groups. The relation of these results to the reconstruction problem is briefly discussed.

1. INTRODUCTION

HE success of group-theoretic methods in particle

physics has led to a re-examination of these
methods as applied to elementary dynamical problems
in both quantum and classical mechanics. One finds
that sometimes the quantum-mechanical and the
classical-mechanical problems can be made to cor-
respond to each other in such a fashion that their
invariance groups and their noninvariance groups have
the same structure. Thus, for example, the isotropic
harmonic oscillator in # dimensions has the invariance
group SU(n) and the noninvariance groups SU(n, 1)
and SU(n + 1), both in classical and in quantum
mechanics.!

For quantum-mechanical systems, the Lie algebras
of the invariance and noninvariance groupsarerealized
by commutation relations between appropriate dy-
namical operators, whereas for classical systems the
Lie algebras are realized by Poisson brackets between
appropriate dynamical variables. That such different
realizations exhibit a correspondence between them is
quite remarkable. It has been known for quite some
time that the infinite-dimensional Lie algebras of poly-
nomials in canonical variables for quantum mechanics
(commutator brackets) and for classical mechanics
(Poisson brackets) have quite different structures.?
Yet there exists the same local Lie group in both kinds
of dynamics. This, then, suggests that in these two
different algebraic systems, there are selected subsets

* Research supported in part by the U.S. Atomic Energy
Commission and by the U.S. Air Force Office of Scientific Research,
Office of Aerospace Research.

t Present Address: Agricultural and Mechanical University,
College Station, Texas.

** Permanent Address: Department of Physics and Astronomy,
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1 See, for instance, N. Mukunda, L. O’Raifeartaigh, and E. C. G.
Sudarshan, Phys. Rev. Letters 15, 1041 (1965); R. C. Hwa and
J. Nuyts, Phys. Rev. 145, 1188 (1966).

2 J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949).

of elements whose Lie algebraic structures are
isomorphic.

Given any Lie algebra A of quantities which
possess anassociative law of multiplication (in addition
to the Lie bracket), we can define an enveloping
algebra & whose elements are polynomials in the
elements of the primitive Lie algebra £. The enveloping
algebra & can be given aninduced Liealgebra structure
by imposing the relation

{Xl X, Yi={X, Y} X, + X; - {X, Y}, (1.1
where the curly bracket stands for the Lie bracket
and the dot (which will usually be omitted) stands for
the associative product. We can generalize our defini-
tion of the enveloping algebra & by including among
its elements the analytic functions of the elements of
the primitive Lie algebra +. This enveloping algebra
& is given an induced Lie-algebra structure by imposing
the derivation property. Using this rule, we can
identify & with an infinite-dimensional Lie algebra.
In classical mechanics it would be a Lie algebra of
Poisson brackets, whereas in quantum mechanics it
would be a Lie algebra of commutators. The envelop-
ing algebras in the two cases have, in general, quite
different structures. However, in both cases there are
certain sets of invariant elements which have vanishing
Lie brackets with every element of the primitive Lie
algebra and, consequently, with every element of the
enveloping algebra. For the quantum-mechanical
case, these are the well-known invariant operators,
which are expressible as functions of the so-called
Casimir invariants. If the N elements of the primitive
Lie algebra are denoted by X;, X,,---, Xy, then
the Casimir invariants (for both quantum and
classical systems) are homogeneous polynomials of
the type

N N
(-3"=z...Zeam“-anXul...X

an?
ap=1 ap=1

(1.2)
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where C*:" "% are some numerical coefficients which
are symmetric in the indices o, , * * « , &, . It is possible
that in some particular realizations these Casimir
invariants may degenerate into numbers. (In fact, in
the case of irreducible realizations, all these invariant
elements reduce to numbers.)

In many cases, it is possible to select, out of the
infinite-dimensional enveloping algebra, a finite-
dimensional subset of elements which constitute
another Lie algebra. We show, in this paper, how such
construction can be carried out for the realizations
of the Lie algebras by Poisson brackets. We begin in
Sec. 2 by giving the structures and the Casimir invari-
ants of the Lie algebras of the groups E(3), 0(4),
0(3, 1), SU(3), and SL(3, R). A simple realization of
all these Lie algebras in terms of three pairs of canon-
ical variables ¢,, p, (@ = 1, 2, 3) is also given in this
section. In Sec. 3, after defining the primitive E(3) Lie
algebra and the corresponding generalized enveloping
algebra, we give explicit realizations of the O(4),
O(3, 1), and other E(3) Lie algebras. The properties
of the finite canonical transformations generated by
the elements of these Lie algebras are also discussed.
A similar problem is discussed for SU(3) and SL(3, R)
Lie algebras in Sec. 4. Section 5 deals with a generali-
zation to n dimensions, while in Sec. 6 we discuss
briefly the relation of these results to the problem of
reconstruction of canonical variables from the
generators of a noninvariance group.

2. STRUCTURES AND INVARIANTS OF THE
LIE ALGEBRAS OF VARIOUS GROUPS

In this section we briefly outline the structure and
invariants of the Lie algebras of E(3), 0(4), 0(3, 1),
SU(3), and SL(3, R).

i. E(3) Lie Algebra

The Lie algebra of the Euclidean group E(3) in
three dimensions consists of six elements: J,, P,
(@=1,2,3), and has the following basic Poisson
brackets:

Q.1
(2.2)
(23)

{Jas Jb} = eachc’
{Jcnpb} = eabcPc’
{Ps, Ps}.=0.

Here «,,, is the completely antisymmetric unit tensor

of Levi-Civita. Throughout this paper we employ the

usual summation convention according to which a

summation is implied over repeated dummy indices.
The two quadratic elements

P:=P,P, 2.4
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and

J-P=Jp, 2.5)

of the enveloping algebra are invariants. We shall
assume that the realization is real and faithful so that
P?js positive and may be normalized to unity. There
are, however, two classes of realizations corresponding
to vanishing or nonvanishing of J - P.

ii. O(4) Lie Algebra

The Lie algebra of the real orthogonal group 0(4)
in four dimensions also consists of six elements:
J,, K,, having the following basic Poisson brackets

(1<ab,c<L3):

{Ja ’ Jb} = €abt:Jc ’ (2‘6)
{Ja9 Kb} = eabcI(c ’ (27)
{Kas Kb} = €aba‘]c . (28)
The two quadratic elements
J2+ K*=JJ, + KK, 2.9)
and
J-K=JK, (2.10)

of the enveloping algebra are invariants. For a real
faithful realization J? 4+ K2 is positive, whereas J - K
may be positive, negative, or zero.

iii. O, 1) Lie Algebra

The Lie algebra of the real pseudo-orthogonal
group O(3, 1) in four dimensions again consists of six
elements: J_, Kt: , and has the following basic Poisson
brackets:

{Ja b Jb} = €ped¢» (211)
{Ja’ Ké} = each:;’ (2.12)
{Ki, K3} = —€apedc- (2.13)
The two quadratic elements
J*—K?*=1J,J, — KK, (2.14)
and
J-K' =J.K; (2.15)

of the enveloping algebra are invariants. For a real
faithful realization, either invariant may be positive,
negative, or zero.

iv. SUQ3) Lie Algebra

The Lie algebra of the unimodular unitary group
SU(3) in three dimensions consists of eight elements:
J, (@a=1,2,3) and five linearly independent ele-
ments of a symmetric traceless “quadrupole” tensor

Qab:

O = Quas Qoa=0. (2.16)
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In this case, we have the following basic Poisson
brackets:

{Vas Jo} = €pedes 2.17)
{Jas ch} = eachdc + Eachbd’ (218)
{Qab » ch} = (eaczdbd + Eadeabc + Ebceaa,d + €bdc‘sac)"e'
2.19)

There are two basic invariants, one of the second
degree,

Jado + 3QarQus » (2.20)
and one of the third degree,
(V3/2)GNQuly = Qus0ucQur)-  (2.21)

As will be seen in Sec. 4 [see also Eqs. (2.40), (2.41)],
there exist some realizations in which the cube of the
quadratic invariant equals the square of the cubic
invariant.
v. SL(3, R) Lie Algebra

The Lie algebra of the unimodular real linear
group SL(3, R) in three dimensions also consists of
eight elements: J, (¢ =1,2,3) and five linearly
independent elements of a symmetric traceless tensor
0., (Q., = 0.,; Q., = 0). The basic Poisson-bracket
relations are

{Ja ’ Jb} = eabc']c s (222)

{Jua Ql’;c} = EabdQ:zc + eachl:ds (223)

{Q:zb ’ Qéd} = —(€&s0e0pa T €aaeOvc + €vceBaa T €vaeOac)J e -
(2.24)

There are again two basic invariants, one of second
degree,

JoJo — 300000 » (2.25)
and one of the third degree,
(V3123700 + 00405050 (2.26)

It will be seen that, with the particular choice of the
over-all coefficient in (2.26), in some realizations the
cube of the quadratic invariant equals the negative
of the square of the cubic invariant.

For each of these Lie algebras, an explicit con-
struction can be given for the appropriate elements in
terms of three pairs of canonical variables ¢, , p, which
satisfy

{qa’Pb} = 6ab ’

{%, %} = {Pa,Pb} = 0.

The simplest construction for the elements of the
E(3) Lie algebra is given by

Ja = (q X P)a = abcqbpc9
P,=p,.

2.27)

(2.28)
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For this realization, the invariant J « P vanishes and
the other invariant P2 is given by the dynamical vari-
able p,p, . This realization is reducible, since the value
of P? is unchanged by canonical transformations
belonging to £(3). One can now ask whether one could
construct other realizations of E(3) in terms of the
same canonical variables, such that the O(3) sub-
algebra generated by J, is unchanged and that the
two invariants J - P = «, and P2 > 0 can be assigned
arbitrary values. For this purpose we consider

Jo= €vcdoPe

Py = f(I)p, + §U).» (2.30)

where f and g are some functions of J2. If we now
impose J - P = «, and P? = 1, we obtain, from (2.30),
the following expression for P,:

1 a2\ .3
Po= 1 =) o
It may easily be verified that (2.29) and (2.31) do
furnish a realization of E(3).

For the elements of the O(4) Lie algebra, we have
the following simple construction:

Jo= €0c9oPe > (2'32)
K, = (8* — I p)ip,. (2.33)

In this particular realization the invariant J-K
vanishes and the other invariant J2 4+ K2 has the value
B2 If we choose J, given by (2.32) and K, by an
expression similar to the one given on the right-hand
side of (2.30) and impose the conditions J - K = «f,
J:+ K*=a%+ %, we obtain a realization with
arbitrary values of the two invariants:

Ja = €abcquc’ (234)
K, = {(B* — (2 — ®)IpHp, + (@flI?],. (2.35)

It may be checked that this is a solution of (2.8).
Without loss of generality we can assume § > |«| > 0.
The realization given by (2.34), (2.35) is real in the
region o2 < J? < B2

A realization of O(3,1) is obtained by simply
choosing K, = iK, and by analytically continuing «
to pure imaginary values, i.e., by putting o’ = ia,
where o' is now real. We thus obtain the following
construction for the elements of O(3, 1) Lie algebra:

Jo = €efple> (2.36)

K = {(* = BYI* + o)1 pp, + (Bl
2.37)
The two invariants J - K and J2 — K? have the values

«'f and f* — «'?, respectively, and the realization
is real in the region J2 > g2

(2.29)
and

(2.31)
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The simplest construction for the elements of the
SU(3) Lie algebra is given by

Ja = eabcqbpcs (2'38)
Qur = 9y + PaPs — $00(g% + p?).  (2.39)

In this case the two invariants have the values
JaJa + %Qaanb = %(92 + p2)2 (2-40)

and

(V312)3,Qudy — Cur01:0c0)
= —(1/3V3)(¢g* + p»°, (2.41)

so that for such realizations, the two invariants cannot
be assigned independent values [the cube of (2.40)
equals the square of (2.41)].

Lastly, a simple construction for the elements of
the SL(3, R) Lie algebra in terms of the three pairs
of canonical variables ¢,, p, is given by

(2.42)
(2.43)

Ja = 6almqbpc ’

Qus = 4oy — Pabs — 305(a* — P°).
The two invariants have the values

JoJo — 30000 = —3(@* — P*)  (244)

and

(31237007, + ©s@5.Qca) = (1/3y/3)(@* — p*)".
(2.45)
For such a realization also, the two invariants cannot
be assigned independent values [the cube of (2.44)
equals the negative of the square of (2.45)].

All these general constructions are made in terms
of one set of three canonical pairs of variables. It is
shown in the following sections that it is possible to
express the elements of one realization as functions
of the elements of another realization. In general,
the functional forms involve algebraic functions,
rather than polynomials. We therefore have to work
with the elements of the generalized enveloping
algebra which contains analytic functions (not only
polynomials) of the generators. Within such a frame-
work we show, in the following sections, that the
generators of the Lie algebras of 0(4), 0(3, 1), E(3),
SU(3), and SL(3, R) can be expressed in terms of the
elements of a generalized enveloping algebra of a
given E(3) realization.

3. REALIZATION OF 0(4), 0(3, 1), AND E(3)
LIE ALGEBRAS BY ANALYTIC FUNCTIONS
OF P AND J

We begin by defining the E(3) representation in
terms of which we will construct 0(4), 0(3,1),
SUQ@3), SL(3, R), and other E(3) generators. We con-
sider two three-dimensional vectors P and J obeying
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the following basic Poisson-bracket relations:
{Vas [} = €avedecs (3.1
{Ja’ Pb} = EubcPc, (32)
{Pa, P} = 0. (3.3)

Restriction to an irreducible realization of E(3)
implies that the two invariants P* > 0 and J-P
are given by two preassigned real numbers. Since
the multiplication of P, by a constant does not change
the Poisson-bracket relations (3.1)-(3.3), we can
normalize P, such that P,P, = 1. We then define
the “phase space of E(3)” as the set of all pairs of
real vectors P and J obeying the constraints

Pr=PP =1; J.P=JP, =0a. (34

Because of these two constraints the phase space is
now a four-dimensional space. However, we will
continue to label the points of this phase space by
two vectors P and J. The finite canonical transforma-
tion generated by J, and P, are mappings of this phase
space on to itself, and provide a realization of the
group E(3).

Under a finite canonical transformation generated
by J,, the point (2,, J,) is mapped to a new point
(P.,J,) as follows:

~—
P; = exp (n - NP, = Ry, ()P,

nc (3.5)
Ji =exp(n:J)J, = Ry,(n)J,.

By exp ($) - f we mean the following infinite series

exp (@) f=S+{$f}+ 120 (S B+,

where ¢ and fare arbitrary functions of the dynamical
variables. Here the vector nspecifies the transformation
and R(m) is the real orthogonal matrix corresponding
to a rotation by an angle |n| = » about an axis in the
direction of n:

(1 nczos n) nyh, + s_lgn_n €apcc -

(3.6)

It is easy to verify that P, J. obey the same Poisson-
bracket relations as P, , J,, so that the above transfor-
mation is in fact a canonical transformation. We
denote this transformation by (0, R). Next consider a
finite transformation generated by P,:

R, (n) = cos nd,, +

P,=exp(A-P)P, = P,,

Jt: = exp(k * P)Ja =J,+ €abch}‘c'

We denote this transformation by (A, 1). It can easily
be verified that this transformation is also canonical.
A general element of the group E(3) is represented by
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the canonical transformation (A, R) obtained by
performing (0, R) first and (A, 1) next:

(A, R) = (A, 1)(0, B),

P; = Ry.Py, (3.8)

Jo = Rpo(Jy + €50aPoha)-

We have the following composition law:
A, RYA, R) = (A" 4+ R\, R'R), (3.9

where R'A is the vector whose components are
R, , (a =1, 2, 3). These finite canonical transforma-
tions map the entire phase space of E(3) onto itself,
and there is no region in the phase space which is
invariant under all the transformations (A, R).
Further, we may verify that every transformation
(A, R) preserves the restriction J? > «2, which is
implied by (3.4) and the reality of P, and J,.

We are now interested in constructing generators
for O(4) and other Lie algebras as analytic functions
of P, and J,. We will find that, in general, these
generators will be real in some regions of the under-
lying E(3) phase space and complex in others. When
we consider the finite canonical transformations
arising from these generators, we can impose the
following requirement: There exists some region in
the phase space, which is mapped into itself under
these canonical transformations; i.e., given any real
point (P,,J,) in this region, the transformed point
(P.,J)) also lies in this region, with P, and J, being
real. We then obtain a representation of the group
elements by means of finite real canonical transforma-
tions operating within this region of phase space. As
is seen later, this requirement will, in general, impose
further restrictions on the generators.

Let us begin with the construction of the O(4)
generators in items of the E(3) generators. We choose
to leave the O(3) subalgebra unaltered, so that the
first three generators are J;, J,, J3. The most general
form of the other three generators K, (a =1, 2, 3)
is given by

Ka =f1Pa +f2€achch + gJa’ (310)

where f;, f;, and g are functions of J2, to be deter-
mined. Equations (2.6) and (2.7) are automatically
satisfied because of (3.1)-(3.3), whereas if we impose
(2.8), we get a set of first-order differential equations?
involving f;, f;, and g in their dependence on J2
For this purpose, we rewrite (2.8) in a slightly dif-
ferent, but equivalent, form:

eabc{Kb’ Kc} = 2Ja' (311)

3 We follow the method of calculation to be found in H. Bacry,
Nuovo Cimento 41A, 221 (1966).

CHAND et al.

If we substitute (3.10) in (3.11) and also use (1.1)
and (3.1)~(3.4), we obtain, after some long but straight-
forward calculations, the following relation:

2, =2{g" - fi — 2if1 + Tfof3)
— 200(f18' — o0 fof 2)}
+ 4P, fi{g + I’ + «of1}
+ deped P folg + I8 + % fi),
where primes denote differentiation with respect to J2
If we multiply this last equation by («J, — J?P,),

(J, — ooP,), and ¢,,./, P, and sum over a in the result-
ing three equations, we obtain

fillg + J%8 + o f)) =0, (3.12)

fo(g + g + 4 f1) =0, (3.13)

1= g*—f5 — 2(if1 + Jfof2) — 200(f18" — %o faf3)s
(3.14)

where we have assumed J2 — a2 3 0. Apart from the
trivial solution fi=/f,=0, g=1 (ie., K= 4J),
we obtain on solving (3.12)-(3.14) the following
functional forms of f;, f,, and g:

2 _ P2\ (] _ o2 3 '
fl(J2)={(ﬂ (Jf EJQZ) )} cos {O(JH},  (3.15)

oy _ (2= 1) — o)\ E ’
fz(J)—{ T o }sm (0%},  (3.16)

2 _ﬁ %o (132—]2)(-]2—“2) b 9
g(J® 7 JZ{ - } cos {O(J?)}.

(3.17)
Here ©(J?) is an arbitrary function of J2, and « and §
are two real constants. This is the most general solution
of (3.10), since the invariants

JE4+ K2 = o + f? (3.18)
and

J.K=op (3.19)

can be assigned independently. Without loss of gener-
ality, we can assume f > |a| > 0. In analogy with
the quantum-mechanical case, we call the O(4)
representation with J - K = 0, the “symmetric trace-
less tensor representation.”

We now discuss the above solution in some detail.
We note first that, according to (3.18) and (3.19),
the two invariants are entirely independent of the
function ©. It should therefore be possible to trace
the arbitrariness associated with O to a freedom in the
choice of the form of the generators. This is in fact
true. The arbitrary function ©® simply reflects the
freedom to make canonical transformations generated
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by arbitrary functions ¢(J?) of J2:
~
Jo—J, = exp [¢(]2)]Ja =J,,
P,— P, = exp {$(IIIP,,

= cos [2(J)4']P,

. 1= cosJ[22(12)%¢”] J-P)yJ,
sin [2(J 2)%‘#’]
+ —(Jz_);— €abonJc . (3'20)

By a proper choice of the function ¢, we can eliminate
O altogether and write the generators K, in the form

K — {(ﬁz — )" —az)}*l,
: - o
ool G2

Next we consider the reality properties of K, and
of the canonical transformations generated by K.
Since J% > «2 in the phase space of E(3), we must
choose 2 > «f in order to have some region,

f? > J* > max (a?, ),
where K, is real. To discuss the nature of the canonical
transformations (P,,J,) — (P,, J)), we first rewrite
(3.21) in the following compact form:

(B2 — J(J° — aZ)}*(J xPxd) af
(J2 —ad) J? J?

(3.21)

b

k=
(3.22)
from which we can express P in terms* of K and J:
P={ (J2 — o) }’l’(JxKxJ)
(/32 — JZ)(JZ — Clz)

Thus, given real vectors J, P with
B2 > J2 > max (o2, o)

(and P2=1,J:P = a,), K is real; and conversely,
given real vectors J, K with $2 > J2 > max (o2, of)
(and 2+ K2=a* + %, J - K = aff), P is real. The
finite canonical transformations generated by J and K
can be shown to represent orthogonal rotations on
the two vectors J 4 K:

Jo &k K,—J, £ K, = exp(@-9)(J, + K,)

%o
I + :'I-Z' J.
(3.23)

= Ry, £+ K3), (3.24)
N
J.x Ko~ J, £ K; = exp()"K)(Ja + K,)
= Rba(iz)(Jb + K,), (3.25)

¢ Since we have obtained an expression for P in terms of K and J,
we can, in all of the present discussion, replace P by (3.23) and thus
obtain realizations of various Lie algebras in terms of analytic
functions of K and J, the generators of O(4).
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where R,, is the orthogonal matrix given by (3.6). The
magnitudes of these vectors are thus fixed:

(J £ K)* = (8 £ o).

Therefore, if we start with a point (P,, J,) with 5% >
J? > max (a2, @), then, by choosing an appropriate
canonical transformation in O(4) of the type (3.25),
we get an image (P,,J)) with J'2 lying anywhere
between the values® g% and o (ie., f% > J'2 > o).
However, if P, is real, we also have J? > max («?%, o2),
and therefore o« > 2.

We have then the following result: Given the phase
space of E(3) with a certain oy, the generators K, of
(3.21), for B > |a| > ||, are real in the region
f%2 > J? > o« The finite canonical transformation
generated by J, and K, map this region into itself and
provide a representation of the group O0(4). If
la| < ||, the K, are real in the region 2 > J2 > «2;
however, in this case there is no region in the phase
space which is invariant under the transformation
generated by K, . [Alternatively, for every finite trans-
formation generated by K,, there exist some real
points (P,, J,) which are carried into points (P,,J))
with complex P,.] As a particular case we see that,
in order to obtain a real representation of O(4) of the
“symmetric traceless tensor” type with « = 0, we
must start with oy = 0.

Let us now consider the region of the phase space
where the generators (3.21) are not real. The generators
K, become complex outside the region f2 > J2 > o?
(with 8 > |«| > |a}), and we do not have a real
realization of any Lie algebra. If, however, we make
an “analytic continuation” of the parameter « to pure
imaginary values, we can generate real realizations
of the O(3, 1) Lie algebra in the region J2 > % We
define K = iK, and simultaneously put o' = ix (with
o' real), and obtain, from (3.21), the following
expression for K :

K = {Uz — A + oc’z)}‘}Pa

(3.26)

’ (J* — o)
R o

which is real for J?> 2 (remember also that
B% > «2). Since J, and K, now satisfy the Poisson-
bracket relations (2.11)-(2.13), they generate the

5 The fact that 2 and a? are the maximum and minimum values,
respectively, attained by J2under the finite canonical transformations
generated by K can also be seen from the relation

0= 872 = exp GA-KWE—J* = (I x K) -6A
and (3.22).
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O0(3, 1) Lie algebra. The two invariants in this case are
JE—K?= % — a2, (3.28)
J-K = go'. (3.29)
We can evaluate the minimum value attained by J?
under finite canonical transformation generated by
K'. Let (P,, J,) be the point with a minimum value of
J2. Under an infinitesimal transformation generated
by K’, we have
6(J%) = 2T+ 6J = 2J,{6A - K', J,} = 26A - (J x K').
(3.30)
For J? to be minimum, 6(J2) = 0, and we then find
from (3.28)-(3.30) that this minimum value is f2
Thus, under the finite canonical transformations
generated by J and K’, the region J2 > f2 is mapped
into itself and we have a real realization of the group
0@, ).

The above discussion also holds for the case

« = a9 = 0, ie., the generators J, and K| given by

K, = {* — p¥p, (3.31)
provide a real realization of the group O(3, 1) in the
region J? > 2. We note, however, that if we replace
p? by —f% in (3.31), we obtain a realization of the
O0(3, 1) Lie algebra, real over the entire phase space
of E(3). In this case, the entire phase space is mapped
into itself under all finite canonical transformations
generated by J, or K’ = {J2 + g%)iP,.

To summarize, then, starting with an E(3) realiza-
tion with a given «, and with the parameters g, o
obeying f > |a| > |, J, and K, of (3.21) generate
a real realization of the group O(4) in the region
Bt > J? > «2 Outside this region, the K, are complex.
One can analytically continue « to «’ = ix with o
real, and obtain K of Eq. (3.27), which together with
J, generate a real realization of the group 03, 1) in
the region J2 2> % If a = ay = 0, we also have a
realization of the group O(3, 1), real over the entire
phase space.

We conclude this section by considering the
“contraction” of the O(4) generators of the equation
(3.21) to yield new generators of E(3). For this
purpose we set

K,=pP, (12a23), (3.32)
and take the limit § — oo, keeping o« fixed. If we
substitute (3.32) in the Poisson-bracket relations
(2.6)—(2.8) and take the limit § — co, we find that
J, and P, satisfy (2.1)-(2.3), required of the generators
of E(3). Thus J, and

e 2=

(3.33)
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obtained from (3.32) and (3.21) in the limit § — oo,
provide a realization of the E(3) Lie algebra. Thus,
starting with a realization of E(3) with the generator
P,, J, and invariants P2=1, J:P = «,, we have
exhibited a realization of E(3) Lie algebra by P,, J,
with arbitrary value o for J - P (and P2 = 1). It must
be noted that since the value of the invariant J - P is
changed, (3.33) does not represent a canonical trans-
formation generated by any function of J or P. It may
be seen that the minimum value reached by J? under
finite canonical transformation generated by P is o2,
Hence, if |«| > |o|, the region J2 > «2, where P, is
real, is mapped into itself by the finite canonical
transformation generated by P or J, and thus we
obtain a real realization of E(3) in this region. On the
other hand, if |a| < |ay|, for every finite canonical
transformation generated by P, there are some real
points (P,,J,) which are carried into image points
(P.,J)) with complex P, .
4. REALIZATION OF SU(3) AND SL(3, R) LIE
ALGEBRAS BY ANALYTIC FUNCTIONS OF
P AND J

In this section we discuss the realization of SU(3)
and SL(3, R) Lie algebras from the generalized envel-
oping algebra of E(3). The O(3) subalgebra of SU(3),
SL(3, R), and E(3) will be taken to be identical, i.e.,
three of the generators of SU(3) and SL(3, R) are
chosen to be J, (@ = 1, 2, 3). The other five generators
of SU(3) and SL(3, R) (i.e., the symmetric traceless
tensors 0, and Q. , respectively,) are to be determined
as functions of P and J.

It is known that, in general, the unitary irreducible
(matrix) representations of the group SU(3) are not
only reducible with respect to O(3), but the same
O(3) representation may appear more than once.®
However, for the special class of ‘“completely sym-
metric tensor” representations, there is no such
multiplicity, and only states with the same parity
occur. We restrict our considerations to Poisson-
bracket “symmetric tensor realizations” of SU(3) and
SL(3, R) with even parity [ie., 0,.,(P) = Q,(—P)
and Q.,(P) = Q.,(—P)] from amongst the elements
of the generalized enveloping algebra of E(3).

We show below [Eq. (4.26)] that, in any real repre-
sentation of the group SU(3) with the generator J,,
O, the minimum value of J2is always zero. A similar
result also holds for SL(3, R). From the examples
discussed up to now, we can thenconclude that we may
restrict ourselves to an underlying E(3) realization
with

J.P=a=0; P2=1. @1

¢ See, for instance, G. Racah, Rev. Mod. Phys. 21, 494 (1949);
V. Bargmann and M. Moshinsky, Nucl. Phys. 23, 177 (1961).
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If the symmetric traceless tensor Q,, is to be con-
structed from the vectors P and J satisfying (4.1), then
the most general form for Q,, with even parity

0,(P) = Q,,(—P) is given by
Qu = fo ' {PaPy — 305} + g0 (Jj:b - %‘5@)

+ ho{(J x P),P, + P,(J x P),}, (4.2)
where f, g0, and A, are some functions of J2 to be
determined. The absence of a term proportional to
(J x P),(J x P), — 4J%5,,

= €uoq€pepc Pl Py — 3200  (4.3)
in (4.2) is no loss of generality, since such a term can
be re-expressed in terms of 4, , J,J,, and P,P,, which
are included in (4.2). This can be seen immediately, if
we make use of the identity
€aca€oer = Oap0ce0ar + 0400:/0a + GasOcrdae
- aabacféde - 6aeacb6df - 6a.f(scaadb . (44)
In order to determine the three functions f;, g, Ao We
must impose the Poisson-bracket relations (2.19).
[The relations (2.16)—(2.18) are automatically satisfied
with the choice (4.2).] However, it is possible to
simplify Q,, first by means of a canonical transforma-
tion of the form (3.20), leaving J, invariant. As we

show below, a proper choice of the function ¢(J2) in
(3.20) can eliminate the term proportional to

(I x P),P, + (J x P),P,
in (4.2). For this purpose, we rewrite (4.2) with P,, J,
replaced by P,,J:
Qup = fo(PoPy — 30,) + 8o((JoI3/T®) — $6.)
+ ho{(¥’ x P'),P; 4 (I’ x P),P.}, (4.5)
where P’ and J’ are given by (3.20), with J - P, i..,
Ty = exp {$T, = I,
/ oyt
P, = exp {¢(J )}Paa
= cos OP, — [sin O/(J)}J x P),, (4.6)
where © = 2(J2) dp(J2)/d(J?). If we substitute (4.6)
in (4.5), we obtain

Qup = f(P.Py — 33, + g{(Udul®) — $050}

+ H{J x P),P, + (J x P),P.}, (4.7)
where
f=foc0820 + 2hy(JH? sin 20, 4.8)
g =g — fosin? @ + hy(JD)tsin 20,  (4.9)
h = hycos 20 — [f,/2(J»]sin20.  (4.10)

We now choose ©® = } tan—1[2h,(J3)}/f,] so that & = 0,
and (4.7) then shows that we can restrict our considera-
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tions to the case when Q,, is of the form

Qu = f(PaPy — 30,) + glUaholI?) — $8,,).  (4.11)

The functional dependence of f and g on J?is to be
determined from the Poisson-bracket relation (2.19).
We deduce from (2.19) the essentially equivalent
relation

EMG{QM’ ch} = 46ao" e 6ca"a - aao',c (412)

and substitute (4.11) in (4.12). If we also use Eqs. (1.1),
(3.1)-(3.3), and (4.1), we find, after long but straight-
forward calculations, that

4aac‘]c - (6ceJa + 6aeJc)
= _%f(f’ + gl)éacJe
+ [4/(I1%e — fg + g d I,

’ ’ ./;g — _g_2 —_ !

+ro + o+ -5 - o)

X (6ceJa + 5a¢Jc) + %(2fg’ _ff’)
X {P,P,P, + (PJ, + J,P)J].}, (4.13)

where primes again denote differentiation with respect
to J2. Equating the coefficients of the various terms,
we find that (4.13) is satisfied if and only if

S +g)=-3, (4.149)
S =2 =0, 4.15)

and
glg —f) =J2 (4.16)

It is possible to find a solution of the three equations
(4.14)—(4.16) for the two functions f, g:

f= (6 — 43, (4.17)
g =1 — 4 x 18, (4.18)

where f is some arbitrary constant. From (4.11),
(4.17), and (4.18), we thus obtain

Qab = (‘32 - 4"2)&[Papb + (Jan/z‘Iz) - %6ab]

£ IUSI?) — 0. (4.19)
This solution for Q,, obeys the Poisson-bracket
relation (2.19). The parameter § and the ambiguity

of the sign in (4.19) are related to the quadratic and
cubic invariants [cf. (2.25), (2.26)]

Ty + 30uQu = 365 (4.20)
V3 (37,000 — 0000l = £(B%3V3). (4.21)

As mentioned in Sec. 2, we note that the cube of the
quadratic invariant is equal to the square of the cubic
invariant.

The generators Q,, in (4.19) are real in the region
J? < 182 In order to discuss the finite transformations
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generated by J, and Q,, , we first evaluate the maximum
and minimum values attained by J2? under these
transformations.

Let us evaluate the minimum value of J2 If we
just use the Poisson-bracket relations (2.17)-(2.19),
we see that, under the finite canonical transformations
generated by J, or Q,,, these quantities go over into
certain linear combinations of themselves. In fact, J,
and Q,, transform according to the eight-dimensional
adjoint representation of SU(3).” To exhibit these
transformations we introduce three antisymmetric
Hermitian (3 x 3) matrices A* (@ = 1, 2, 3):

0 0 0 0 0 -1
At=ifo o 1|, A2=i0 o 0],
0 -1 0 1 0 0
010
A =i|l—-1 0 o}, (4.22)
000

and the Hermitian symmetric traceless matrices A®®:
A% = L(A®A? + APA%) — 36,1, (4.23)

of which only five are linearly independent. Together,
A® and A® form a basis for traceless Hermitian
(3 x 3) matrices. Given the variables J,, Q,, , we form
the Hermitian matrix

A =J A%+ 30,,A%. 4.29

Now let U be any unitary unimodular matrix. The
matrix 4" = UAU™ can also be expanded linearly in
terms of A% and A%, i.e.,

A = UAU™ = J/A® + 1Q;,A%,  (4.25)

where the coefficients J, and Q, are linear combina-
tions of J, and Q,;. By choosing all possible matrices
U, we get precisely all those linear combinations
J,, Q., that are obtained by performing all possible
finite canonical transformations generated by J, and
0., on themselves. Now, given any A4, we can choose
a U such that A’ is diagonal. In that case J, vanishes,
since A® are antisymmetric and A® are symmetric
matrices. Thus, starting with any value of J,, Q,,,
there exists a particular transformation generated by
J, s O, which takes

J,—>J =0, (4.26)

? For any Lie group, the generators transform according to the
adjoint representation of the group; for SU(3), this is the octet ar
eight-dimensional representation. The matrices A% A% are the
Hermitian generators of the three-dimensional representation of
SU(3). The generators A°® of the Of3) subgroup correspond to the

spin-1 represeatation of O(3), and are here represented in the
Cartesian form.
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This proves the statement that in any realization of
SU(3), the value J2 = 0 is always attained and this is,
of course, the minimum value.

Let us next evaluate the maximum value of J2 Let
(P,,J,) be the point where J2 is maximum. We first
perform an orthogonal rotation (3.5), generated by

J,» which leaves J2 unchanged, such that
Ji=J,=0; J,= (L 4.27)

Now under an arbitrary infinitesimal transformation
generated by @,

T~
Ja - eXP (6}%0 : ch)']a > (428)
where the d4,, are arbitrary, we must have
8(J%) = 0. 4.29)

Using the Poisson-bracket relation (2.18), we obtain
6(‘]2) = 2Ja(6']a) = 2Ju{az'chbc9 Ja}

= ZJa[ebadec + Ecaded]albca (430)
so that (4.28) is satisfied if and only if
Ja(ebadec + €caded) = 0 (431)

If we use (4.27) and the fact that Q,, = Qy,, Q.. = 0,
in (4.31), we obtain the following form for Q,;:

Ou=0s=—10s=9; Cu=0, az#b, (432
where ¢ is some constant. Using the special forms of
J, and Q,;, as given by (4.27) and (4.32) in (4.20)
and (4.21), we get the following two equations in J?
and ¢q:

T2+ 32 = 3P, (4.33)
—J%q + ¢* = 2467, (4.34)

with the solution J2=0, ¢ = +1f, or J2 = {2,
g = +5p. The former solution corresponds to the
minimum value of J2 [note that (4.29) is also satisfied
when J2 is minimum], which we already derived
earlier, as the latter solution corresponds to the maxi-
mum value of J2

It is thus seen that the maximum and minimum
values of J? are {$? and 0, respectively, which are just
the boundaries of the region where Q,, are real. We
therefore conclude that not only are the Q,, real in
the region 0 < J2 < 142 of the E(3) phase space, but,
in fact, the finite canonical transformation generated
by J,, O, carries this region into itself and provides a
real realization of the group SU(3).

We conclude this section by a brief discussion of the
realization of the SL(3, R) Lie algebra. We see from
(4.19) that Q,, become complex in the regionJ2 > 152
We can, however, redefine the generators 0!, = iQ,,
and simultaneously analytically continue 8 to ' = if
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(with p’ real) to get

O = (B2 + 4JDYP,P, + 3(TJWTD — 38,
£ 3B Jo]T?) — $o). (4.35)

J, and Q,, now obey the Poisson-bracket relations
(2.22)-(2.24) corresponding to the unimodular real
linear group in three dimensions, SL(3, R). The two
invariants of this representation are

Jolo = 3000 = —3p" (4.36)

and
3/3 (37,007, + 300,0:.0.) = FY3/3. (4.37)

The generators Q/, are real over the entire region
J2> 0.

Let us now evaluate the limiting values attained
by J2 under finite canonical transformations generated
by J, and Q/,. Let (P,,J,) be the point where J2 is
stationary and let us first perform an orthogonal
rotation generated by J, (leaving J2 unchanged) such
that J,, J,, J; are given by (4.27). By following a
strictly similar argument as was used to obtain the
relation (4.32), we obtain in this case

Onu=0Qsn=—30n=q, 0,=0,

where ¢’ is some constant. If we use the special forms
of J, and Q) as given by (4.27) and (4.38) in (4.36)
and (4.37), we obtain the following two equations in
J2and q':

a#b, (438)

J?— 3¢ = 187, (4.39)

Pg g = 2 H, (4.40)
with the only real solution J2 = 0, ¢’ = +18'.

Hence we conclude that J, and Q), generate real
finite canonical transformations mapping the entire
phase space into itself and providing a realization of
the group SL(3, R).

5. GENERALIZATION TO » DIMENSIONS

So far we have restricted our attention to the reali-
zation of some Lie algebras in terms of the elements
of a generalized enveloping algebra of E(3). In this
section, we wish to make some comments about its
generalization to n dimensions. There are some
special features of the E(3) and O(4) algebras which
do not generalize to higher dimensions. However, the
symmetric-tensor-type realizations permit an imme-
diate extension to arbitrary dimensions.

We start with the symmetric-tensor realization of
E(n), (n 2 3), with the generators P,, J,,, [/, =
—Jysa,b=1,2,--+,n], which obey the Poisson-
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bracket relations
{Jab’ch} = 6achd + 6bd"ac - 6chad - 6adec’ (51)
{Jab, Pc} = 6ach - 6bcPa’ (52)
{P,, P} = 0. (5.3)

We will restrict our discussion to the case when the
totally antisymmetric tensors

Habc = Panc + Pcha + PcJab (54)
and

Gabcd = jachd + Jac"db + Ja,d']bc (55)

identically vanish. For n = 3, the constraint (5.5)
is empty, whereas the constraint (5.4) reduces to
J P =0, which implies that the “helicity” is zero.
We also choose the normalization such that

(5.6)

which is always permissible since the multiplication
by a constant does not change the Poisson-bracket
relations (5.1)-(5.3).

The generators J,;, and K, of O(n + 1) obey the
Poisson-bracket relations

{Jap» Kc} = 6ach - 6ch1’
{Ka’ Kb} = Jab,

(5.7
(5.8)

and the Poisson bracket of J,, with J,, is given by (5.1).

From (3.21), if we set @ = «, = 0, we can immedi-
ately write down the generators K, in terms of P, and
Jab (1 S a _<_ n):

K, = (8> — J3tp,, (5.9)
where
J? = 1o (5.10)
and B is related to the invariant
J2 + K2 = %Jab']ab + KaKa = /32' (5'11)

By direct calculations, it may be verified that the
Poisson-bracket relations (5.7) and (5.8) are satisfied
and therefore J,, and K, do serve as generators of
O(n + 1). Of course, the form of K, can be changed,
by finite canonical transformations generated by some
function of J2, to

P, .
K,=( — 12)5{}7“ cos O + !“sz—bsm 0. (5.12)
The generator K, is real in the region J2 < 2% For
J% > B2, K, becomes pure imaginary. In this region

K. =iK, = (J* — plp, (5.13)
and J,; generate a representation of the pseudo-
orthegonal group O(n,1). The generators K =
(J2+ g3t P, and J,, generate a representation of
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O(n, 1) which is real over the entire phase space.
[The Poisson-bracket relations of K, and J,, are
similar to (5.7) and (5.8) except for a change of sign in
(5.8).]

The SU(n) generators J,,, Q,, obey the Poisson-
bracket relations

{Jab: ch} = +6achd + 6adch - 6chad - 6bdQca’
(5.14)

{Qab > ch} = 6b¢‘lao + 6ad"bc + 6bc"ad + 6achd . (5'15)

In analogy with (4.19) we can again write down Q,,
in terms of P, and J,;:

0 = (B — 4%} (P.,P,, = a.,,,)

+ 4 — 4t £ ) (Z 8ay — J—’-) (5.16)
n J

where the parameter § is related to the invariant

2+ 300 Qn = 3(1 — n7Y)p?

and J? is again given by (5.10). From the structure of
Q. in (5.16), it is evident that the Poisson-bracket
relation (5.14) is obeyed. It is expected that (5.15)
also holds.

The generators Q,, are real in the region J2 < }5?,
and together with J, provide a real realization of SU(n)
in this region. For J2 > 162, Q,, of (5.16) become
complex.

Defining Q,, = iQ,; and choosing 8’ = if (f real)
as before, we obtain from (5.16) the generators of a
noncompact group SL(n, R):

(5.17)

’ ’ Jac" C
Qn=(0"+ 4‘]2)} (P,,P LI T;)

£8(7 0w —725¥). (518)
n J
[Q., and J,, obey similar Poisson-bracket relations as
(5.14), (5.15), except a change of sign in (5.15).] This
realization is real over the entire phase space /2 > 0.
It may be noted that for “symmetric tensor”
realizations of O(n 4 1) and SU(n) and similarly for
O(n, 1) and SL(n, R), the quadratic invariants (5.11)
and (5.17), respectively, essentially determine the
realizations, except for the automorphism

Qab - —Qab ’

which leave all even-degree invariants unaltered, but
change the signs of all odd-degree invariants.

Jab'—)‘,ub’ I<a-"> _Ka9

(5.19)
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6. CONCLUDING REMARKS

We have discussed the realization of certain Lie
algebras in terms of the generalized enveloping alge-
bras of certain other prescribed Lie algebras. We now
make a few comments on the realizations of Lie
algebras in terms of canonical variables. Such con-
structions are important in connection with explicit
realizations of the symmetry groups of Hamiltonian
systems as well as in the noninvariance-group descrip-
tion of dynamical systems. The possibility of identi-
fying a dynamical system (with particular emphasis
on the quantum-theoretic formulation of particle
physics) with the generalized enveloping algebra of a
suitable Lie algebra has been discussed elsewhere by
one of the authors.® The problem of the recovery of
the canonical variables for the system is also an
essential dynamical problem.

To give an example, consider the special, familiar
case of the Kepler problem. The generators of the
Euclidean noninvariance group E(4) are, in this case,
given by®

Jap = €. (a,b,c=1,2,3), (6.1)
Ja=B, (a=1,213), (6.2)
P,=K, (a=1,2,3), (6.3)
and
P,=5, (6.4)
where
Ja = €cdvPe > (65)
B, = [(—2H)}q cos {(—2H)}(q - p)}
— (q-p)sin {(—2H)}(@q - p)}Ip.
+ [(1/g) sin {(—2H)*(q - P)}lda, (6.6)
K, = (—2H) (g - p)p, — P*4, + (ela)a,), (6.7)
S’ = —(—2H)X(q - p) sin [(—2H)¥(q - p)]
+ (1 + 2Hg) cos [(~2H)¥(q - p)], (6.8)
q=4)5 H=1pp.—elg.  (69)

Given these ten generators, one could construct the
primitive dynamical variables. These points are dis-
cussed in more detail in a paper by two of us.?
We only mention that such a construction yields

8 E. C. G. Sudarshan, *‘Currents, Algebras and Dynamical Sys-
tems,” invited paper at the Eastern Theoretical Physics Conference,
Stony Brook, Long Island, New York, 1965.

? E. C. G. Sudarshan and N. Mukunda, in Lectures in Theoretical
Physics (University of Colorado Press, Boulder, Colorado, 1966),
Vol. VIII-B, p. 407.
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expressions which are undefined (singular) when the
Hamiltonian H vanishes. The Hamiltonian H only
plays an auxiliary role in the construction of the
canonical variables. We could equally well write down
some functions of these ten generators which satisfy
canonical Poisson-bracket relations. In another publi-
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cation,'® one of the authors has discussed the con-
struction of n pairs of canonical variables from the
generalized enveloping algebra of the classical groups
SU(n + 1) and O(n + 2).

10 N. Mukunda, J. Math. Phys. 8, 1069 (1967).
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Systems of First-Order Linear Ordinary Differential Equations
as Canonical or Euler-Lagrange Equations

H. Runp
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A simple but complete theory is given of the necessary and sufficient conditions which must be
satisfied in order that a system of first-order linear ordinary differential equations, whose coefficients
are functions of the independent variable, be the canonical or Euler-Lagrange equations of a variational

principle.

OR an n-dimensional single integral problem in the

calculus of variations, the Euler-Lagrange equa-
tions consist of a system of n second-order ordinary
differential equations. These are equivalent to a set
of 2n first-order equations, the well-known canonical
(or Hamiltonian) equations. An obvious problem of
both mathematical and physical interest is posed by
the converse state of affairs, namely, to find the condi-
tions which must be satisfied in order that a given
system of differential equations can be regarded as
the canonical or Euler-Lagrange equations of a
variational principle.

In the present note this problem is treated for the
case when the given system consists of 2n first-order
linear ordinary differential equations in 27 unknown
functions whose coefficients are functions solely of the
single independent variable ¢. In this case it is indeed
possible to obtain such conditions explicitly, as will be
shown below. Two distinct but related approaches
suggest themselves. Firstly, one can regard the given
system as being possibly a set of 2n canonical equa-
tions, in which case the required conditions emerge
effortlessly as direct consequences of elementary
integrability considerations. Secondly, of the 2n
unknown functions, a set of » functions can be
eliminated algebraically. This leads to the replacement
of the given system of equations by a set of n second-
order differential equations, of which one wishes to
know whether or not they can be regarded as the

Euler-Lagrange equations of a variational principle.
This problem, together with its relation to the first,
is also discussed here.

The second question had been considered in a recent
paper by Pease.! The approach of the latter, however,
is based on rather ad hoc methods of an algebraic
nature (which is quite natural from the point of view
of the particular problems treated in the article
concerned), whereas the theory presented here depends
on a systematic exploitation of integrability conditions.
Thus, the conditions derived in the present note are
somewhat more general than those found by Pease,
which are, in fact, equivalent to those obtained for the
case of canonical systems.

It is supposed that the given system of equations
for the 2n dependent functions x4(¢) is of the form?

dx4ldt = x4(t) = S 5(Hx5,
(4,B=1,---,2n), (1)
where the entries of the 2n X 2n matrix {S , 5} defining

! M. C. Pease, J. Math. Phys. 6, 1558 (1965). In this paper the
general significance of the central problem of the present note is
briefly discussed.

2 Capital Latin indices 4, B, -, run from 1 to 2n, lower case
indices i, j, * « - run from 1 to n. The summation convention is applied
to both sets of indices. Because of the linearity of the given system
(1), the theory presented here is not invariant under arbitrary
transformations of the dependent variables. Thus the position of the
indices (as sub- or superscripts) is not meant to have any invariant
significance (in the sense of co- or contravariance). Both types of
indices are used merely in order to facilitate immediate recognition
of steps at which the summation convention is operative.
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expressions which are undefined (singular) when the
Hamiltonian H vanishes. The Hamiltonian H only
plays an auxiliary role in the construction of the
canonical variables. We could equally well write down
some functions of these ten generators which satisfy
canonical Poisson-bracket relations. In another publi-
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cation,'® one of the authors has discussed the con-
struction of n pairs of canonical variables from the
generalized enveloping algebra of the classical groups
SU(n + 1) and O(n + 2).

10 N. Mukunda, J. Math. Phys. 8, 1069 (1967).
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A simple but complete theory is given of the necessary and sufficient conditions which must be
satisfied in order that a system of first-order linear ordinary differential equations, whose coefficients
are functions of the independent variable, be the canonical or Euler-Lagrange equations of a variational

principle.

OR an n-dimensional single integral problem in the

calculus of variations, the Euler-Lagrange equa-
tions consist of a system of n second-order ordinary
differential equations. These are equivalent to a set
of 2n first-order equations, the well-known canonical
(or Hamiltonian) equations. An obvious problem of
both mathematical and physical interest is posed by
the converse state of affairs, namely, to find the condi-
tions which must be satisfied in order that a given
system of differential equations can be regarded as
the canonical or Euler-Lagrange equations of a
variational principle.

In the present note this problem is treated for the
case when the given system consists of 2n first-order
linear ordinary differential equations in 27 unknown
functions whose coefficients are functions solely of the
single independent variable ¢. In this case it is indeed
possible to obtain such conditions explicitly, as will be
shown below. Two distinct but related approaches
suggest themselves. Firstly, one can regard the given
system as being possibly a set of 2n canonical equa-
tions, in which case the required conditions emerge
effortlessly as direct consequences of elementary
integrability considerations. Secondly, of the 2n
unknown functions, a set of » functions can be
eliminated algebraically. This leads to the replacement
of the given system of equations by a set of n second-
order differential equations, of which one wishes to
know whether or not they can be regarded as the

Euler-Lagrange equations of a variational principle.
This problem, together with its relation to the first,
is also discussed here.

The second question had been considered in a recent
paper by Pease.! The approach of the latter, however,
is based on rather ad hoc methods of an algebraic
nature (which is quite natural from the point of view
of the particular problems treated in the article
concerned), whereas the theory presented here depends
on a systematic exploitation of integrability conditions.
Thus, the conditions derived in the present note are
somewhat more general than those found by Pease,
which are, in fact, equivalent to those obtained for the
case of canonical systems.

It is supposed that the given system of equations
for the 2n dependent functions x4(¢) is of the form?

dx4ldt = x4(t) = S 5(Hx5,
(4,B=1,---,2n), (1)
where the entries of the 2n X 2n matrix {S , 5} defining

! M. C. Pease, J. Math. Phys. 6, 1558 (1965). In this paper the
general significance of the central problem of the present note is
briefly discussed.

2 Capital Latin indices 4, B, -, run from 1 to 2n, lower case
indices i, j, * « - run from 1 to n. The summation convention is applied
to both sets of indices. Because of the linearity of the given system
(1), the theory presented here is not invariant under arbitrary
transformations of the dependent variables. Thus the position of the
indices (as sub- or superscripts) is not meant to have any invariant
significance (in the sense of co- or contravariance). Both types of
indices are used merely in order to facilitate immediate recognition
of steps at which the summation convention is operative.
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the system are assumed to be of class C? in ¢. The
analysis of Eq. (1) according to either of the two
points of view described above requires that Eq. (1)
be written as a pair of systems each containing n
equations. Thus, we have to partition x* into two
sets x*, y%, (i, j = 1, - - -, n), which implies a partition

of Syg:
g l:S,-- T,..:l
AB = .
Qii Rii
Initially no natural prescription for this process
suggests itself, but it will be evident almost immedi-
ately that the order in which x?, y* are selected from
x4 is of vital importance. For the moment, however, it

is merely assumed that (2) is defined such that T;
is nonsingular. The system (1) is now written as

X = 8;x" + Ty, 3)
V= Qi:ixj + Ri:i.yj' “4)

Beginning with the point of view according to which
this is identical with a canonical system,

% = 0H[dy!, y' = —0H/dx’, 0

@)

defined by some Hamiltonian function H(z, x’, y%),
it is clear that the right-hand sides of Eqgs. (3) and (4)
must be identically equal to 0H/dy" and —0H/[0x,
respectively. Since the coefficients in Egs. (3) and (4)
are functions of ¢ only, the relevant integrability
conditions can be written down immediately, namely,®

T, =Ty, Quy= Qi (6)
Sy = _Rii, (M

(which obviously depend on the mode of partitioning
the matrix S, 5). If these conditions are satisfied, the
identities involving the derivatives of H can be
integrated immediately to yield the following expres-
sion for the Hamiltonian:

H =Ty + Spy'x’ — 10,x% — p(0), (8)

where (f) is an arbitrary function of ¢.

Denoting the inverse of the nonsingular matrix
{T} by {t;;}, we can express the solution of (3) for
»* in the form

V=X — 1,5%0. ®

3 These conditions are essentially equivalent to the relations
stipulated by Pease [Eq. (12), Ref. 1], where they are derived in an
entirely different manner. In this paper the equation corresponding
to Eq. (4) above is multiplied by /P, where i = —1 and P is a con-
stant nonsingular 7 X n matrix. This construction does not,
however, alter the problem in any way since it is merely equivalent
to a change of notation in respect of the quantities denoted above by
%, Qi;,and T;;. Thus, a direct comparison of our results with those
of Pease (Ref. 1) is facilitated by the replacement of /P by the unit
n X n matrix I.
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The Lagrangian L(t, x’, X’) corresponding to our
Hamiltonian is defined as usual by

L(t, x7, X’y = —H(t, X, y’) + y'x’, (10)

in which )’ is expressed in terms of (¢, x’, ¥/). The
explicit form of L is thus obtained by substituting
Egs. (9) and (8) in Eq. (10), which yields

L = §t, 3"X%" — £,,8;,X"x°
+ 3O + :SuS)X’ X + p(0). (1)

Thus: The system (1) represents the canonical
equations of a problem in the calculus of variations,
if and only if there is a partition (2) of the matrix
defining the system for which the integrability con-
ditions (6) and (7) are satisfied. In the latter case the
corresponding Lagrangian! is given by Eq. (11).

We now turn to the alternative approach to our
problem. As before, we solve Eq. (3) for y*. When
the solution (9) is substituted in Eq. (4), the following
differential equation of the second order is obtained:

(@A) (A5 + By + Crxi =0,  (12)

in which the coefficients are functions of ¢, given by

Ay = This (13)
By, = —(1;S;; + Ruitia), (14)
Cyi = —(d/dD)(t,;S;) — Qni + RyitiiSy. (15)

We now establish the following:

Lemma: In order that a system of » second-order
linear differential equations of the type (12) be
the Euler-Lagrange equations corresponding to a
Lagrangian L(z, x’, x), it is necessary and sufficient
that the following conditions are satisfied:

Ay = Ay, (16)
B, = —B,;, 17)
B, = (d/d)B,, = Cy;, — C,,;. (18)

Proof: To prove the necessity, we write the Euler—
Lagrange equations as

E(L)=0, (19)
where
d (OL\ oL
EL)=—|—=) —-—
L) dt (6xh) ox”
L .. o°L .. o°L oL
=T £ - = o
e T ogan Taae o O

4 Except for the arbitrary term p(2) and a constant multiplicative
factor, this Lagrangian is essentially equivalent to that obtained by
Pease (Ref. 1). The latter paper also allows for the possibility of
complex x4. However, because of the linearity of the problem (and
the formally similar structures of the integrability conditions for
real and complex variables), this possibility is ignored here. Clearly
only real-valued Lagrangians can be considered.
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Thus, Eqgs. (12) and (19) can coincide solely if
Ay () = 0*L[ox'0x™, 21

from which Eq. (16) follows directly. Integration of
Eq. (21) yields

OL[ox* = A,;x" + f,(¢, x), 22)
and furthermore, by virtue of Eq. (16),
L = 3A4,%°x" + f,(t, )% + o(t,x),  (23)

where f,, @ are functions of (¢, x) only. In terms of
Eq. (23) the relation (20) becomes
of, o o
+
( ot ox" )

(A,u )+ (af” %)5&
(24)

oxt  ox
This is identical with the left-hand side of Eq. (12)
if and only if

of,/0x* — 0f;/0x™ = B,;(1), (25)
0f,/0t — 09[0x" = C,,(Dx'. (26)

Clearly Eq. (25) implies Eq. (17), while differentiation
of Eq. (26) with respect to x* gives
02¢/0x'ox" = 0%, /0x'0t — C,;,

and the requirement that the right-hand side of this
relation be symmetric in 7, 4, taken together with
Eq. (25), yields Eq. (18). This establishes the necessity
of Eqs. (16)—(18). The sufficiency of these conditions
follows from the fact that their validity guarantees the
existence of solutions f;,, ¢ of the system (25) and (26).
The form of the required Lagrangian is then given by
Eq. (23).

When Eqs. (16)-(18) are applied to the special
values (13)—(195), it follows firstly that ¢,; and hence T,
are symmetric. Similarly, by reversing the roles of x’
¥ in the above argument, the symmetry of Q,, is estab-
lished. Thus the conditions (6) are obtained once more.

Secondly, Eqgs. (17) and (14) give rise to the skew-
symmetry condition

thJ(SN + Ru) + t'w( jh + Rh:) = 0 (27)

while Eqs. (18) and (15) together with Eq. (27) imply
that

(d/dt) [th:i(SJ'i + Ri.’i)] = Rhitleli - Riita'lSlh' (28)

Thus: In order that the given system (12) of second-
order differential equations be a set of Euler-
Lagrange equations corresponding to a Lagrangian
L(z, x’, X7), it is necessary and sufficient that the con-
ditions (6), (27), and (28) should hold, in which case
L is given by Eq. (23), where in the latter the functions
J»» @ are any solutions of Egs. (25) and (26).

E\(L) =
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It is clear that this result describes a state of affairs
which is considerably more general than the one which
was encountered in the course of the first approach to
our problem.

When Egs. (6), (27), and (28) are satisfied, suitable
solutions of Eqs. (25) and (26) are easily found. For
instance, with

Jo = =385 + tR)x + gi(0), (29)

in which g, is an arbitrary function of ¢ only, it
follows from Eq. (27) that Eq. (25) is satisfied [the
right-hand side of the latter being given by (14)],
and after substitution of Eq. (29) in Eq. (26), the
function ¢ is found by mere quadratures [the relevant
integrability conditions being guaranteed by Eq.
(23}

An important special case arises when the skew-
symmetry condition (7) is stipulated. This is stronger
than Eq. (27), and it is evident almost immediately
that Eq. (7) implies both (27) and (28). Thus, as was
to be expected, the conditions (6) and (7) are sufficient
to guarantee that the system (12) represents a set of
Euler-Lagrange equations. Under these conditions a
solution of Eq. (25) is furnished by

Jo = — 18X + g(0), (30)

which follows directly by virtue of (7) and (14); and
when this is substituted in Eq. (26), the relation (15)
being taken into account, it is found that

0p[0x" = g, + (Qn; + Sint;iS1)x"

Since the coefficient of x* on the right-hand side of
this equation is symmetric in i and 4, the latter can
be integrated directly, which yields ¢ uniquely up to
an arbitrary function y(f). When this, together with
Eq. (30), is substituted in Eq. (23), we obtain the
following special Lagrangian:

L¥(t, X, &) = L(t, ¥, ¥) + (g% + &x"), (31)

where L on the right-hand side is given by Eq. (11).
Since the additional term in Eq. (31) is an exact
differential, we infer that the special solution (30)
gives rise to a problem in the calculus of variations
which is equivalent® to that furnished by the first
approach. Also, because of the striking lack of invari-
ance properties of the Lagrangians resulting from this
analysis, one cannot expect to find many nontrivial
quantities that are conserved as a result of the given
system of differential equations.®

5 With regard to the concept of equivalent integrals, reference is
made to H. Rund, The Hamilton-Jacobi Theory in the Calculus of
Variations (D. Van Nostrand Company Ltd., London & New York,
1966), p. 162.

8 See Ref. 5, p. 73 et seq.
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It is appropriate that we should briefly mention
here an entirely different approach to the problem
suggested by Schwartz’ in a review of the paper of
Pease.! This approach depends on the following
Lagrangian:

L = ¢4G* + ($45 + S4cScr)ad®. (32)

Assuming for the sake of simplicity that S, is sym-
metric, we may write the Euler-Lagrange equations
as

G4 — (S4B + S40Scp)a® =0, (33)

which is equivalent to
(d]d)[g — S 159%1 + S4cl§° — Scpa®1 = 0. (34)

Obviously these equations are satisfied by solutions of
the given system (1). But the converse need not hold, as
is evident from the consideration of any nonvanishing
solution Q4 of the system

04 + 5,50% = 0.

7 M. J. Schwartz, Math. Rev. 31, 1152 (1966).

(39
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Thus, the Lagrangian (32) is not really directly con-
cerned with the problem discussed in this note. Its
relevance is due, rather, to the fact that its Euler—
Lagrange equations can be obtained by differentiation
of the given system (1) and the addition of linear
combinations of the latter as exemplified by Eq. (34).

In conclusion, it should be remarked that the theory
presented here represents a particular aspect of what
is commonly referred to as the “inverse problem of
the calculus of variations,” which does not seem to
possess a simple general solution.® The special nature
of the present analysis is, of course, a direct conse-
quence of the linear form of the system (1) on which
the development as a whole is vitally dependent, and
which precludes the possibility of a direct general-
ization to nonlinear systems.
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8 The most far-reaching investigations of the entirely general
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In this paper we prove some theorems about the n-representability problem for reduced density
operators. The first theorem (Theorem 6) sharpens a theorem proved by Garrod and Percus. Let 2 be
the set of all n-representable p-density operators. Then a density operator D” belongs to 92 (the bar

indicates the closure with respect to a certain topology) if and only if Tr (D?B*) > 0 for all bounded self-
adjoint p-particle operators B?, such that their n-expansion

QTiBr= 3 BG+iy)
i<« e e <ip
is a positive operator in n-particle space. Moreover, it is shown that 32 is the closed convex hull of the
exposed points of % of finite one-rank (Theorem 9). A more practical version of this theorem may be
formulated in the following manner (cf. Theorem 8).

Consider the set ¥* of subspaces of the n-particle space, occurring as an eigenspace to the deepest
eigenvalue of a bounded n-particle operator which is the # expansion of some p-particle operator. Choose
from every element of »* one (and only one) vector (function) and form the corresponding reduced

p-particle operator. 92 is the closed convex hull of ail these p-density operators (cf. Theorem 9). For
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p = 1, this theorem reduces to Coleman’s theorem about the » representability of the 1 matrix.

1. INTRODUCTION

THE purpose of this paper is to discuss the n-
representability problem for reduced density
matrices. Garrod and Percus! have proposed a partic-
ular solution of this problem which is appealing due
to its reliance on a geometrical argument. However,
they formulate their theorem inside an inappropriate
mathematical framework so that it is very hard to give
a proof for it. Indeed, the proof which can be found
in the paper of Garrod and Percus is not quite com-
plete. In this paper we want to reformulate their
theorem in such a manner that it becomes possible to
establish a complete proof. Second, we give a charac-
terization of the (convex) set of all reduced density
matrices by a certain class of its extreme points.
Finally, we want to show how the problem in infinite
dimensions can be reduced to the analogous problem
in finite dimensions.

What is the n-representability problem ? In quantum
mechanics one associates with every pure state a one-
dimensional subspace of the Hilbert space L,(C, u) of
all square summable functions on the configuration
space C of the system. u is a well-defined measure on
C. For an elementary particle of spin S moving all over
the physical space R?, C is the Cartesian product of
R® with the set w ={—S,—-S+1,---, 4S8} of
integer or half-integer numbers:

s

C,=R*x o= U RYj) 1.1
j=—8

wherein R3(j) = {x € C;; prox = j} denotes the subset

* Post-Doctoral Fellow,
1 C. Garrod and J. K. Percus, J. Math. Phys. 5, 1756 (1964).

of C, for which the spin coordinate has the fixed
value j.

The o-algebra of subsets on which the measure y is
defined consists of sets of the form

+8
A= U 4,,
i=—8
where A4; < R3(j) is Lebesgue measurable and the
measure u is defined by

+8
w(A) = 2 ur(4,),
=8

where u; denotes the Lebesgue measure on R3.

If the system consists of 7 identical particles of spin
S moving all over the physical space R%, C is equal to
the direct sum of n copies of C;:

C.=C)+ -+ Ci(m),

and the measure u = u,, is equal to the n-fold product
measure of y,.

An clement of the Hilbert space Ly(C,, p,) is an
equivalence class with respect to the following equiv-
alence relation:

P ~ @ <> Y(X) = @(x)u,-(almost everywhere)

of u,-square summable complex-valued functions on
C,.

In the case of fermions (bosons) S is a half-integer
(integer) and only the antisymmetric (symmetric)
subspace Ly(C,, u,) of Ly(C,,pu,) is physically
relevant, ie., all the realizable pure states of the
system correspond to one-dimensional subspaces
belonging to Ly(C,,, u,).
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For example, in the case of fermions L(C,, #,)
consists of those elements of L,(C,, #,) which have
the additional property that they are antisymmetric in
the n configuration points:

W(xil T xi,,) = Fp(x; " X,). (1.2)

Instead of taking the one-dimensional subspaces as
representatives of the states of the systems, we may
take as well the corresponding projectors. If we think
of such a projector as an integral operator, its kernel
is given by

Py(x, x') = p(0)p(x’), (1.3)
where v is an element of L,(C,, u,) of norm one
generating the corresponding one-dimensional sub-
space.

In the case where p-particle forces (1 < p < n)
are effective between the particles, the symmetric
operators corresponding to the observables of the
system are all of the form

B= 3 B --i,).
1< e <l

i

(1.4)

It is well known that if one is concerned only with
computing an expectation value for such a p-particle
observable, one does not need all the information
contained in the kernel of the projector P, but only
the information contained in the p contraction of it,
which is defined by

wafwwwmwwﬂ

= La(Py)(s; 8), (1.5)
where s and ¢ stand fors = (x,*** x,); ¢ = (xpy4a * -
x,) (cf. Refs. 2-4). With Coleman? we call the integral
operator D? associated with the kernel (1.5) the
reduced p-density operator of the system.

The n-representability problem of the first kind
consists in the characterization of the set of all positive
linear operators in p-particle space (1 <p <n—1)
which can be derived from n-particle functions, i.e.,
elements of Ly(C,, u,) by the construction indicated
by formula (1.5).

However, this paper is concerned with the n-repre-
sentability problem of the second kind, where the
operator P is replaced by a general density operator
in the space L3(C,, u,), i.e., a linear self-adjoint
operator D" with the additional property Tr (D") = 1.
This is the kind of operator which was introduced
into quantum mechanics by von Neumann?® to describe

2 A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963).

3 A.J. Coleman, J. Math. Phys. 6, 1425 (1965).

4T. Ando, Rev. Mod. Phys. 35, 690 (1963).

5J. von Neumann, Mathematical Foundations of Quantum
Mechanics (Dover Publications, Inc., New York, 1943).
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a mixed state of a system. The set of all these general
n-density operators we shall denote by 7.

Thus, in turning from the n-representability problem
of the first kind to that of the second kind, we drop
the property of being idempotent of the n-density
operator. Equation (1.5) is replaced by (1 <p <
n—1):

D%(s; s') = f D(st; ') du,_,(1)

= L2(D")(s; 5). (1.6)
The n-representability problem of the second kind,
explicitly stated, asks for a characterization of the set
of all p-density operators which can be derived from
an n-density operator in the way indicated by (1.6).
Such a p-density operator we shall call n representable.
The set of all n-representable p-density operators, i.e.,
the set L2(T) will be denoted by 7.

The physical meaning of the reduced p-density
operator lies in the fact that with its help we are able
to express the expectation value of an observable of
type (1.4) in the state D" of the system by

(Bypr = (Z) Tr (B*D?). (1.7)

Moreover, if we are able to give a characterization of
the set 2 = L2(7"), we can determine the lower and
(in an analogous way) the upper edge of the spectrum
of B by

by = (") inf Tr(B’D?). (1.8)
P/ p%es,?

Since the set § of all n-density operators is convex
and the contraction L? defined by Eq. (6) is a linear
map, the set §? of all n-representable p-density oper-
ators is also convex. Since, on the other hand, a
compact convex set is completely determined by its
extreme points (Krein-Milman theorem), one might
guess that the specification of the extreme points
would be sufficient to characterize §2. We see that the
present situation is somewhat more complicated,
because there is no reasonable topology under which
J7 is compact.

However, we are able to show that thereis a topology
under which L2 and the functionals of type

fuo(D?) = Tr (B*D?) (B bounded!),

defined on a suitable space in which we shall imbed
J?, are both continuous, so that from a physical point
of view we are allowed to replace 92 by its closure
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ﬂf . For instance, the value of b, given by Eq. (8)
will not be affected by this substitution. Moreover, it

follows that 2 coincides with the convex closure of
certain extreme points of 2, so that it makes sense to
look for these points. (By the convex closure of a
subset S of a linear topological space, we mean the
smallest closed convex set containing S.)

If the lower edge of the spectrum of B is a discrete
nondegenerate eigenvalue, the p-contraction of the
projector onto the corresponding eigenvector is
certainly an extreme point of 92, Thus, for example,
to every n-particle system in which only p-particle
forces occur and whose ground state is nondegenerate,
there corresponds such an extreme point. One of the
main purposes of this paper is to show that in this
way one can get “sufficiently many” extreme points of
J2 (cf. Theorems 8 and 9).

Another result of our paper is that the projection

cone of 2 from center 0 (cf. Definition A9) in the
space of a certain class of integral operators can be
obtained as the intersection of an infinity of half-
spaces. It is this result which is a precise version of the
theorem of Garrod and Percus.! The importance of this
result is that we are able to approximate a necessary
and sufficient condition for the » representability by
an infinity of necessary conditions, which will be of
great value for constructing a numerical procedure for
evaluating by,;, using formula (8).

As mentioned at the beginning of the Introduction,
the final result of our paper consists in the fact that
we were able to reduce the n-representability problem
in infinite dimensions in a precise manner to the
corresponding problem in finite dimensions, where
the algebraic features of the problem appear in their
full complexity.

Finally, we should not forget to mention that in the
case p = 1, the problem has been completely solved
by Coleman.? His result may be summarized in the
following theorem.

Theorem 1: (a) Bosons: Every 1-density operator is
n representable.

(b) Fermions: ﬂ‘_}L is the closed convex hull of the set
of all density operators of the form (1/n)P,, where P,
projects onto an n-dimensional subspace of Ly(C; , ¢,);
or equivalently, a I-density operator .D! belongs to
J1 if and only if its norm || D!| satisfies the inequality
104 < 1n.

Proof: The proof of assertion (a) is obvious. Let D!
be any 1-density operator and D'(x,; x;) its kernel.
Then D' = L1(D"), where D" is the n-density operator
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with the kernel

D™yt Xy X100 0 X3)
= D'(x;; %) - D'(xy; x3) * + - DX(x,; X},).

The first part of assertion (b) is contained in a more
general theorem (Theorem 9) of this paper.

2. A PRECISE MATHEMATICAL DESCRIPTION
OF THE SET OF ALL MIXED STATES OF
A QUANTUM-MECHANICAL SYSTEM

The mathematical tools we need throughout the
paper may be found in Schatten® and Robertson and
Robertson.”

Let H be the (abstract) separable Hilbert space
associated with a quantum-mechanical system. As we
have already stated in the Introduction, to every pure
state of the system there corresponds a projector P
onto a one-dimensional subspace of H. We denote the
set of all these projectors by E(H). A mixed state in
turn is described by an element belonging to ‘“the
closure” of the convex hull of E(H). At this point the
question immediately arises: in what topology do we
take this closure to guarantee that all the operators in
the resulting set are of finite trace?

The only way to satisfy this condition is to take the
closure inside the so-called trace class 7(H) of oper-
ators. In order to define this class, let us consider the
set B(H) of all bounded linear operators in H.
Equipped with the norm

Al =”Sl;1_)1IIAII, A € B(H), (2.1)
B(H) is a Banach algebra. In B(H) the involution
A— A*, 2.2)

which associates to every 4 its adjoint, is defined and
is continuous. Let S(H) be the set of all self-adjoint
bounded linear operators in H, i.e., the set of all
fixed points inside B(H) with respect to the involution
(2). S(H)is a real closed subspace of B(H). We denote
by S*(H) the set of all positive elements of S(H), i.e.,
the set

SYHH)={4AeS;(x,Ax) > 0¥ x € H}.
S*T(H) is a closed convex cone (cf. Definition A7) in
S(H), i.e., a closed subset with the additional prop-

erties
A,BeSt=A + Be ST,

AeSt, a«a>0=adeSt

(2.3a)
(2.3b)

8 R. Schatten, Norm Ideals of Completely Continuous Operators
(Springer-Verlag, Berlin, 1960).

7 A. P. Robertson and W. J. Robertson, *“Topological Vector
Spaces,” Cambridge Tracts in Mathematics and Mathematical
Physics, No. 53 (Cambridge University Press, Cambridge, England,
1964).
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We may consider S*(H) as e positivity domain of a
partial order with respect to which S(H) forms a
partially ordered vector space.

For every element 4 € S*(H) there is one and only
one element B € ST(H) such that B2 = A. B is called
the square root of 4 and is denoted by B = A%. The
map 4 — A} is a continuous map of S*(H) onto itself.
We define an additive positive homogeneous func-
tional on St(H) with values on the extended real axis,
called the trace.

Definition: The trace of A € ST(H)is a nonnegative
number defined by

Tr (4) = 3w, | Auy),

where {u;} is any complete orthonormal system
(CONS) in H.

(2.4)

The following sequence of equations shows that
the trace is independent of the choice of the CONS

{u}:
-g(”‘ | 40) = é(A*vz- | At = g §1|(A*v,- | u)l?

=33 1(4bu, | v)P? =3, | Au).

j=1i=1
Here we have used the fact that the limit of a positive
double series does not depend on the order of sum-
mation (cf. Ref. 8). Using the trace functional Tr,
we are able to define two convex functionals on B(H)
with values on the extended real axis by

[4| = Tr ((4*4)}),
14l = {Tr (4*A)}L.
It is easy to see that, for all 4 € B(H),

4 <141 < ]4]. @7

The convexity of the functionals (5) and (6) implies
that the classes of operators defined by

T(H)= {4 B(H); |A| < o} (trace class),
K(H) = {4 € B(H); 14l < o0}

(Hilbert-Schmidt class) (2.9)

are subspaces of B(H). It is an immediate consequence

of (2.7) that T(H) < K(H). It is even possible to

show that T(H) and JE(H) are two-sided ideals in

B(H), which are stable under the (*)-involution (2),

and that every element of T(H) can be represented as
a product of two eclements belonging to JC(H) (cf.

(2.5)
(2.6)

(2.8)

8 H. Meschkowski, ‘“Unendliche Reihen,”” Hochschultaschenbuch
Vol. 35, Bibliographisches Institut, Mannheim, 1961.
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Ref. 6). | | defines a norm in T(H), as well as | | does
in Je(H). Under these norms the sets form normed
*-algebras. The question arises: Is each of the spaces
T(H) and JX(H) under its respective norm complete ?
The answer is in both cases affirmative (cf. Ref. 6).

Let 4 be an arbitrary element of B(H). Then we
denote by R, the closure of its range and by N its
null space. The dimension of R, is called the rank of
A. By F(H) we denote the set of all elements of B(H)
of finite rank. It is easy to verify that F(H) is a two-
sided ideal, stable under the (*)-involution inside B(H).
Its closure with respect to the uniform topology
defined by the norm (2.1) coincides with the set C(H)
of all completely continuous linear operators in H.,
Since B(H) is complete, C(H) is isomorphic to the
completion of F(H) equipped with the uniform norm

C(H) == Compl (F(H), || |). (2.10)

The functionals defined in Eqs. (2.5) and (2.6)
restricted to F(H) define on F(H) a norm. It can be
shown (cf. Ref. 6) that

T(H) = Compl (F(H), | ),
Je(H) ~ Compl (F(H), | 1).

2.11)
(2.12)

It is not difficult to show that, for every 4 € T(H)
and any CONS in H, the sequence |(y; | A4u,)| is
summable and the sum of the (u;| Aw)’s is inde-
pendent of the choice of the CONS. We call it the
trace of A and denote it by

Tr (A) = 3 (u;| Au)), A e T(H).

The following lemma summarizes some properties
of the trace.®

(2.13)

Lemma 1:

(i) Tr (4*) = Tr (4); A € T(H).

(i) Tr (c4) = ¢ Tr (4); ¢ = c. number; 4 € T(H).
(iii) Tr (4 4+ B) = Tr (A) + Tr (B); A, Be T(H).
(iv) Tr (4AB) = Tr (BA); A € T(H), B € B(H).

(v) Tr (4B) < |4] | Bl; A € T(H), B € B(H).

Inside T(H) the self-adjoint elements constitute a
closed real subspace Sp(H). The key for our argu-
mentation in the sequel is:

Lemma 2: S(H) and Sp(H) form a dual pair
{[compare: Definition Al of Appendix 1 (from Robert-
son and Robertson, Ref. 7, p. 31)] of real linear spaces
with respect to the bilinear form Tr (4X).

Proof: That Tr (XA4) is a real bilinear form is a
consequence of Lemma 1. For verifying the statements
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D2’ and D2" of Definition Al, one observes that the
projectors onto one-dimensional subspaces belong to
Sp(H) < S(H) and that a self-adjoint operator 4,
for which (x, Ax) =0 for all xe€ H, is the zero
operator. Q.E.D.

According to Schatten® (p. 47, Theorem 2) the trace
norm on Sp(H) defines a topology which is compat-
ible with the dual pair (S(H), Sp(H)), i.e., under
which S(H) is the dual space of S;(H) (cf. Appendix,
Definition A2). Moreover, the uniform norm in
S(H) coincides with the norm induced by the trace
norm in the dual space S(H) of Sp(H):

X € Sp(H).
(2.14)

The weakest topology on S,(H) with this property is
the weak topology generated by the following base
at0:

U@©; Xy, -+

sup Tr (4X) = [|All, 4 e S(H);
| X]=1

» X3 €) = {Y € Sp(H); [Tr (X, Y)l < e,
X, eSH), i=1,-+,n} (215)
What topologies on S(H) are compatible with the
dual pair? It can be shown that the strongest (or
ultrastrong) topology on S(H) has the property we
are asking for. We do not make use of this fact. The
weakest topology on S(H) compatible with the dual
system is generated by the following base at 0:

U; Yy, "+, Yp5€) = {X € S(H); |Tr (X))

<e Y,eSp(H), i=1,"",n}. (2.16)
We refer to it as the weak topology on S(H). (Some
authors would call it the weak*-topalogy.) It is
perhaps appropriate to remark that the weak topology
is also weaker than the uniform topology. This is a
consequence of the fact that the strongest topology
is weaker than the uniform topology.

If we speak in the sequel of the convex closure of an
arbitrary set or the closure of a convex set contained
in one of the members of our dual system (S(H),
Sp(H)), then we understand this operation always
with respect to any topology compatible with the dual
pair (cf. Theorem Al). The closure will be simply
denoted by a bar, while for the convex closure the
symbol conv will be used.

Let us now fix our attention to the sets of positive
operators belonging to S(H) and Sp(H). We denote
them by

K(H) = SH(H), Fop(H) = SH(H).

Theorem 2 describes some of the features of their
geometrical structure.
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Theorem 2: (i) The sets J.(H) and J.p(H) of positive
elements in S(H) and S,(H) are the polar cones of
each other (cf. Definition All) and therefore weakly
closed.

(ii) A subset of X.(H)is exposed (cf. Definition A13)
if and only if it is of the form X(V) = {X € }X(H);
Ry < V}, where V< H is a closed subspace. The
exposed rays are therefore of the form {pP; p > 0},
where P denotes a one-dimensional projector. The
statement remains valid after replacing J.(H) by
Kor(H).

(iii) JO(H) is the convex closure of its exposed rays
and every extreme ray is exposed. This statement is
also true for J,(H).

(iv) Neither J.(H) nor Xp(H) is weakly locally
compact.

(v) KXp(H) does not contain a core point and is
therefore nowhere dense in S7(H) (cf. Definition AS).

Proof: (i) Let E(H) = X.7(H) denote the set of all
one-dimensional projectors in H. If we denote the
operation of forming the polar cone by ~, we may
describe Jo(H) by J(H) = E(H). But since E(H) <
Jop(H), it follows that ﬁT(H) < J(H). On the other
hand, let 4 € }(H), let B be any element of Xp(H),
and let

B = Z 2-:'(B)P i
i=1

be its spectral decomposition. From

= lim Z A(B)=0

m— oo i=m+1
and the continuity of the functional Tr (4X), it
follows that

lim
m—*

B — gl A(B)P;

m

Tr (AB) = lim 3 4,(B) Tr (4P,) > 0.
i=1

Hence 4 € Xop(H) and X(H) = K p(H).

Now we consider E(H) as a subset of JL(H). Then
Xp(H) = E(H). Therefore X...(H) is closed and we
have, according to the bipolar theorem (Theorem
A6),

Kop(H) = Fop(H) = Ko(H).

(i) Let 4 € K(H) = Xp(H) and let N, be the null
space of 4. Then we assert that {4}t N X(H) =
(N ). The assertion is an immediate consequence of
the following lemma:

Lemma 3: Two positive operators 4, B, one of them
being of trace class, are orthogonal to each other, i.e.,
Tr (4B) =0if and onlyif R < N,.
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Proof: We prove the case where 4 € Xy (H). For
the proof in the case 4 € X(H) we have merely to
interchange the role of B and A in the subsequent
arguments. Let {e,} be a CONS of eigenvectors of 4.
Then let

Tr (4B) = 3 A,(A)(e; | Be,) = 0.

Since 1,(4) and (e, ] Be;) are nonnegative numbers, it
follows that (e; | Be,) = 0 for all i for which 2,(4) # 0.
Thus Be; = 0 for all e; € R, and therefore Ny @ R,
or equivalently, Rp < N . On the other hand, if
Rp < N4, then obviously Tr (48) =0. Q.E.D.

Now let V' = H be a closed subspace. Then it is not
difficult to see that there is an operator A4 € Xp(H)
such that N, = V. The representation

K(V) = {4} N K(H)

shows that J.(V) is an exposed subset of J.(H). The
corresponding proof for Kn(H) is completely anal-
ogous.

(iii) As exposed sets, the rays Jo(Rp) = {pP; p > 0,
P = one-dimensional projector} are certainly extreme.
We show that they are the only extreme rays. For this
purpose let 4 be an element of J(H) with ||4] =1,
whose range is more than one-dimensional. Let {P,}
be the spectral resolution of the identity defined by
A, so that P, =0 for 1 < 0 and P, = I (Identity).
We distinguish two cases.

(a) The open interval (0, 1) contains a point 4, of
the spectrum of A. Then the projectors

E2=P10_P0,
E1=I—"P0—E2=I_PAO,

are both different from 0; they are orthogonal and
their sum is the projector onto R,. Thus, if we intro-
duce A, = E,AE, and A, = E,AFE,, we have

Ay, Aye K(H), Ay, 4350

and 4 = A4, 4+ A4,, an equation which shows that the
ray generated by A is not extreme in J.(H). An
identical proof holds for the X ,(H) case.

(b) The interval (0, 1) contains no point of the
spectrum of A. Then 4 is a projector onto a closed
subspace ¥ < H of a dimension higher than one.
Let P be a projector onto a one-dimensional subspace
of V. Then both Pand A — P belong to K(H)(K 5 (H)),
are different from zero, and their sum is equal to 4:
A =P+ (4 — P). This again shows that the ray
generated by A is not extreme. The assertion that the
cones J.(H) and Jon(H) are the convex closures of
their extreme rays is intimately connected with
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assertion (i). Denote again by E(H) the set of all
one-dimensional projectors in H. The closed convex
cone generated by E(H) coincides, according to the
bipolar theorem (cf. Theorem A6), with J.(H) inside
S(H) and with X.p(H) inside S(H):

E(H) < S(H): EH) = K p(H) = K(H),
E(H) < Sp(H): E(H) = X(H) = Xr(H).

This completes the proof of assertion (iii).

(iv) That J.(H) is not weakly locally compact can
be shown in the following way. Consider A € X.,(H)
such that R, = H, and let

0
A=ZaiPi 0<au<a " <a
i=1

be its spectral decomposition. Let {b,} be a sequence of
positive numbers converging monotonically towards
zero, such that the series > °, b, is converging, but at
a slower rate than the series X7 | a,, i.e.,

lim(a,/b,) = 0.

k-0

Put
B =Y bP, e Ku(H)
=1

and
0 = 2 sup (a,/b,).
k

We consider the following sequence of operators:
C.= (/b P, e X(H) N U@0; 4;¢), €>0,

where the weak neighborhood U(0; 4;¢) of 0 is
defined by Eq. (16). Assume that {C,} contains a
certain subsequence (again denoted by {C,}) con-
verging weakly to an element C € J.(H). Then

Tr (CA) = lim Tr (C,4) = ~ lim & = 0.
k=0 0 k—+w Dy
Since R4 = H, Lemma 3 implies C = 0. Therefore we
get
0 = Tr (CB) = lim (C,B) = ¢/0,
k=0

ie., a contradiction: X(H) N U(0; A;€) is not
compact. To complete the proof we have to show
that the neighborhoods

K(H) N U©; d;¢), AeXp(H), R,=H

form a basis of neighborhoods of the point 0 for the
relative topology of Ju(H). Let first 4 € Xor(H) and
R, # H. Choose BeXp(H) such that Rz = N,.
Then

U(0; A + B; €) NK(H) = U(0; 4; €) N K(H),
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with 4 + Be Xyp(H) and R,, 5 = H. Finally, let
UO; Ay, ", A, €), A eSp(H) be an arbitrary
neighborhood of 0 of type (16) and let

A, = AF — A3

be a representation of 4, as a difference of two elements
belonging to J.(H). Then

U(o;él(A;: + A7) ) N K(H)

< U(0; Ay, -+, Ay €) N K(H).

This completes the proof of the first part of (iv).
In order to see that J.(H) also is not locally com-
pact, choose 4 € Xp(H) with R, = H and let

A=YaP,
k=1

be its spectral decomposition. Furthermore, let
B e (KH), B # 0, and define

P, =(¢/2|BI)P,, €>0.

Then P, € U(0; B; €) N\ Xopn(H) where U(0; B; €) is
now defined by Eq. (15). Assume {P,} contains a
convergent subsequence again denoted by {P,} and
let P be its limit point. Then

Tr (AP) = lim Tr (4P;) = 0.
k=00
Now Lemma 3 implies: P = 0. But from the weak
continuity of the trace we deduce

0 = Tr(P) =lim Tr (P;) = ¢/2 | B],
k= oo
i.e., a contradiction. The remaining arguments are
completely analogous to the ones occurring in the
first part of the proof.

(v) Assume that A is a core point of 5,(H). Then
A certainly is not a supporting point and therefore
R, = H.Let 4 = > ,P, be the spectral representation
of A4 and {u;} a sequence of nonnegative numbers
converging to zero, such that the series > 2, u; is
convergent, but at a slower rate than the series

p
This means that
’lcim (Afm) = 0.

We define now an operator Be Sp(H) by B =
—> uP;.Then A + €B ¢ Xorp(H) for all € > 0. For
assume € > 0 and A4 + B € Jp(H). It follows that
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Afps, > € for all k and therefore
lim (A/py) 2 € > 0,
k—+ o0

in contradiction to the construction of the sequence
e} Q.E.D.

Remarks: The map V — Xn(V) is an order iso-
morphism from the lattice £(H) of all closed subspaces
of H onto the set of all exposed sets L(Jy) of FKop(H).
The space [0] is mapped onto the exposed set {0},
consisting of the vertex of X,(H). The one-dimen-
sional subspaces of H are mapped onto the set of all
extreme rays of Jo,.(H). They are the minimal elements
of the partially ordered set £(¥.;) — {0}.

Theorem 2 enables us to give a geometrical descrip-
tion of the set of all mixed states of a quantum-
mechanical system. We define this set by

T(H) = {X € Kp(H); Tr (X) = 1},

i.e., as the intersection of X.p(H) with the closed
linear manifold Tr (X) = 1.

Theorem 2': The set §(H) of all mixed states of a
quantum-mechanical system with the (separable)
Hilbert space H as its space of states is a closed
convex set in the space S;(H) of all self-adjoint trace
operators in H with the following properties:

(i) T(H) is a subset of the closed linear manifold
{X e Sp(H); Tr (X) = 1}.

F(H) = {X € Kp(H); Tr (X) = 1}.

In fact,

(ii) The exposed points (cf. Definition A13) corre-
spond to the pure states of the system. §(H) coincides
with the convex closure of its exposed points. Every
extreme point is exposed.

(iif) The supporting points (cf. Definition A13) of
F(H) are either states which are a mixture of an
incomplete set of pure states or are pure states. The
exposed sets of T(H) coincide with the sets F(F) of all
mixtures of pure states belonging to a fixed closed
subspace V' (which may be one-dimensional) of H.
Formally,

TV)={XeFH); R, = V}.

(iv) The projection cone (cf. Definition A9) K.p(H)
of §(H) from the center zero is the polar cone of the
cone of all bounded positive observables.

(v) The set $(H) is nowhere dense in S,(H).
Furthermore, it is not locally compact. (For special
notions about convex sets, see Appendix.)
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We conclude this section by proving a lemma about
the connection between the set E(H) of the one-
dimensional projectors and the unitsphere in H.

Lemma 4: Let x € H, | x| = 1 and P, the projector
onto the one-dimensional subspace spanned by x.
Then the map x — P, is a continuous map of the
unitsphere in H onto E(H).

Proof: Let x,ye H, |x| = |ly| = 1. Then P, — P,
is a self-adjoint operator the range of which is spanned
by x and y. We have

P, —P)x=x—(|x"y,
(P,— Py = (x]y)'x — ¥,

so that the nonzero eigenvalues of P, — P, coincide
with the eigenvalues of the matrix

( L =] x))_
x[y -1
But these eigenvalues are easily calculated:

= £[1 — (x| P
Thus,

1P, — P2 = (Jua| + |1al)? = 41 — {(x | ).
Now from —(x | ) = (x| x — y) — 1, it follows that
1= (x| =2Re(x|x—y) — (x| x~ )
<2|(x|x =yl L2 [x = yl.
Hence we have
[Py — P2 < 8 |lx — yl,

an inequality which expresses the asserted continuity.
Q.E.D.

3. n-REPRESENTABILITY PROBLEM
AND ITS DUAL PROBLEM

If H! is the Hilbert space associated in nonrela-
tivistic quantum mechanics with an elementary
particle, then the Hilbert space associated with n
particles is given by the completion of the n-fold
tensor product, which we shall denote by H":

H* = @ H'(i).

i=1

(3.1)

If {¢;} is a CONS in H!, the same is true for the
n-vectors

{e,-l ® ei? e ® ei,‘} (3.2)

in relation to H". We shall refer to the set (3.2) as the
product base in H” associated with {e,}. We denote by
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I1,, the symmetric group of the » particles. Then
sell, > G = Z tis(l)"'is(n)eil ® - ®e,, t e H"®

3.3)
defines a representation of I1,, in H™.

If we deal with » indistinguishable particles, then
it is only a certain subspace H™ of H", invariant
under the representation (3.3) of II,,, which is physi-
cally relevant. We denote the projector corresponding
to this subspace by 4,. A, can be expressed as

4, = 2 aGy,
selly,
where o, = 1 for bosons; a, = (—1)°® for fermions
[o(s) = signature of s]. Let i be the map of S(H™)
into S(H)" defined by
i(B") = A,B"A, B" e S(H™).

Then i is an injection. The image i(S(H™)) < S(H")
we denote by S™. Similarly, we introduce the shorthand
notation S%, for i(Sp(H™)), X for i(J.(H™)), and
$O on.

The fundamental dual pair of real linear spaces
associated with a system of » indistinguishable parti-
cles is given by (S”, S%.). The set of observables of
such a system can be identified with S® whereas the
set of states coincides with

§"={DeSpHD>0,Tr(D)=1}. (3.5

The set of pure states of the system is represented by
the set of all exposed points of ™ and will be denoted

by

34

(3.6)

In the sequel, W denotes always a closed subspace of
H. Let A be the projector of H” onto the intersection

Er = {Pefn; P2 = P},

W™ = @ W(i) N H™.

t==1
Furthermore, let us denote by S*[W] the closed
subspace of S”, defined by

S"W]={DeS"; A¥Y DAY =D} (3.7)
and
T W] =" N S"[W]. (3.8)
Proposition 1: Let Wy < Wy<---< H! be an
increasing sequence of finite-dimensional subspaces of
H*with the property that

Uw =H.
Then :
g = Ugn[w) (39)
and '
s"=Usw, (3.10)
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where the bar in Eqs. (9) and (10) indicates the
closure in any topology compatible with the dual
pair (S*, S%).

Proof. 1t is sufficient to show that

Er = Ug"[W]. (3.11)

Assume this to be true. Then from Theorem 2 we
know that

g7 = conv (E) € U T"[W]].

Since the inverse inclusion is obvious, we have
g = U g [w],
i

which proves (3.9). Now let C € S”. Then there exist
elements 4, Be ¥ and nonnegative numbers o, f
such that C = a4 — B; a + g > 0.

Because of (3.9), for every e > 0 there exist a
natural number N(e) and elements A’, B’ € F*[W]
for all i > N(e), such that

|4~ Al <elf(@+p), [B—B|<el(x+p).
But C’' = ad’ — BB € §*[W,] for all i > N(e) and
|IC — C'| =|ad — B ~ (x4’ — BB)|

<ald—A|+p|B—B|<e
Thus

ceUswi,

and, since the closure of a convex set does not depend
on the topology if only it is compatible with the dual
pair, the validity of Eq. (3.10) is established.

It remains to prove the inclusion (3.11). With the
assumption of the proposition, the one-particle space
H? can be represented as

H' =@ W30 W).

i=1

(3.12)

Choose in H' a CONS {e;} adapted to the decomposi-
tion (3.12) and assume that {e, - - - , e, } is complete
in W, . Then {e,-1 ®- - ®e;}isa CONSin H™ It is
also not difficult to convince oneself that the set

uil...in = A"(eil ®- ' ® ei”)

(h Liy<---<i, for bosons, 1, <ip <+ - <i,
for fermions) is orthogonal and complete in the
physically relevant subspace H™.

Now let P, € E™ be a one-dimensional projector and
t a vector belonging to corresponding subspace such
that ||z = 1. Define

k=l’2,---; tk= Z< (uil"'iﬂlt)uil"'in'

i in<dy

2071

Then t = lim,_,, #,. Since ¢ =1, only a finite
number of the #,’s can be zero. We denote the sub-
sequence consisting of all nonzero #’s again with
{t,}. From

te

- - t“ <A =Dl + lte — ) - Il
(A

it follows that

lim (t/l1tl) = ¢. (3.13)

If we denote by P, the one-dimensional projector
corresponding to the subspace generated by ¢, it
follows from (3.13) by applying Lemma 4, that

lim |P,, — P;| = 0.
ko0
But obviously P, € §"[W,]. Therefore

P,e U W] Q.E.D.
k

In the following theorem we define the contraction
operator L? as a mapping from S% into S%. If we
represent D € $7% as an integral operator (as it is done
in the Schrodinger representation of quantum me-
chanics), then the action of L? will correspond to the
integration over the last (n — p) configuration points.

Theorem 3: Let D" e S% and let p be a natural
number 0 < p < n. Let {e;} be a CONS in H? adapted
to the decomposition

H? = H” ® (H™)*.
Moreover, let P* be the following bounded operator,
in H”:
uecH?, Plu=(e;|u)e,.

Then the operator D? defined on {e;} by
D%, = 3 Tr ([P; ® I"?]D™)e,
k=1

can be extended to a linear bounded operator D?
belonging to S%,. The mapping D* — D? is independ-
ent of the special choice of the CONS occurring in
its definition.

Proof. First of all it follows from (P9)* = Pf,
using Lemma 1 (i) and (iv), that the matrix
Tr ([P} ® I"*]D") is Hermitian:

Tr ([P} ® I"™?]D™) = Tr ([P% ® I"*]" D)

= Tr ([P% ® I"*]D").

Let ¢;, -+, c, be any finite sequence of complex
numbers, such that >7_, |¢;/2=1,andletx = >7_, c.e,.

Then the projectors onto the subspace spanned by x
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can be written as
P, =73 ¢é,;Pk.
erd

Therefore, we have for any finite sequence {c;}

> Tr ([P} ® I" "] D™)c,é;

= Tr ([P, ® I"1D") < |D".
But this is exactly the condition that D? can be ex-
tended to an everywhere-defined bounded and self-
adjoint operator in H?, (cf. Ref. 9, p. 54) which we
still denote by D?. The mapping D™ — D? is obviously
linear. Let us prove that D? is positive whenever
D" e X3.. For this purpose let x € H? be arbitrary

and x = X2, ce,, its Fourier decomposition with
respect to the CONS {e;}. Then

0
k,J

It is not hard to show that the right side converges in
the operator norm. Now Lemma 1 (v) implies

(x| Dx) =3 Tr ([Pt ®
g
— Tr ([P, ® "?]D") > 0.

1" DM,

Therefore D? > 0, and it makes sense to calculate
|D?|:

|7 = Tr (D%) = 3Tr ([P} © I"*]D")

= % 2 (e; @ uy, | D"(Ple;) ® uy)

= E(ef ® uy, | D"(e; ® uy)) = Tr(D"™) = |D"|.
(3.14)

Here {u,} denotes any CONS in H™?. It is clear that
{e; ® u;} then represents a CONS in H™.

Hence, if D™ € X%, , D7 is also of trace class. If D" is
an arbitrary element of S%, we can write it as D" =
D™+ — D»~ with D+, D" e X%, Since D* — D? is
linear, it follows that D? = D+ — D7~ is also of
trace class.

We show that D? is zero on the orthogonal com-
plement of H?*, It is sufficient to show that

Tr ([P} ® I"”]D") = 0

as soon as e; ¢ H™ or ¢, ¢ H™. For this purpose let
us choose t € H™, Since H™ < H? @ H™P*, t can
be written as
[+e]
= Z’ (e;® ),
j=1

® N. Akhieser and I. M. Glazman, Linear Operators in Hilbert
Space (Frederick Ungar Publishing Company, New York, 1961),
Vol. I, p. 54.
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where the sum Y’ extends over those members of the

CONS {e;} which belong to H*. It follows that
(4, ® I"™)(PL @ I"™®)t = e, @ vy,

=0,

]f ei, ek € le\,

otherwise.
Therefore we have
AP, ®I" A, = A (4, @ I" )P, ® I"™")4, =0
as soon as e, ¢ HP or e, ¢ H*. Hence we get in this
latter case
Tr ([P, ® I"®]D") = Tr ([P; ® I""*]4,D"4,)
= Tr (4,[P: ® I""]4,D") = 0.

Thus we have indeed D? € S?.

Finally, let us show that the definition of D? is

independent of the choice of the CONS {e,;} in H?.
For this purpose let us introduce the group of unitary

automorphisms U? of H? (p=1,---,n). Now let
ue U? and
Jio=ue, = zlu,’c'e,..
iz
Hence,

o0
e, = u¥f; =D iile,
i=1
If we introduce the operator

Oix = (f; | ) fe

we can easily deduce that

P} = ; w0y,
sk

x € H?,

where the right side converges in the operator norm.
Now let D? be the operator in H? defined by the
linear continuous extension of

b7, = 3 Te (10} © I"1D")S,.
Then -
f)pei = i {]-A)pfz
= % #; Tr ([Qf ® I" "] D™) f;,
= % i Tr ([Qf @ I""*]1D™)e;
=§: Tr ([P @ I™?]D™e;.
= D7,
Hence D? = D» Q.E.D.

Definition 1: The mapping D — D® from S% into
5%, defined in Theorem 3 is called the (n, p)-contraction
operator. We denote it by L?. Thus D? = L?(D™).
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Theorem 4: The mapping I'?: S? — §*, defined by
[3(B%) = A,(B” ® ["™)4,,
is the adjoint mapping of L2, i.e.,
Tr (L%(D")B”) = Tr (D"I'}(B*)) D" eS%,B”eS".
Proof.

Lemma 5: L? is a bounded map (in the trace norm).

Proof: Let D® = D"t — D"~ be the canonical
representation of D" as a difference of two elements of
K (e, R . | R ) Then

IL2(D™)| = |Ly(D™*) — LY(D™)I
L ILAD™) + |IL3(D™)]
= |D™| + |D™|
= |D"|.
Here we made use of Eq. (3.14).
Now assume that D" € S*[W] (W = finite-dimen-
sional subspace of H'). Then L2(D") € S*[W]. Choose

in H** a CONS {e;} such that the first » members
form a basis in

Wt = é W(i) N H™
Then =
W= A)B’A) = 3 (e;| B,)P;.
It follows that "

Tr (L2(D™B®) = Tr (LZ(D™B%)
- fk Tr ([P% ® I"") D")(e; | By

= Tr([By © I"*]D")
= Tr ([B* ® I"”]D"™)
= Tr (4,[B* ® I""]4,D")
= Tr (I';(B") D").
The same equation can be established for arbitrary

Dn e §* using Proposition 1, the continuity of L?
(Lemma 5), and the continuity of the trace.

Definition 2: The adjoint mapping I'? of the (», p)-
contraction operator is called the (p, n)-expansion
operator.

Theorem 5: The mappings L? and I' have the
following properties:

(i) They are linear and order preserving (i.e., they
make correspond to a positive element again a positive
element).
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(ii) L2 is bounded with respect to the trace norm | |
and I'? is bounded with respect to the operator norm
(R

(iii) They are weakly continuous.

(iv) L2(S7%) is dense in $% and I'? is injective.

(v) L? and I'? are operator homomorphisms with
respect to the group U? of unitary automorphisms of
H,

(vi) Define L = Tr and let p, p’ be two natural
numbers satisfying 0 < p < p’ < n’. Then

L2 =130°L%; I?=T0T7.
Proof: (i) As far as it is not obvious, it has already
been proved.

(ii) One-half of this statement is contained in Lemma
5. The other half follows from

IT5B% = [|4.(B® @ I"")A,|| < |B*®@I"7"| = ||B”|.

(iii) This statement is an immediate consequence of
Theorem A4,

(iv) To prove that L2(8?) is dense in .S?, we show
that the restriction of L? to S*[W]is a mapping onto
S?[W] for every finite-dimensional subspace W < H*!
whose dimension is not smaller than 2n — 1. The
rest is a consequence of Proposition 1.

Assume that L2(S") is dense in S” and let B? # 0
be an element of the null space of I'?. Thus for every
D" e S,

Tr (B’L%(D™) = Tr I'y(B*)D™) = 0.
It follows that the image L2(S7%) is a subset of the
closed hyperplane {B*}+ of %, a consequence which
contradicts the assumption of L2(S%) being dense in
S%.. Therefore I'? is injective.

It remains to show that the restriction of L? to
S»[W1is a mapping onto S?[W1] for all finite-dimen-
sional subspaces W < H whose dimension exceeds a
certain fixed number. If we denote the restriction of
L? to S"[W] by f,g and by f‘g its adjoint mapping
defined on S*[W] by [(B") = AW (B® ® I"")4",
then the following lemma holds:

Lemma 6: Let J* denote the identity operator in
S*[W]. Then
(n + DL Irt = (r & 2m)3n 4+ T Ln
(+ for bosons; — for fermions). (3.15)

Proof: In order to simplify the notation we drop in
this proof the symbol o on the top of the letters

Io,z“, f‘g“, and we write 4, instead of AW . According
to a formula due to Sasaki,? we have

Appi =+ 1YY A4, £ nd(n, n + 1)A4,).
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Substituting this expression into the formula of
definition for I'*+!, we get D" € S*[W]

o) =@n+ np™
X (4,(D" ® ), + nA, (D" ® DA,)
Xx(n+1,nA, + nA,(n+ 1,n)
X A (D" ® DA, + n*4,(n,n + 1)
x A, (D" ® DA,(n,n + DA, .

If we apply on both sides of this equality the operator
L7, we obtain

(n + L7, I7H(D™)

= rD™ &+ 2nD" + n®I_,L*Y(D"). Q.E.D.

Lemma 7: For dim W > 2n — 1, the mappings
LI (p=0,1,---,n— 1) are bijective.

Proof: For p = n — 1 the assertion follows from a
reformulation of Eq. (3.15):

n? e = (r £ (20 — 2)3" + (n — DAL,

Since f‘g:éigj is positive semidefinite on S*1[W],
the right side of this equation is obviously positive
definite and therefore bijective, as soonasr > 2n — 1.

Assume the lemma to be true for p + 1. Since

r>22n—1>2p+1, Iigﬂf‘g“ is bijective by the
same argument as before. Therefore ['2* is injective
and L?_, is surjective. Hence

Li0) = L3 (L3R g, ey
is bijective. Q.E.D.

The assertion (iv) of Theorem 5 follows from
Lemma 7 in a way, we have already indicated.

(v) Let us denote by A?(u),u € U, therepresentation
of U'in H?*, Furthermore, let us introduce the notation
u? for the element

W=u®---@uelU”’

(p factors)

Then we have for B € S*

A"()(B)A™(u)* = A™(u)4,(B® ® I"")A4,A"(u)*
= Au"(B°® I" ®u™ A,
= A, (u"Bu® @ I"?)A,
= A (A*(W)B*A*(u)* ® I )4,
= [N (W)B"A(1)*).

By using that L? is adjoint to I'?, we get the same
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result for L2(D™ € S%):
Tr [LA(A"(w) D"A"(u)*)B"]
= Tr [A"(u) D"A™(u)*T'}(B,)]
= Tr [D"I")(A®(u)*B*A*(u))]
= Tr [L3(D")A*(u)*B"A%(u)]
= Tr [A”()L3(D)A?" (u)B?]
for all B? € S§*. Hence,
LYA™(u) D"A"(u)*) = AP(u)L7(D")A”(u)*.
(vi) First let us prove this statement for the ex-
pansion operator I'?:
TpT2(B%) = A,[4,(B° ® ") 4, ® 7|4,
= A,(4, ® I"P)(B* ® I"?)(4, ® ") A,
= A,(B*®I""A,
= I'y(8”)
for all B? € §°.
Again it is easy to prove the similar property for the
adjoint mapping L?:
Tr [L2.L%(D™)B®] = Tr [D"T'2T'2(B?)]
= Tr [D"T'}(B")]
= Tr [L3(D™)B”]

for all B? € S», Q.E.D.

Definition 3: An observable B™ of the n-particle
system which has the form B" = I'?’(B?) is called a
p-particle observable.

Remark: Let B? € S(H?) such that it commutes with
the representation (3.3) of the symmetric group, i.e.,
[B”, G5]=0,

Let B be the operator

B"= z _Bp(il.'.iﬂ)9

i1< c iy

sell,.

where the notation is understood as usual in litera-
ture about quantum mechanics. Then the product
B"A, can be expressed with the help of the (p, n)-
expansion operator as follows:

B"A, = P;((") A,,B”A,,).
p

Thus B"A,, is a p-particle observable in our sense.

Definition 4: An element D" of §* is called an
n-density operator. Its image D* = L?(D*) under the
(n, p) contraction is called the reduced n-density
operator of order p.
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We denote the set of all reduced n-density operators
of order p by T2: §2 = L2(Fn).

Definition 5: An element of 92 is called an n-repre-
sentable p-density operator.

Since L? is linear, and 9™ is convex, 42 is a convex
subset of S?. Because of Theorem 5 (i) and (vi), we
have

g7 < g», (3.16)

The projection cone X2 of §2 from the center 0
(cf. Definition A9) can be represented as

HP = LEKE) < K. 317
Since X% and 97 are closed sets, it follows that
X< X,

g2 < g7,

(3.16')
(3.17)

It can be shown that X.2 and@ are, in general, proper
subsets of 5%, and 7 (cf. Ref. 2) and the n-representa-
bility problem of the second kind, as it was stated in
the Introduction, consists in the characterization of
* as a subset of 97 or, equivalently, in the characteri-
zation of JT;’L as a subset of X.%,. Theorem 5(v) implies
that 92 (and X?) are invariant under the representa-
tion A?(u) of the unitary group U':

AP()T2AP(u)* = 92 forall ue U (3.18)
Since the similarity transformation with a unitary

operator is an isometry in S?, the invariance still
holds for the closure:

AP()TIAP(u)* = 2. (3.18")

We may summarize the physically relevant content
of Theorem 4 by the following Corollary.

Corollary to Theorem 4. (i) The information con-
tained in the reduced n-density operator of order p
is sufficient to calculate the expectation value of a
p-particle observable

(T3 (B?))pn = Tr [L2(D™)B]
[cf. formula (1.7)].

(ii) The maximal and the minimal values «? and S?
of the spectrum of a p-particle observable I'*(B?) can
be expressed as

«? = inf Tr(D®B?), p* = sup Tr(D?B").
DT, DPed,?

(3.19)

Since the functional Tr (D?B?) is continuous in the
first argument D?, in formula (3.20) 2 may also be

replaced by 9.

2075

An interesting answer to the challenge presented by
the n-representability problem was given by Garrod
and Percus.!

Theorem 6 (Precise Version of the Theorem of
Garrod and Percus.): Let D? be a p-density operator.

(i) If D? is limit point of n-representable p-density
operators and I'?(B?) is a positive p-particle observ-
able, then Tr (B?D?) > 0.

(ii) If D? is not limit point of n-representable p-
density operators, then there is a positive p-particle
observable I'2(B?) which “discovers™ this, i.e., for
which

(I'3B*)pn = Tr (D*B®) < 0.
A formal way to summarize these two statements is:
Let D? € 8%, such that Tr (D?) = 1; then

D?ef?<>Tr(D"B") >0 V BcS?
such that I'"B? > 0.

Remark: The formulation and the proof of this
theorem given by Garrod and Percus is not quite
satisfying because they assume that both operators,
the one representing the observable as well as the one
representing the state, are of Hilbert-Schmidt class
(cf. paragraph 2 of this work). This is especially
problematical for the one representing the state,
because the trace of an operator of Hilbert-Schmidt
class need not to exist. The advantage the authors
gain with this assumption is that the proof of their
theorem can be performed with the help of mathe-
matical tools offered by the theory of Hilbert spaces,
especially the “nearest-point theorem,” because the
operators of Hilbert-Schmidt class form a Hilbert
space with respect to the scalar product: (4, B) =
Tr (4B). In the proof of our version, the role of the
““nearest-point theorem” is taken over by the “bipolar
theorem” (cf. Theorem A6).

Proof: The theorem of Garrod and Percus is an
immediate consequence of the bipolar theorem
(Theorem A6) applied to the set §2 = §?, According
to this theorem we have

§2 =92 N {D e S%; Tr (D) = 1}.
It remains to show that & ? consists of all BY € S? such
that ['2B? is a positive p-particle observable. But this
is a straightforward consequence of the definition:
B*efh<Tr(D*B®) >0 V¥V D?eT}
<>Tr(L%(D™B?) >0 ¥V D"eg”
<Tr(D'TYB*) >0 V D"ed"
<I'y(B*) > 0. Q.E.D.
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The following formulation of the theorem of Garrod
and Percus shows that we can approximate a necessary
and sufficient condition for n-representability by
more and more necessary conditions.

Corollary to Theorem 6: The projection cone fg

of ﬂTg from the center 0 coincides with the intersection
of all half-spaces of type

Hy» = {D € S%; Tr (B*D) > 0},

where B? € S? is such that I'}(B?) is a positive p-
particle observable.

The theorem of Garrod and Percus has some rather
remarkable consequences. First of all, it leads to the
dual problem of the n-representability problem: What
are the intrinsic properties of a bounded self-adjoint
operator B? in H? with the property

T%(B*) = A,(B® ® I"™)A4, > 0?

A more practical modification of this question is:
How can we construct operators belonging to
gr = J~{,7’;? Since I'? is order preserving [Theorem
5(i)], we have X.? < 5‘2 . But the condition Tr (D?B?) >
0 corresponding to an element B? € J? is trivial: it
expresses only that D? is positive. In this connection
the following principle is of some interest:

Principle: Let o, be the smallest real number con-
tained in the spectrum of an element B? € $” and
., the smallest real number contained in the spectrum
of I'*(B?). Then

Tr (B*D?) > a,, (3.21)

is a necessary condition for r-representability of D?.
It is nontrivial (i.e., it is not a consequence of D? > 0)
if and only if &, > «,.
Proof: Since I''(B? — ,I%) >0, B® — a,I?§?
and (3.21) is a consequence of the bipolar theorem.
From

inf Tr (B?D?) =
DPef? D
< inf Tr [PYB*)D"] = «,,,
D eF"

&y, =

inf Tr [(B®* ® I"?)D"]
Pef(H™)

it follows that B? — «,I? ¢ X7 if and only if «, > «,,.
Q.E.D.

Let us illustrate this principle in the case p = 1
and for fermions. Choose a one-dimensional projector
P'e E' and put B! = —P! Then «; = —1, whereas
o, = —1/n. Therefore

Tr (B'DY) = —Tr (PDY) > —1/n
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is a necessary condition for n-representability. It
follows that
|D*| = sup Tr (P'DY) < 1/n,
Pler!

the well-known necessary (and sufficient) condition
for n-representability of the one-density operator (cf.
Coleman, Ref. 3).

A certain class of elements belonging to Jifl = ﬂN’fl
was constructed by Garrod and Percus.?

Proposition 2: (i) If B is an arbitrary bounded
linear operator in H?, then

C = A{[BB* ® I) + (I ® BB¥)]
+ (n — 1)[B ® B* + B* ® B}
belongs to & 2.

(11) A necessary condition that the 2-density operator
D? is n-representable is that the sesquilinear form

Gpi(A, B) = Tr [AB*LY(D?)]
+ (n — D) Tr [(4 ® B¥)D?,

defined on the space B(H') of all bounded operators
in HY, is positive semidefinite.

Proof: (it) This is an immediate conseqeunce of (i)
and Theorem 6.

(i) This can be established by a straightforward
calculation:

S THO) = An{éBB*(i) + S BOB W) + B*(i)B(k)]}

— A, (é B(i)) ( élB(i))* >0. QED.

4. EXPOSED POINTS OF 7;; CONNECTION
WITH THE FINITE-DIMENSIONAL
n-REPRESENTABILITY PROBLEM

In this section we are going to give a description of
¥ in terms of its exposed points.

Definition 6: A subspace V of H™ is called a p-
subspace if there exists a positive p-particle observable
B? € 87, such that V' = Np » ), i.e., if ¥ occurs as
the nullspace of a positive p-particle observable. (It is
a consequence of this definition that a p-subspace of
H™ is closed.)

Proposition 3: (i) The set L?(H™) of all p-subspaces
of H™ forms a lower sublattice (with two elements
U, V; their intersection U N V is contained in the
subclass) of the lattice of all subspaces of H* con-
taining the subspace {0}.

(ii)

L2 (H™) < LPH(H™),
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or: a p-subspace is also a (p + 1)-subspace
(™) = L(H™);
in particular, every subspace of H™ is an n-subspace.

(iii) Let W < H* be a closed subspace. Then
W™= A4, ® W(3i)
=1
is a 1-subspace of H"™,

(iv) Let us denote by L2(}#™*) the sublattice of all
p-subspaces contained in W™, If U e L2(W™), then U
allows the representation

U= Ngrngry N W™; B?eSP[W],
where f‘;‘ stands for the mapping
I'7(B”) = A7(B* ® I") ¥,

Proof: (1) Let U, VetL?(H™) and I'*(4%), I'}(B?)
be two positive p-particle observables with U, ¥ as their
respective null spaces. Then the null space of

34" + By = T'(4%) + T5(B”)
is given by U N V. Therefore U N ¥ e LP(H™).

(ii) is a consequence of Theorem 5(vi).

(iii) Denote by Q the projector onto W+. Then
Wn* is the null space of I'?(Q).

(iv) Let U = N ncs and put B? = AV C?AY.
Then
AFTHCHAY = AT(C” © ")) AT
= AP(AY @ I'")(C* © I'?)
x (AY @ Im")AY
= AV (AY C*AY ® I"")AV
= 587
Therefore the intersection of the null spaces of I'*(C?)
and f‘g(B”) with W™ coincide. Q.E.D.

Definition7: A p-subspace of H™ is called minimal
if it is a minimal element of the partially ordered set
L2(H™) — [0].

The importance of the notion of a p-subspace of
H™ becomes clear from the following proposition:

Proposition 4:
T2, ie.,

(i) Let e be an exposed subset of

e={B’} NG?

for some B? € 97 (cf. Definition A13). Then the map
¢ from the class £(9?) of all exposed subsets of 92 into
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the lattice £2(H™) of all p-subspaces of H™ defined on
e by

#(e) = Np "
is an order isomorphism onto £?(H™) — [0].

4.0

(ii) The full preimage of the exposed subset e of
J2 with respect to the (n, p)-contraction is the set

Li,';““(e) - 5'((;5(9)) = {D” ed"; Rpn < ¢(e)}

Proof: (i) The proof is based on the logical equiv-
alence

{B”}* N8 < {C7} N TR<>Nr sy © Nr,rons
B’ CPei?. (4.2)
It guarantees that ¢ is well defined, injective, and
an order isomorphism. That ¢ is surjective onto
£2(H™) — [0] is an immediate consequence of its
definition.
Let us then prove equivalence (4.2). Assume
X € Ny ngny. It follows that

Tr [P,T2(8Y)] = Tr [L2(P,)B"] = 0,

where P, denotes the one-dimensional projector
corresponding to the subspace generated by x. There-
fore L2(P,) € {B*}* N §? and hence
L2P)e{C?H Nng2,
or
Tr [L3(P,)C"] = Tr [P,I';(C)] = 0.
Lemma 3 implies now x € Nt n gs)-

On the other hand, suppose D? € {B*}* N F2 or
D? = L2(D™)and Tr [L2(D™)B?] = Tr [D"'*(B?)] =
0. Then Lemma 3 implies

RD” < NI'@"(B”) < Nr‘pn((}p) N
Therefore

Tr [D"THC?)] = Tr (L7(D™)C?) = Tr (D*C?) = 0,
or, differently, expressed, D? € {C*}+ N g2,

(i) Let D"e9F(¢(e)). Then Tr [L2(D™)B?] =
Tr [D"T'7(B?)] = 0.

Hence L2(D") € {B*}* NJ? = e. Conversely, let
D?ece and let D" e 9" such that L2(D") = D?. It
follows that

Tr [D"T*(B")] = Tr [L(D™B*] = Tr (D"B?) = 0.

Lemma 3 implies now D" € §(¢(e)). Q.E.D.

Theorem & is an immediate consequence of Prop-
osition 4.

Theorem 8: The preimage of an exposed point of
§2 with respect to the (n, p) contraction L% consists of
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the set $(¥) of all density operators (elements of T)
whose range is contained in a fixed minimal p-subspace
V.

Proof: Since an exposed point {D?} is a minimal
element of £(92) and ¢ is an order isomorphism,
#({D*}) must be a minimal p-subspace of H™. The
rest is contained in Proposition 4(ii). Q.E.D.

The question arises: Is T2 the convex closure of all
exposed points of §2? This is indeed the case. We
shall prove even a somewhat stronger result. Before
we formulate it, we should like to draw the attention
of the reader to the little fact expressed in LLemma 8.

Lemma 8: Let W™ be as it was in Proposition 3(iii)
and (iv). If V' is a minimal p-subspace of H™, then
VNnWwe=[0lor Ve W

Proof: Since W™ is a 1-subspace [Proposition 3(iii)},
it is a p-subspace [Proposition 3(ii)]. Therefore the
intersection U M W™ is a p-subspace [Proposition
3(i)]. Since U is minimal, U N W™ = [0] or

UnNwm = U. Q.E.D.

Theorem 9: Let Wy W,< ---< H! be an
increasing sequence of finite-dimensional subspaces
of H! such that

Uw,=H,

i=1
and for any finite-dimensional subspace of H*, let
E?[W] denote the set of all exposed points D? of

g7 for which one of the two equivalent conditions
(i) D e S?[W],
(ii) ¢({D%}) = W
is satisfied.
Then

F7 = conv U EZ W] 4.3)

Proof: First of all we are going to show that, for
any finite-dimensional subspace W of H!, the set
EZ[W] coincides with the set of all exposed points of

TAW] = LS [W))
considered as a convex subset of SP[W].

It is easy to see that every point of E2[W]is exposed
in $2[W]. Conversely, let us assume that D3 is
exposed in §2[W]. Then {DZ} can be represented as
the intersection of a hyperplane {B*}' n S?[W]
inside S?[W] with $2[W]: -

{D3} = ({B"}" N S" WD) N T2AW] = (B} N T2W].

Herein, B” € S”[W] is such that I(B”) > 0.

Let

o = inf Tr (I'}(B?)D")

D”ET"
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be the lower boundary point of the spectrum of
r'2(B?).
We now define

C? = B? + (1 — )nI'?(Q), 4.4

wherein Q denotes the projector onto W+. Then we
have to prove that C? € J? and

{D2} = {C?}L N g2,
Indeed, let D? € ¥2 be arbitrary and assume
D?» = L2(D") D"ed™

Furthermore, let I" = P + P! be the decomposition
of the unity corresponding to the representation
H"= W™ o Wnal
of H” and define
D" = PD"P,
Dr = pLprpL,
It is a fact easy to verify that the operator I';(B”)
leaves the subspace W™ and, as a consequence, also
leaves its orthogonal complement W7+ invariant.
Therefore we can write
Tr (C?D¥) = Tr (I"(B*)Dy) + Tr (T(B”) DY)
+ (1 — oy Tr (TUQ) D).
Now from R
Tr (I(B")DY) 2 0,
Tr (I(B?) DY) > Tr (DY),

(1 — gn Tr THQ)DY) 2 (1 — o) Tr (D),

it follows that
Tr (C*D?) > Tr (D) > 0,

and hence, C?e ﬂN‘g. Moreover, in order that
Tr (C?D?) = 0, it is necessary that Tr (D}) = 0.
Since D" > 0, this implies that D? € §2[ W]. But then
the equation Tr (C?D?) = O reduces to Tr (B?D?) = 0,
which, in turn, by assumption, is only satisfied if
D? = Dp.
The theorem of Klee (Theorem A8) now implies
J2[W] = conv E?[W].

To prove formula (3) it remains to be shown that

Ir = U T[Wl
But from Proposition 1, formula (3.9), we know that
g» = U g7 [w].

From the continuity of the contraction operator L2,
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it follows that
g2 < U g2,

Since the inverse inclusion is trivial, the proof of
formula (3) is complete.

It remains to establish the equivalence of the two
conditions (i) and (ii). If $({D?}) < W+, Theorem
8 implies that D? = L2(D") with D" € §"[W]. There-
fore, D» e d2[W]. Conversely, assume D? to be
exposed in §2 and D? € S?[W]. If D? = L2(D")D" &
g%, then Tr(D"I'(Q)) = Tr(D*T?(Q)) =0 and
therefore, according to Lemma 3, Rps € W™ On the
other hand, Theorem 8 tells us that Rp. & $({D?}).
Hence Rpn S $({D?}) N W™, Since D? is exposed in
g2, $({D?}) is minimal and Lemma 8 implies
$({D?}) = W™, Q.E.D.

A density operator D? € §?[W], with dim W finite,
is said to be of finite 1-rank. The motivation for this
name lies in the fact that if D? € $?[W], then L1(D?) €
T W] = F4(W). Conversely, if the range of the
(p, I) contraction of a p-density operator is a subspace
of W, then Tr (D?I'3(Q)) = Tr (L,(D*)Q) = 0. Hence,
by Lemma 3, D® e J?[W].

With the help of this notation, we are able to state
Theorem 9 briefly:

Corollary to Theorem 9: 9% is the convex closure of
the exposed points of §2 of finite 1-rank.

In the light of this corollary, let us summarize the
procedure to construct exposed points whose 1-range
is contained in a given finite-dimensional subspace
W of H.

(1) Choose an operator B? € S?[W] and form

I'"(B?) = A7 (B © I"")AV.

(2) Look for the eigenspace V' < W™ of f:(B”) to
the lowest eigenvalue A. Then V is a p-subspace
[since ¥ is the nullspace of I'}(C?), where C? =
B* — A4, + n(1 — « + AI'P(Q). Herein, « denotes
the lower boundary point of the spectrum of I';(B).]

(3) Choose in ¥ a CONS {x;} and let P, be the
one-dimensional projector corresponding to x;.

(4 If L3(P,) # Ly(P,,) for some pair i # k, return
to point 1. Otherwise ¥ is a minimal p-subspace and
D = L2(P,)
is an exposed point of 2. Sufficiently many exposed

points of §2 can be obtained in this way.

This procedure is a summary of the results con-
tained in the proof of Theorem 9 and Theorem 8.
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shows the intimate connection of the n-representability
problem of the p-density operator with the eigenvalue
problem for a p-particle observable, so that there is
no real hope for an analytical solution of the n-
representability problem in the case p > 1 and for
arbitrary dimension of the space W.

In the case p =1 and fermions, the space V
obtained by the above procedure is independent of the
choice of B? one-dimensional and spanned by a
“Slater determinant”:

[Ul=4,(e,® - ®e,).
(U denotes an n-dimensional subspace of V and
e, '*,e,aCONSin U)

Therefore, ¥ is minimal and the 1-density operators
of type
D' = L(Pyy) = (/mPy, U= W

are all exposed points belonging to EZ[W]. Together
with Theorem 9, we get Coleman’s Theorem (Theorem
1b).
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APPENDIX: SOME NOTIONS AND THEOREMS
ABOUT REAL LINEAR SPACES AND CONVEX
SETS (cf. REF. 7)

Definition AI (Ref. 7, p. 31): A dual pair (of real
linear spaces) is a pair of real linear spaces (E;, E,)
such that to every pair (x, w) € E; X E, there corre-
sponds a real number denoted by xu, such that:
(D1) xu is a bilinear form; (D2') if xu = 0 for all
uekE,, then x =0; (D2") if xu = 0 for all x€ E,,
then u = 0.

Definition A2: A topology in E, is called compatible
with the dual pair (E, , E,) if it is locally convex and if
the topological dual space of E; coincides with E,.

Theorem Al (Ref. 7, p. 34, Proposition 8): Let
(E;, E;) be a dual pair and let M be a subset of E,.
The operation of taking the convex closure of the set
M is independent of the topology as long as it is
compatible with the dual pair.

Definition A3 (Ref. 7, p. 32): Let (E;, E,) be a dual
pair. The weakest topology on E; compatible with the
dual pair coincides with the weakest topology under
which the set of all linear functionals f,,(x) = xu (u€ E,)
are continuous. It is called the weak topology in E;.

Definition A4: Let (E,, E,) and (F;, F;) be two
dual pairs. Let 4 be a map from E, into Fy. Then
the expression (Ax)v represents for fixed ve F, a
linear form in E;. In other words, there exists an
element »" € Ef such that (4x)v = xv’. The map
A':v— v’ is called the adjoint map of A. If A is linear,
A’ is linear.

Theorem A4 (Ref. 7, p. 38): Let (E,, E, and
(Fy, Fy) be two dual pairs. A linear map 4 from E;
into F; is weakly continuous if and only if »" =
Ave E,foreveryve F,.

Definition A5 (Ref. 7, p. 4): Let E be a real linear
space. A subset C of E is called convex if, whenever
x,y € C, the whole segment

[y]l={zeEz=ax+(1—a)y,0<a<1}
is a subset of C.

Definition A6 (Ref. 10, p. 137): A subset C’ of a
convex set Cis called extreme, if whenever [x y] < C
shares an inner point with C’, then in fact [x y] < C".
An extreme subset of C consisting of a single point is
called an extreme point.

HANS KUMMER

Definition A7 (Ref. 10, p. 27): A convex subset J
of a real linear space E is called a convex cone if
whenever x € X, then the half-ray

rx)={zeE;z=uax a2>0}

is a subset of J. A convex cone is called pointed if it
does not contain a one-dimensional subspace of E.

Definition A8 (Ref. 10, p. 11): A point a belonging
to a convex cone J. in a real linear space F is called a
core point of . if for every x € E, there exists an e > 0
such that @ + ex € X.

Remark (Cf. Ref. 11, p. 180 “core point” = “alge-
braisch innerer Punkt.””): If a convex cone J lying in
E does not contain a core point, then it does not
contain an inner point in any topology compatible
with the linear structure of E.

Definition A9 (Cf. Ref. 11, p. 187): Let C bea convex
subset of a real linear space E not containing 0. The
projection cone of C from the center 0 is the smallest
convex cone containing C.

Definition A10 (Ref. 7, p. 35): Let (E}, E,) be a
dual pair and let M be a subset of E;. The subspace
of E, defined by

M+ ={uckE,;;xu=0VxeM)}

is called the orthogonal complement of M.

Theorem A5 (Special Case of the Bipolar Theorem):
(i) M+ is a closed subspace of E,; (ii) M~ is the
smallest closed subspace containing M.

Definition A11 (Ref. 7, p. 34): Let (E,, E,) be a dual
pair and let M be a subset of E;. Then the subset

M={ueE,;;xu>0V xe M}

is called the polar cone of M. (M, < M, implies
M, > M,.)

Theorem A6 (Bipolar Theorem: Ref. 7, p. 36; cf.
also Ref. 12): (i) M is a closed convex cone contained

in E,; (ii) M is the smallest closed convex cone con-
taining M.

Definition A12: Let (E,;, E,) be a dual pair and
a € E, (a % 0). Then the orthogonal complement {a}*

¢ F. A. Valentine, Convex Sets (McGraw-Hill Book Company,
Inc., New York, 1964).

11 G, Kothe, Topologische Lineare Rdume (Springer-Verlag,
Berlin, 1960).

2 1. Halperin, Trans. Roy. Soc. Canada, 47, Sec. 3, 1 (1953).
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is a closed subspace of codimension 1 in E; [cf.
Theorem A5(i)]. Let b € E,. Then the set b + {a}* is
called a closed hyperplane in E, .

Definition A13 (cf. Ref. 11, p. 340): Let (E;, E;) bea
dual pair and X a closed convex cone in E; and let
ae X — {0}. Then {a}* is called a supporting hyper-
plane of X. The intersection {a}+ N X is called an
exposed subset of J.. A point of X belonging to an
exposed subset is called a supporting point of X. A
ray r(x) = {z € E; z = ax, « > 0}, being at the same
time an exposed subset of X, is called an exposed ray
of X.

Remark: If X is the projection cone of a closed
convex subset C of a closed hyperplane not containing
0, and if ae X, then the set {a}* N C is called an
exposed subset of C provided it is not empty. An
exposed subset of C consisting of a single point is
called an exposed point.
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Theorem A7: Every exposed subset of a closed
convex cone X < E, is closed, convex, and extreme.

Proof: That X' = {a}* N X is closed and convex
is a consequence of the same properties of {a}* and
J6 [cf. Theorem AS5(@)]. Let x,yed (x # y) and
0 < « < 1. Furthermore, let

ax + (1 —y)yelk/,
ie.,
axa + (1 — «)ya = 0.

Since ae J’C, xa >0 and ya > 0. It follows that
xa = ya = 0, so that x,y e K/, Q.E.D.

Theorem A8 (Theorem of Klee; cf. Ref. 11, p. 340):
Let C be a compact convex subset of a normed
linear space. C is the closed convex null of the
exposed points of C.
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A pseudo-lattice, or homogeneous Husimi tree, is simpler statistically than a true lattice in two or
three dimensions, since the pseudo-lattice contains only low-order cycles. The prototype is the “Bethe
lattice,” or Cayley tree, containing no cycles at all. Reported here are the results of studies of the lattice
statistics of the Bethe laitice of coordination number three, using the language of the hard molecule
lattice gas; the size of an adsorbed molecule prevents simultaneous occupancy of the same site or any of
the three nearest-neighbor sites. Using methods related to those used in enumerating graphs, a recursion
relation is obtained which must be satisfied by the grand partition function. It is shown that the resulting
equation of state is not the quasi-chemical equation expected because of the absence of cycles. There is
no phase transition of lower than third order and in all likelihood none at all. The quasi-chemical
equation of state is obtained only if *surface” effects are eliminated; even then the solution is valid only
for activities z < 4, at which point the “interior” system undergoes a second-order transition to an
ordered state with a finite discontinuity in compressibility.

I. INTRODUCTION

HE intractability of rigorous mathematical equa-
tions describing actual physical situations leads
naturally to the employment of approximations in the
search for partial understanding. These approxima-
tions often may be classified as essentially mathemati-
cal in nature or as essentially physical simplifications.

t Supported in part by N.S.F. Grant No. GP-6822; computer
time supported by N.S.F. Grant No. GP-2812.
* Alfred P. Sloan Foundation Fellow.

Into the latter category fall many model systems
studied to elucidate the behavior of classical fluids and
phase transitions.

One such system is the model of infinitely hard
molecules, devoid of mutual attractions. Physically,
such a model would be expected to have relevance
for temperatures so high that available thermal
energy (kT) considerably exceeds in magnitude any
intermolecular attractions. In another class of model
systems molecular positions are restricted to a discrete
set of lattice sites. These calculations may refer directly
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Into the latter category fall many model systems
studied to elucidate the behavior of classical fluids and
phase transitions.

One such system is the model of infinitely hard
molecules, devoid of mutual attractions. Physically,
such a model would be expected to have relevance
for temperatures so high that available thermal
energy (kT) considerably exceeds in magnitude any
intermolecular attractions. In another class of model
systems molecular positions are restricted to a discrete
set of lattice sites. These calculations may refer directly
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to an adsorbed phase or may be regarded as approxi-
mations to continuum fluid description—the mesh
of the lattice being a measure of the severity of the
approximation.

The intersection of these two classes of physical
restrictions results in the ““hard sphere lattice gas”
model, investigated recently by Burley,' Temperley,?
Gaunt and Fisher,® Runnels and Combs,* Bellemans,?
Ree and Chesnut,® and others. Rather common to these
systems is a phase transition between a low-density
(disordered) phase and a high-density (ordered) phase.
The thermodynamic order of the transition, however,
is usually difficult to determine.

Rushbrooke and Scoins? discussed the lattice gas
with arbitrary nearest-neighbor interactions in the con-
text of the Mayer cluster expansion of an imperfect
gas. They established a hierarchy of approximations to
the exact equation of state, ordered according to the
maximum size of lattice figures included in computing
the cluster “integrals™ (actually sums): isolated sites,
pairs of adjacent sites, higher multiply-connected
figures. It was shown that the first approximation
amounted to the Langmuir treatment, while the
inclusion of pairs of sites was equivalent to the results
of Bethe® and the “quasi-chemical” approximation of
Guggenheim®; details were given of the next estimate,
which incorporates the smallest multiply-connected
figure of the lattice. This “ring” approximation has
received considerable use,!® while systematic inclusion
of even larger figures has formed the basis of very
accurate expansions.!*

The work of Rushbrooke and Scoins has led to the
assumption that, in some sense, the various approxi-
mations are exact for certain ‘“pseudo-lattices.”
Hence, the quasi-chemical result should describe a
Cayley tree (or “Bethe lattice) exactly, since it has
no cycles'?; and the ring approximation has been used
by Temperley!® as an exact treatment of a Husimi
tree (or ‘‘cactus lattice”) bearing hard molecules,
since it contains no cycles other than triangles. Two

1 D. M. Burley, Proc. Phys. Soc. (London) 75, 262 (1960).

2 H. N. V. Temperley, Proc. Phys. Soc. (London) 74, 183, 432
(1959); 77, 630 (1961); 80, 813, 823 (1962).

3 D. S. Gaunt and M. E. Fisher, J. Chem. Phys. 43, 2840 (1965).

4 L. K. Runnels and L. L. Combs, J. Chem. Phys. 45, 2482 (1966).

¢ A. Bellemans and R. K. Nigam, private communication; also,
Phys. Rev. Letters 16, 1038 (1966).

8 F. H. Ree and D. A. Chesnut, J. Chem. Phys. 45, 3983 (1966);
Phys. Rev. Letters 18, 5 (1967).

? G. S. Rushbrooke and H. I. Scoins, Proc. Roy. Soc. (London)
A230, 74 (1955).

8 H. A. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935).

? E. A. Guggenheim, Proc. Roy. Soc. (London) A148, 304 (1935).

10 . M. Burley, Proc. Phys. Soc. (London) 77, 451 (1961); 85,
1173 (1965); Ref. 5.

11 Reference 3; D. S. Gaunt, private communication.

12 C. Domb, Advan. Phys. 9, 245 (1960).

13 H. N. V. Temperley, Proc. Phys. Soc. (London) 86, 185 (1965).
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points, however, have not been clearly understood:
“surface” effects and the range of densities (activities)
describable in this manner. We clarify both of these
points for a Cayley tree by treating the entire “lattice,”
including surface, in a new fashion; the surface-free
behavior is obtained from the local intensive variables
in regions far removed from the surface. Corre-
sponding investigations can be carried out for more
general “star trees,” including the cactus lattice, but
these will be reserved for a later publication.

II. PARTITION FUNCTION OF A CAYLEY
TREE GAS OF HARD MOLECULES

We consider here the model of hard molecules
adsorbed on a Cayley tree; the only interaction being
an infinite repulsion preventing simultaneous oc-
cupancy of adjacent sites (or more than one molecule
on the same site). Gaining simplicity at the expense of
generality, we consider only the homogeneous tree
T;, of coordination number three shown in Fig. 1; all
sites have three neighboring sites except those at the
“surface” (generation 1) and the one site (“root™)
at the center (generation k).

Clearly, the “volume” of such a treeis M, = 2* — 1.
We denote the grand partition function for this tree
bearing hard molecules by E,(z), which then is given
by E.(z) = X, Wi(k, n)z", where z is the activity and
W(k, n) is the number of arrangements of n (indistin-
guishable) molecules on the M, sites with no two
adjacent. The feature possessed by tree lattices that
renders them manageable is a configuration classi-
fication scheme closely related to techniques used to
enumerate graphs.!* The configurations of tree T} can
be divided into two classes: those with the root empty
and those with the root occupied. The configurations
in the former class are exactly those of two inde-
pendent trees T;_;, and so enumerated by [E,_;(2)]?,
while the latter class includes exactly the configurations
of four independent trees 7} ,, enumerated by
[E,2(z)]*. Thus, the partition function satisfies the

recursion
E(2) = [Eea(F + 2[5 ()1, M
the factor z in the last term accounting for the mole-
cule at the root. Initial conditions are clearly Ey(z) =
,E(2) =14z
The three-term, fourth-order relation (1) can be
simplified through the introduction of correlation
factors ¢; defined by
¢(2) = E;(2)/[E;., ()P, )
which are easily seen to satisfy the two-term recursion
¢i(z) = 1 + zfle; 1 (21" 3)

1t J, Riordan, An Introduction to Combinational Analysis (John
Wiley & Sons, Inc., New York, 1958), Chap. 6.
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Fic. 1. Homogeneous Cayley tree, or Bethe lattice, of coordina-
tion number three. With nearest-neighbor exclusions, lattice
configurations are conveniently classified according to the occupancy
of the “root”: if empty, there remain two independent trees of one
generation less (center); but if occupied, there remain four inde-
pendent trees of two generations less (bottom).

From the definition (2), an indentity can be written
for the partition function

— ~—k L B
B = e@F “)
=
and the pressure (in units of energy)
plkT = M;'InE, = 3 277In ¢,(2). &)
7

In the last equation, we have assumed % to be large,
so that M, may be replaced by 2*.

It should be noticed that the correlation factors ¢;
and the resulting identities are essentially in the spirit
of the successive approximation scheme introduced
by Stillinger, Salsburg, and Kornegay'® in a study of
rigid disks at high density, and applied by Salsburg
et al.'® to the high-temperature harmonic solid. We
shall usually consider the limit of large &, so that the
upper limit of the summation in Eq. (5) may be taken
as infinity. The question of convergence is an impor-
tant one and will be taken up shortly.

15 F. H. Stillinger, Jr., Z. W. Salsburg, and R. L. Kornegay, J.

Chem. Phys. 43, 932 (1965).
16 7. W. Salsburg and W. Rudd, Physica 32, 1601 (1966).
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To obtain the fractional density p (average number
of occupied sites/total number of sites) and further
thermodynamic properties, we obtain from Eq. (5)
the expansion

=z M = %2‘%} s
0z i=

where the sequence #;, = z0Inc;/0z satisfies the
recursion

(6)

ty=1b,(1 -2, [tp=0] ¥,
in terms of the quantities b, defined by
¢i(2) = [1 — ()™ ®
Explicitly, we have
i1 4
t; = go(—2)’ H by, ®

which may be inserted in Eq. (6) and rearranged to
give an alternate expression for the density:

p= 22_17',, (10)
where =
rj="b;—bsbjs + bibjib;a+ -,
© . i+t
—_--Zé'(—l)t 11 b.. (11)
i= n=j

The rearrangement is justified in the Appendix.

A simple physical interpretation of r; is possible.
From Eq. (1), it is clear that z[E, ,(2)]*/E,(z) is the
fraction of (activity-weighted) configurations of tree
T, having a molecule at the root—hence the average
occupancy of the root at activity z. From the preceding
equations, this factor is simply b,. Then the average
occupancy r; of a site at generation j is given rigorously
by

ry =b(1 —r;y);

(12)

the factor b, is the weighted fraction of configurations
of a tree T; (ie., from the selected site out to the
surface) with the selected site occupied, while the
factor (1 — r;,;) accounts for the fraction of configu-
rations of T}, with the inner site adjacent to the selected
site vacant to permit occupancy of the selected site.
Equation (12) easily iterates to give Eq. (11). The
expansion (10) shows that the overall density is a
weighted average of the densities of the various
generations, the weighting factor 2~ being propor-
tional to the number of sites in generation j.

Exactly the same formulas (5) and (10) may be
obtained for the pressure and density by a more
tedious process. An explicit expression can be written
for the degeneracy factor W in terms of combinatorial
factors involving the number of molecules N; on
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generation j. Evaluating the expression, using a
maximum term technique, yields the most probable
number N} of molecules to be found on generation
J; it is found that N} is given by 2*~7r;, as required for
consistency.

Since the energy is identically zero in the present
model, entropy per molecule is given by s/k =
p/pkT — In z, and other properties of interest may be
obtained by differentiations according to thermo-
dynamics.

IIl. THERMODYNAMIC BEHAVIOR OF THE
ENTIRE CAYLEY TREE

In this section, we discuss the most direct interpreta-
tion of the Cayley tree gas; namely, we assume the
entire tree (volume) is to be taken into consideration.
A numerical approach for finite k is considered first.

We can recursively compute a large number of the
correlation coefficients ¢; for a fixed value of the
activity z, taking ¢, = 1. This allows tabulation of
the terms ¢; also. Through Eqs. (5) and (6), partial
sum approximations to p/kT and p may be obtained.
It is found that these sequences appear to converge
rapidly, so that repetition for a series of activities
yields the equation of state shown in Fig. 2 upon
elimination of z.

Since the partial sum approximants are actually
exact descriptions of finite trees (to the extent that
23 1), it could be argued that more than about

‘Ordere d‘u
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Surface
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P kT
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FRACTIONAL DENSITY

Fig. 2. Equation of state. The smooth curve describes the entire
large tree, while the curve with a discontinuity in slope describes the
order-disorder transition occurring at the interior sites far from the
surface. The quasi-chemical or Bethe ‘“‘approximation’’ is exact for
the interior sites and densities less than one-third.
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eighty terms are superfluous, for such a tree contains
more than Avogadro’s number of sites! In any event,
considerably fewer terms are needed for excellent
convergence. It is seen that there are no unusual or
striking properties. In particular, there seems to be no
evidence of phase transitions.

The customary procedure in statistical thermo-
dynamics is to pass to the limit N, V— oo, N[V = p
remaining finite; clearly this corresponds to the limit
k — oo and involves the question of the convergence
of the various infinite series. It is apparent from Eq.
(5) that the convergence properties are determined by
the behavior of the terms c;(z) for large j. These
questions are discussed in the Appendix; we here
summarize the important results.

The limiting behavior of ¢,(z) depends on z. For
z < 4 the sequence converges to a well-behaved
analytic function ¢(z), while for z > 4 the odd terms
converge to one function, ¢y;,,(z) = ¢, (2), and even
terms converge to another, cy;(z) — c_(z). The three
curves meet at z = 4, the only candidate for a singular-
ity or phase transition. It is in fact true that at z = 4,
the various derivatives of c,(z), become unbounded
with increasing j, but not rapidly enough to spoil the
convergence of Eqs. (5), (6), and higher derivatives,
due to the presence of the factor 2. The resulting
smooth behavior attributable to this factor is easily
understood: most of the sites are near the surface,
where they are essentially independent; the highly
correlated sites are deep in the interior and there are
not many of them.

Another approach to the question of phase transi-
tions, which we only mention, is that of Yang and
Lee.!” Phase transitions may occur, if zeros of the
grand partition function E,(z) close in on the positive
real axis (as k — o0). It appears that for the present
problems, zeros do close in on z =4 but with
vanishing density, allowing the system to “sneak”
through on the real axis with no transition; p/kT is,
however, manifestly a nonanalytic function of complex
z at z = 4, which is probably an essential singularity.

1IV. THERMODYNAMIC BEHAVIOR
FAR FROM THE SURFACE

In the preceding section, we have discussed the
thermodynamics of the entire (large) Cayley tree and
found that the behavior is dominated by the large
fraction of essentially independent sites near the sur-
face. Another interpretation of this system, possibly
more relevant, is a focusing of attention on the local

behavior of interior sites far from the surface.
The key to this approach is Eq. (11), which gives

17 C. N. Yang and T. D. Lee, Phys. Rev. 87, 410 (1952).
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the fractional density of the jth generation in terms of
the sequence b;; since the b,’s are given in terms of the
¢;’s which, in turn, are defined by Eq. (3), in effect, Eq.
(11) gives the density of the jth generation in terms of
the activity z. An integration then gives the local
pressure at generation j in terms of the activity, using
the first half of Eq. (6). If the activity can be eliminated
from these two expressions, we will have the local
equation of state.

The limiting local equation of state would arise in
the limit j— co. But then, as already discussed, the
behavior of the ¢;’s is very simple; depending on the
magnitude of z, either ¢; is actually independent of j
and given by Eq.(A3), or the ¢;’s alternate between
the two values ¢, and c_ given by Eq.(A4). In either
case, the limiting value of b, is then given by Eq. (8).
In the low-density case, where the b,’s are constant, it
is readily seen from Eq. (11) that the local density is
given by

e b c(z)—1
1+b 2ez)—1"

where ¢3(z) — ¢?(z) = z. It follows from thermo-
dynamics that the pressure is given by

# ¢ 3¢c—~2
kT = -1 d =f _
ol Lz p(e) dz = [ =2 e

=2lnc—3In2c—1)
=2In(1 —p)—2In(1 — 2p). (14)

This equation of state, Eq. (14), is precisely the
equation of state predicted by the quasi-chemical,
or Bethe, approximation. Hence, we see the sense in
which the quasi-chemical approximation is exact for
pseudo-lattices of the tree variety: the “approxima-
tion” is exact for the region far removed from the
surface and for low densities, that is, for activities less
than 4 or densities less than } (for coordination
number three), according to Eq. (13). The quasi-
chemical equation of state is not exact for higher
densities, nor is it exact for any nonzero density for
the complete Cayley tree, as shown in Fig. 2.

For activities greater than four, there are two local
densities, p, and p_ which are readily found from Eq.
(11) to be given by

_ by —b)
PP b

where b, =1 —ctandb_=1— ¢l

In the limit of large activity, b, approaches 1 while
b_ approaches 0. According to Eq. (15), the local
density p, and p_ approach these same limiting
values for large activities. This reflects the most

(13)

_ =5

1—b,b_
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efficient, ordered method of filling up the tree at high
activities, namely, a filling of alternate layers begin-
ning at the surface, generation 1. To obtain the
equation of state in the high activity region, we are
faced with the problem of deciding the appropriate
meaning of the average density. The entire tree
contains § of its sites on odd generations; this suggests
that the appropriate average density should be
%p, + %p_; on the other hand, beginning with any
even generation, the remainder of the tree inward
contains % of its sites on even generations, leading to
an average density expression 4p, + %p_. Viewed
strictly from the interior, it is not at all obvious
which of these expressions should be used. It seems
that the most acceptable choice would be the sym-
metrical definition p,, = $(p, + p_) which we adopt.
Using Eqs.(A4) and (15), we easily obtain

_ z—2
2z —1)°

Integrating as before to obtain the local pressure,
we find

R

=Inz/4—}In(z— 13 (17

Now, the pressure must be continuous; conse-
quently, using Eq. (14) to evaluate the pressure at
z =4, or p =%, we arrive at the high-density equa-
tion of state:

pkT=Inz—}In(z— 1)
=1In(l — ppy) — ¥In (1 —2p,,) + In2. (18)

Pav z >4, (16)

The complete “interior” equation of state is shown in
Fig. 2 along with the exact equation of state for the
entire Cayley tree.

Thus, it is seen that while the entire Cayley tree
behaves continuously, the interior region far from the
surface shows a transition at activity z = 4. The
transition for this interior region is one of the order—
disorder type. Clearly, it is not a first-order transition;;
it can in fact easily be seen from Eqgs. (14) and (18)
that the transition is a second-order onme of the
Ehrenfest type, with a finite jump in the compressi-
bility.

V. DISCUSSION

We have discussed the thermodynamic behavior
of hard molecules absorbed on a pseudo-lattice of the
Cayley tree variety, specifically, a homogeneous
Cayley tree of coordination number three. We have
found that the quasi-chemical or Bethe equation of
state is not exact for the entire tree. There is, however,
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a sense in which this equation of state is exact,
namely, for low activities and regions far removed
from the surface. For activities z greater than four,
the disordered Bethe solution is no longer stable and
is supplanted by an ordered solution. The “transition”
in the interior regions is second order with a finite
discontinuity in compressibility, occurring at a density
of one third.

The entire tree has been seen to behave continuously,
with no transition of lower than third order, and very
likely, none at all. This is understandable, when it is
realized that the overwhelming majority of the sites
of the tree are near the surface, and consequently,
essentially independent. Under such conditions, the
cooperative behavior necessary for phase transitions is
not possible.

APPENDIX. CONVERGENCE QUESTIONS
AND THE ABSENCE OF A PHASE
TRANSITION

We consider here the question of the existence and
continuity of p/kT and its derivatives as functions of
activity z. We are inquiring into the possibility of the
existence of a phase transition for the complete tree,
adopting the criterion!® that a transition of order n
at activity z, is characterized by a singularity in
d*(p/kT){dz" at z, (while all lower derivatives are
continuous at z,). To define completely the mathe-
matical problem, we repeat Eqs. (3) and (5) in the
form

P(2) =3 277 In ¢((2), (A1)
3

2 =1+ z/[c;s(DP, clz) =1 (A2

Much of the work rests on the following three-part
Lemma, which is easily proved by mathematical
induction: (a) 1 < ¢; 1+ z; (b) ¢y < €405 (©)
Ca541 2 Cg5,3. NOW, since by (a) there is a uniform
bound for the continuous functions c;(z) on any
bounded part of the positive z axis, the series (Al)
necessarily converges to a continuous function ¢(z).
(There is thus no zeroth-order transition!)

The even and odd sequence of ¢,’s are each bounded
and monotone, and so each must converge: ¢,;(z) —
c-(2), ¢3;,1(2) = ¢, (2). The two functions ¢, and c_
may be identical (sequence convergence) or distinct
(only subsequence convergence). If identical, clearly
the unique limit ¢(z) must satisfy c(z) = 1 + z{{c(2)}?,
or

3(z) — c*(z) = z. (A3)

The distinct limit functions ¢ mustsatisfy ¢, (z) =

18 T, L. Hill, Sratistical Mechanics (McGraw-Hill Book Company,
Inc., New York, 1956), p. 249.
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Fic. 3. Correlation coefficients ¢;(z). The upper curves are for
j=1,3,7, 15, and the lower curves are for j == 0, 2, 4, 8, 16. Also
shown are the limiting curves ¢(z) and ¢ i(z).

1 + z/{1 + z/[c . (2)]*}?, which is a fifth-order equation
that factors into the now extraneous solution (A3)
and ¢® —zc, +z=0,0r

¢, = [z (22— 42)}]2, z>4.

The three curves meet at z = 4, each there taking the
value 2. Since c.(z) is complex for z < 4, while ¢,(2)
in necessarily real, the unique limit ¢(z) must obtain
for z < 4. But it can be shown from Eq. (A2) that this
unique limit is not stable for z > 4: ¢;,, is farther
from 2 than is ¢;. Hence, the alternating limits obtain
for z > 4. These limiting functions and a few early
¢;’s are shown in Fig. 3.

It is evident that for any compact (closed and
bounded) subset of the positive z axis, not including
z = 4, the infinitely differentiable (rational) functions
¢,(z) converge (sequence-wise or subsequence-wise)
uniformly to the infinitely differentiable limit func-
tion(s). The same statement applies to the sequence
{In ¢,(z)}, since the ¢,’s are uniformly bounded away
from 0. Due to the presence of the strong convergence
factor 27 in Eq.(A1), ¢(2) itself is infinitely differ-
entiable everywhere, except possibly at z = 4. If there
is a phase transition, it must occur at this point.

It is apparent from Fig. 3 that the convergence of
{c;(2)} is not uniform in the vicinity of z =4 and
that the derivative functions c{™(4) must become
unbounded as j— co. The crucial question is, how

(A4)
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rapidly (compared to 27) they become large, for this
determines the differentiability of ¢(z). We first show
that the series given by Eq. (6) converges to a con-
tinuous function, even at z =4 (so no first-order
transition), and then that the series obtained by
formally differentiating (6) also converges to a con-
tinuous function p’(z) (so no second-order transition).

Now, on any compact set R containing z = 4, the
¢,’s are bounded above and so the functions b;(z) are
uniformly bounded away from 1:

biz) < B <. (AS)
(For instance, 8 = 4§ works for R = [3,5].) The
formula (9) is easily established by induction and
leads to a bound T on [#,]:
o —1

-1
ltl KT 2B =B
i=0 o—1

af

(A6)

S =Tjs

a—1

where o« = 28 < 2. [We can take o > 1, so that
T, > |t for kK <j] The series (6) of continuous
functions thus converges absolutely and uniformly
on R—necessarily to the continuous function p(z), by
the comparison test. The absolute convergence also
justifies the rearrangement to the alternate form (10).

To investigate the possibility of a second-order
transition, we study the continuity of 0p/0z near
z = 4, which is obtained formally by differentiating
Y 279, in Eq. (6). The derivative dp/0z exists as a
continuous function if the series of continuous
functions 32-791,/0z converges uniformly on R =
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[3, 5]. Using (8) and the definition ¢, = zd In ¢;/0z,
we have b’ = 0b,/0z = t;/zc; so that

B; = T;{3 > |t)/z¢c;| = |b]|

is a bound on |b}] for k-< j, uniform on R. Then,
from (9), a bound T{" on [}] is given by

(A7)

i1 )
It < Zoz'(z + 1)B'B,
_ @l =+ Do + jo™]

3(x — 1)°
=T®, (A8)
Since « > 1, for sufficiently large j, say j > Jy,
TV < Kjo?l, (A9)

Also since ¢,(4) — 2, b,(4) — }, we can for sufficiently
large j, j > Jy, use for # (the bound on b;) anything
greater than %, say f =g But then « =% and
w = a2 < 2, so that for j > max (J,,J,), we have
[t} < Kjo'. The series >27%t; then converges ab-
solutely and uniformly on R. The limit must then be
0p/0z and continuous throughout R. There is thus
no second-order transition.

The process could undoubtedly be continued to
establish the absence of higher-order transitions. For
instance, bounds on lb’;l could be obtained from b; =
t,/zc; and bounds previously obtained for |¢;| and
¢’ = tcylz. Using (9) again would give a bound on
|#;], and so on. The conclusion would very likely be
the absence of a transition of any order, but the
required tedium for the general demonstration seems
unwarranted.
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The theory of Toupin and Rivlin for the propagation of electromagnetic waves in a centro-symmetric
isotropic material to which static electric and magnetic fields are applied is specialized to the case when
only a static electric field is applied. The reflection-refraction problem for an electromagnetic wave
normally incident on the interface between free space and the material is studied for arbitrary direction
of the applied electric field. It is found that, in general, there are two refracted rays and that these are not

generally normal to the interface.

1. INTRODUCTION

N a previous paper, Toupin and Rivlin! have de-
veloped a theory for the propagation of plane
electromagnetic waves of small amplitude in an initially
holohedral isotropic medium (i.e., an isotropic
material possessing a center of symmetry) of infinite
extent, to which static electric and magnetic fields are
applied. The theory is easily specialized to the case
when only a static electric field is present and the
resulting theory is appropriate for the discussion of
electro-optical effects in holohedral isotropic materials.
In this theory, which is linear in the time-dependent
electromagnetic field, the constitutive equations
involve six constitutive functions of the resultant
static field and of the frequency of the electromagnetic
wave. The wave velocities are given in terms of these.
In the previous paper,! this was done explicitly only
in the cases when the direction of propagation of the
wave (i.e., the direction of the normal to the wave-
front) is parallel or perpendicular to the direction of
the static field. In Sec. 3 the corresponding result is
given for arbitrary inclination of the direction of
propagation to the static field. It is seen that there are,
in general, two wave velocities corresponding to an
arbitrary direction of propagation and that reversal
of the direction of propagation changes the wave
velocities unless a relation of the Onsager type is
satisfied. The nature of the polarization of the electric
vectors for each of these waves is discussed in Sec. 4.
In Secs. 5 and 6, we discuss the reflection and re-
fraction of a plane electromagnetic wave incident
normally on the surface of an infinite half-space to
which a static electric field is applied. The reflected
wave is, of course, normal to the surface and it is
found that there are, in general, two transmitted
waves for which the angles of refraction are nonzero
if the tangential component of the static field is

1 R. A. Toupin and R. S. Rivlin, Arch. Rati. Mech. Anal. 7, 434
(1961).

nonzero. The ray directions for these lie in the plane
of the normal to the interface and the direction of the
static electric field. Explicit expressions are obtained
for the angles of refraction in terms of the six consti-
tutive functions.

2. CONSTITUTIVE EQUATIONS

The complex electric, magnetic induction, electric
displacement, and magnetic intensity fields for an
infinite plane electromagnetic wave are given by

(E,B,D,H) = (e, b, d, )e'™*",  (2.1)

where the complex vectors e, b, d, and h are independ-
ent of position and time. w is the angular frequency
of the wave, k is the wavenumber, n is a unit vector in
the direction of propagation, and x is the position
vector of a generic point of space.

We consider the propagation of such a wave in an
infinite homogeneous medium to which a strong
uniform static electric field & is applied. Toupin and
Rivlin! have shown that, if the material is holohedral
isotropic in the absence of any applied field, then the
constitutive equations for the wave have the form

d=®P.e +¥-b,

h=Q.e+ A:b,

where @, W, R, and A are 3 x 3 matrices defined by
P = |O,),¥ = |¥,}, -, and

o, = 10y + 26,8, ¥y =

Ay = Piby + B8.8;, Qi = —Paeiuby.

Here §; (i = 1, 2, 3) denote the components of & in a

rectangular Cartesian coordinate system x and the

o’s and f’s are real functions of tw and &8, [i.e.,

the complex conjugates of a(iw) and B(iw) are o(—tw)
and f(—w), respectively].2

2.2)

— g€ »

(2.3)

2 The original result had «’s and f’s as polynomials in §,8,.
The above extension follows from a theorem of A. S. Wineman and
A. C. Pipkin, Arch. Ratl. Mech. Anal. 17, 184 (1964). The notation
of the paper by Toupin and Rivlin (Ref. 1) is preserved.
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3. THE SECULAR EQUATION
The electromagnetic field equations in the absence
of free currents and charges are
curl E 4 (0B/or) =0, divB =0,

curl H — (éD/dr) =0, divD = 0. 3
For the infinite plane wave (2.1) we obtain
knxe—wb=0, knxh+ wd=0. (3.2)

Equations (3.2) together with the constitutive equa-
tions (2.2) lead to a system of three homogeneous

D), + (¥ — Qy) — 7P Ay,,
2l =
0, + 7)‘{?32 ’

Without loss in generality we may take
&= (&,0,8,), &; = 6,0y, + 8304
Equations (2.3) then give

(Di:i = u0;; + o‘7‘{"‘3%@'1551 + 8183(61'1553 + 61’367'1)
+ 8351'363'3},

ie., 3.7

Oy, + (Ve + ) + 72A4,, @
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linear equatidns in the components of e,
xie; =0, (3.3)

where

Xii = (Diy' + n(ejrsllfirns + equzlgqi)

+ WZGi»qfirs"mAqr"s 34

and we have used the notation # = k/w. (1/7 is then
the complex velocity.) The secular equation for % is

|2l = 0. 3.5)

We choose our rectangular Cartesian coordinate
system x such that n; = d,5. We then obtain from (3.4)

O — (Wi + Qo) + n?Agy,  DPy3 — 7 Qs
a2 — NP1 — Qpo) — 7]2/\11, 0,5 + 77913 (3.6)
@y, — "]IFal > Oy,

A= P10y + Br{810,10, + 8,85(0103 + 0:is0,1)
+ 836,305},
Wy = —agle;n81 + €538),
Q,; = —Bal€;n8 + €:1385), (3.8)
and substituting from Eqs. (3.8) in Eq. (3.6), we
obtain

oy + #,68 — (g + B2)6am — Bn?, 0, (ets85 + Bam)E,y
2l = 0, ay — (g + Bo)8sn — (By + B85, 0 (3.9)
(%85 + 45161, 0, oy + o83

Thus, the secular equation (3.5) becomes

(B + /3789772 + (a3 + B)bam — oy = 0, (3.10)
or
(o + “71818:% + oc3/328%)772 + {oc1 + “7(8% + 8§)}
X {(“3 + B)m — oy} = 0. (3.11)
From (3.10) and (3.11) we see that there are, in
general, four possible values,

N1, N2 = $(B1 + B8 (s + B85

+ {(og + B + doy(By + BrED}] (3.12)
and

N3, N = (1/24)[—(25 + B2)8;
& (05 + B85 + dwud}?], (3.13)
where
4= (uf, + «p8 + “3/328%)/ [, + 2,(87 + 8],
(3.14)
for the inverse complex velocity % of a wave prop-
agating in any direction n. In general these four
values are complex. We may expect that 7, and 7,

correspond to two waves traveling in opposite direc-
tions (i.e., that the real parts of #, and #, are of
opposite sign). We see that these waves will have
different complex velocities unless
(xg + B2)63 = 0. (3.15)
Similarly, we may expect that %, and #, correspond
to two waves traveling in opposite directions and
these waves also have different complex velocities
unless (3.15) holds. We notice that (3.15) is satisfied
when §; = 0, i.e., when the static electric field & is
perpendicular to the propagation direction n or
when a condition of the Onsager type,
o3+ B, =0, (3.16)
is satisfied.
If we set § = 0 or & = 0 in (3.12) and (3.13), we
recover the results (10.6), (10.10), and (10.11) of
Toupin and Rivlin.?

4. POLARIZATION
In this section we consider the form of the waves
corresponding to the four values (3.12) and (3.13) of
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the inverse complex velocity . From (3.3) and (3.9)
we see that, if

{“7ﬂ7(8% + 82) — ag8, + arfy + 0‘1137}8§ #0, (4.1)

the waves corresponding to values of # given by (3.12)
have e, = e, =0. These are transverse waves,
linearly polarized in the x, direction, i.e., perpendic-
ular to the plane containing & and n. Also from
(3.3) and (3.9) we see that, if the inequality (4.1)
holds, then for waves corresponding to values of
7 given by (3.13), e has the form
e=(e,0,ey), 4.2)
where
esley = —(or83 + aam)8yf(oy + :85) = L. (4.3)
The corresponding E+ waves? are circularly polarized
(see Ref. 1) if and only if { = +¢, linearly polarized
if and only if { is real, and transverse if and only if
{ = 0. For all other values of { corresponding to
(3.13) the E+ wave is a skew, elliptically polarized
wave. The locus of E* at a fixed point in the material
is an ellipse in the x,x; plane, i.e., in the plane con-
taining & and n. The semiaxes L; and L, of the ellipse
are given by*

L}, L3 = feel [l + 80* £ {(1 + O + 9},
4.4
and Et is directed along an axis when

e + ) — % + )
=+ Dt U+ )
¢ =kn-x — wt. 4.5)

If the inequality (4.1) does not hold, then the
secular equation (3.5) has a repeated root and the
corresponding e vector may take an arbitrary direction
in a plane. For example, when & = 0, so that the
static field & is parallel to the propagation direction
n, it is easily seen that all waves are linearly polarized
in an arbitrary direction normal to the direction of
propagation. (cf. Ref. 1.)

5. THE ELECTRIFIED HALF SPACE

We now consider the reflection and transmission
of an infinite plane electromagnetic wave incident
normally on the interface x; = 0 (in a rectangular
Cartesian coordinate system x) of a half space of
holohedral isotropic material occupying the region

x> 0. (5.1)

The incident wave is assumed to travel in the positive
direction of the x, axis.

3 We denote the real and imaginary parts of a complex quantity
by using the superscripts + and —, respectively.
4 A superscript asterisk is used to denote the complex conjugate.
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We suppose that a strong static electric field & is
applied and we may, without loss of generality,
choose the reference system x so that

&= (81’0’ 83) X3 > 0’
= (81’ 0’ EB) X3 < 0.
The constitutive equations for the region x; > 0 are

then given by (2.2) and (3.8) and those for the region
x5 < 0 (free space) are

(5.2)

h=b. (5.3)

From the results of Secs. 3 and 4, we see that the
complex electric field E for the wave is given by
expressions of the form
E = (91 , €, O)euo(:ca—-t)

+ (e-l , €, O)e—-zw(st),
E = (0’ (1)82, O)e;w(mza—t)
+ (0’ (2)82, O)ezw(nws—t)
+ ((3)e1 , 0’ (3)e3)em(qam3—t)
+ ((4)61, O’ (4)e3)e¢(0(ruza—t), (x3 > 0)’
where 7, (p =1, 2, 3, 4) are given by (3.12) and
(3.13) and [cf. Eq. (4.3)]
Doy Pe, = L, = ~(,85 + aat)81/(2y + 2,83
(p=3,49. (5
Presumably 7, and #, correspond to waves traveling
in opposite directions and similarly 7, and 7, corre-

spond to waves traveling in opposite directions. We
assume that

d=e,

(xs <0)

(5.4)

>0, 73<0, 55>0, 7{<0. (5.6)
Then, if the material is stable, we have also
7 >0, 72 <0, 3 >0, 77 <0. (5.7)

From the conditions #; < 0 and #%; < 0 in (5.7),
and the fact that when x; = oo the amplitude of the
waves must be zero, it follows that (e, = We, = 0,
Equations (5.4) then become

(el > e2 ’ O)ew)(a:s—t) + (él s 3_2 ) O)e—‘w(mﬁ_”,

(x3 < 0) (5.8a)
E = (0’ (l)e2 , O)etm(mms—t)

+ ((3)e1 s 0’ (3)es)ew)(lnxa—t),
(x3 > 0). (5.8b)
We note that in (5.8a) the first term represents the
incident wave and the second term the reflected wave.
In (5.8b) the terms represent two transmitted waves.

From (5.5) and (5.8), together with the field
equations (3.1) and the constitutive equations (2.2)
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and (5.3), we see that the magnetic intensity field
H for the wave is given by

(_eg s e, O)em(a:s-t)

+ (e-2 , —&, O)e—tm(ws-{'ﬂ,
((l)h1 , 0’ (l)hs)ezw(mmg—t)

+ (0, (a)h2 , O)ezw(naztawt),

(xs < 0) (5.9a)

(xz > 0), (5.9b)

where
Wy = —Weyf,, Why = Weg(fy — Br64m1)81,
(s)kg = (3)3163, (5.10)
and the notations
= B8 + (B, 137 Y} G.11)

63 = 5283 + ﬁl"]a — Bs6 163
are used.

The boundary conditions at the interface x; = 0,
that the tangential components of E and H are
continuous, give

e, + é, = Pey, €y + &y = We,,
e — & = WVe,b,, e — & = B¢gb,,

Whence, with (5.5),

(5.12)

2e 2e
@ o 1 Wy LI L
1 1+ 9 2 1+ 6, 3 {s ey
é = 1“% &y = 1‘“ (5.13)
146, 1406,

The remaining boundary conditions, that the normal
components of D and B are continuous at the inter-
face, are automatically satisfied.

We note from (5.13) that if the incident wave is
polarized with its electric field in the x; direction, then
the reflected wave is similarly polarized and there is
only one transmitted wave, and this is elliptically
polarized in the x,x, plane. On the other hand if the
incident wave is polarized with its electric field in the
xy direction, then the reflected wave is similarly
polarized and there is only one transmitted wave,
which is linearly polarized in the x, direction.

6. RAY DIRECTIONS FOR
TRANSMITTED WAVES

The Poynting vector S, for a field in which the real
electric and magnetic intensity vectors are & 4+ E*
and H™, respectively, is given by

= (§ + E+) x H*. 6.1
We denote the Poynting vectors for the transmitted
waves with slownesses #; and 73 by S; and Sy,
respectively. It follows from (5.8) and (5.9) that, for
the ﬁrst of these waves,

= (0, Yei cos ¢, —
= (u)h; COs ¢1

Ye; sin ¢y, 0)e =M%,
‘”hl sin ¢, , 0, Vhi cos ¢,

— W= sin e, (6.2)
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and, for the second of these waves,

E* = (®ef cos ¢y — Per sin ¢y, 0, Pef cos ¢,

— ®er sin qu)e V5%, (6.3)
H+ — (0, (3)h—2k cos 933 — (3)h2 sin ¢3, O)e “"lama,
where
¢ = co(?y”fxs -1, ¢y= w(?ﬁ{xs — 1. (6.4

The Poynting vector for each of the transmitted
waves varies throughout each cycle. Let S, and §,
be the values of the Poynting vectors for the two
transmitted waves averaged over a cycle, then

w 2rfw
S, =— S,dt (p=13). (6.5)
2 Jo
For the wave given by (6.2) we have
Sl = %((l)e;» (I)h;~ + (1) (1)&3’
. (l)e-zf- (l)hik (1) (1)]1’)3"2“"71”3 (66)
and for the wave given by (6.3) we have
Ss - %(—'(3)82: “”h;{ _ (3)6; (3)hg-, 0,
(s)eilv (s)h-zi- + (S)e; {3}h—2~)e—2wq;x3_ (6.7)

The vectors lie in the ray directions for the transmitted
waves. We note that they both lie in the x,x; plane
and are inclined at angles x, and s, respectively, to
the x, direction (i.e., to the direction of the incident
ray), where

tan}' _ (1)93 (l)h;- + (1) (l)h—
4 S it 1 _
(}e-{( hi—+(} 2(1)hl (68)
3 3) 3) @) — .
tanx _ ()eg( h;+<)e3 ()hz
3 = = . R
(s)e-i— (3)h—2i— + (3)e1 (3)h2
Equations (6.8) may be rewritten as
1) % (1) *
tanx _ { )e2 { h3 + (l)e2 (l)h3
1= * 3
(l)e; fl)hl + (l)e2 (l)h (69
* * . )
tanx _ (3)83 (3)h2 + (3)e3 (3)h2
3T T * @ Y, (D%
()el(h2+(381{ h2

Introducing (5.10) into (6.9), we obtain, with (5.13)
and (5.11),

tan y,
[(Bs + B2) — 8By + Bin)I&;

- (Be + BDE + By + Bin) + (B + Bt )&

. . (6.10)
{a0s + Lofs
t = B2 L8
T e e
where 05 and {, are given by Egs. (5.5) and (5.11).
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Formal properties of the solution to the classical radiationless relativistic Kepler problem are discussed
with particular attention to the strong coupling limit, a case rarely considered. It is found that fall to
the origin can occur for potentials less strongly attractive than required nonrelativistically. One con-
clusion is that the relativistic centrifugal barrier is less “effective” than the nonrelativistic kind. It is
possible to describe these effects in terms of a dimensionless parameter resembling a classical “coupling
constant.” The quantum-mechanical case is also briefly treated.

L. INTRODUCTION

HE special relativistic “Kepler” problem of a

particle moving about an infinitely massive force
center without radiation has been solved classically
and quantum mechanically with both the Klein-
Gordon and Dirac equations, and the solutions are
well known.»# A peculiar feature of the solutions to
the quantum mechanical cases is their singular
behavior when the coupling becomes very strong.?
It is only for the classical case that the solution for
very strongly attractive centers has been written out
explicitly, however,! and even here little is said about
what is happening physically.

In the classical Kepler case, the orbiting particle
can fall to the center in a finite time under certain
conditions, viz., if the attraction is sufficiently great
and the angular momentum about r = 0 not too
large. While this point is treated in Ref. I, it does not
seem to be generally known to most physicists. Of
interest is the question of whether this is a unique
feature of the 1/r potential or whether it is a peculiarly
relativistic effect. Further, what is the relation, if any,
to the singular behavior of the quantum-mechanical
solutions in the strong coupling case? Our answers
to these questions are that these phenomena find their
explanation in the same way as the nonrelativistic
effect of fall to the origin in a sufficiently strongly
attractive 1/r? (or worse) potential in both the classical
and quantum-mechanical cases; namely, that the
centrifugal barrier is overcome by the attractive
center. Anything faster than 1/r? causes collapse

* Supported in part by the Division of Research, Clarkson
College of Technology, Potsdam, New York.

t Present address: U.S. Naval Ordinance Laboratory, Silver
Spring, Maryland.

! See, e.g., L. Landau and E. Lifshitz, Classical Theory of Fields
(Addison-Wesley Publishing Company, Inc., Cambridge, Massa-
chusetts, 1951), pp. 100-102.

2 See, for example, H. A. Bethe, Intermediate Quantum Mechanics
(W. A. Benjamin, Inc., New York, 1964).

nonrelativistically, and relativistically we argue that
anything faster than 1/r is sufficient.® We conclude
that nonrelativistic centrifugal barriers are more
effective than their relativistic counterparts, the reason
lying essentially in the fact that the latter variety are
tied up under a square root in the Hamiltonian.

There are some amusing consequences of these
“fall” effects and some of these are pointed out. We
also take this opportunity to discuss some of the
features of the solutions to the relativistic Kepler
problem in particular when the coupling is not much
less than one (as it is in most atoms and solar systems).
We stress finally that the problem we consider is a
radiationless problem and that it is a single-particle
problem, i.e., the mass of the force center must be
regarded as infinite—it is the source of an external
field in other words. It may be noted that the omission
of radiation effects is most serious in the strong
coupling limit.?» Despite this fact, consideration of this
problem is of interest because of the qualitative
conclusion which we are able to draw, that relativistic
centrifugal barriers are weaker than the usual kind.
We are able to describe these effects in terms of a
dimensionless parameter which resembles a coupling
constant. Finally, it may be that the nature of the
strong coupling solutions has some sort of a more
realistic parallel in strong interactions, though we are
unable to say anything definite.

In Sec. II the classical Kepler case is set up and
solved in the canonical way, and Sec. Il is devoted to
a study of the solutions derived in Sec. II and a dis-
cussion of the fall to the center in the strong attraction
case. Section IV concludes by considering the quantum-
mechanical cases.

8 (a) This statement requires a minor qualification which will be
made farther along in the text (see the end of Sec. III). (b) Notice,
however that unless the particle is the source of a field, there will,
be no radiation at all.
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II. SOLUTION OF THE CLASSICAL
SPECIAL RELATIVISTIC
KEPLER PROBLEM

The Hamiltonian for a particle of mass m moving

about another particle of infinite mass is
H = (p* + mc?ke + V(). )
In the Kepler case, V(r) = —K?/r (attractive).

Here we have formed H in a frame fixed with respect
to the force center. Since the mass of the force center
is infinite, it cannot be accelerated, so no inertial terms
are necessary in Eq. (1). Were the mass of the force
center finite, the internal and overall motions would
be coupled in a complicated way by retardation effects
and the problem would be far more complicated.
Relativistically it is not possible to decouple center
of mass and relative motions as it is in the nonrela-
tivistic theory. We limit our considerations to the
infinite mass case.

(It is for reasons such as these that it is incorrect
to apply the Klein-Gordon equation to absorption
models of high-energy p—p scattering, as has been done
on a few occasions recently.)

In polar coordinates the Hamiltonian is

2 3 2
H=(pf+!—2+m2c2)c—£, (2
r r
where p, is the radial component of the momentum
of m and J is its angular momentum about r = 0.
The Hamilton~Jacobi equation is

0s os\> 1 (0s LI <
SO T(9Y +L(es _KE
ot [(ar) t (ae) +mc} c—7 @

The solution to Eq. (3) is found by standard techniques
to be

s(r,0,t;J,E) = —Et + J0

, 2,2 2 3
+f [12 (E + £) L m2c2] dr. (4)
c r r
The orbit comes from
% — const = Gy
oJ
(J/rDdr

=6_fr 2,2 2 3
-2

4 r r

&)

and the time dependence (the energy integral) from

%~ const = —1,
JoE
2
1 E+£<— dr
_ r c? r
=1 +f 1 K& J? 3 (©)
[ (E+ ) ]
c r r
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There are two entirely different classes of solution,
depending on the value of K*/Jc = a. Eq. (5) gives?

;l =1+ ecos B(6 — 6,), a<l1l, (7a)
I_ —1 4 ecosh (6 — 6;), a>1, (7b)
r
where
1 1, 3
G_;[H;(V—n}, ®)
y = E/mc?, &)
« = K*Jec, (10)
p=0—-d f=@-1DL (D
=18y, =15, (12)
Iy = J*/K*m. (13)

When « = 1, the solution is the same as the limit of
Eqs. (7a) and (7b), the limits being identical. The
result is

2
—°=—1+#+(0—9‘,)Z.

r

(14)

For comparison with Eq. (7a) the nonrelativistic
solution is

b

0 =1 4 ¢ cos(f — ), (15)
-

where

€ =2 |E'|J?K*m, (16)
the conic eccentricity. It is readily ascertained that
in the limit that |E'| = |[E — mc? < mc?; Eq. (8)
reduces to Eq. (16). Furthermore, when ¢ — o0, § — 1,
and « — 0, so Eq. (7a) reduces to Eq. (15). At first it
would appear that Eq. (7b) does not, but closer
inspection reveals that ¢ — co, which causes « -0
and f—1, also results in §— i, from which Eq.
(7b) - Eq. (15), apart from a trivial sign which can
be absorbed into 0,.

III. DISCUSSION OF RESULTS

Comparison of Eq. (7a) with Eq. (16) shows that
when o < 1, the former gives “relativistic conic sec-
tions” with e and / playing the role of relativistic
“eccentricity” and “semilatus rectum,” respectively.
The novelty is . When f§ is very close to unity, the
ellipses of the bound case precess forward by about

4 It is easily seen from (1) that the case of a repulsive potential is
handled by replacing K2 by — K2. This carries through to Egs. (7a)
and (7b) with the result

(= |{lIn =14 ecos BB — 6, a<l,
(— |ir = =1+ ecosh B8 — 6,), > 1.



2094

06 ~ ma? per revolution. With moderate increase in
o and attendant decrease in f, precessing ellipses
graduate into the celebrated *“‘open rosettes.” As «
increases towards one, f drops towards zero, and
the appearance of the orbit changes again, starting as
a spiral that at first winds on itself with an ever-
decreasing radius, shrinking to a minimum value
rmin = /(1 4 €)™ [see Eq. (7a)], and then unwinding
outward again rising back gradually to a maximum
radius rmax = /(1 — €)= The picture is that of a
pulsating spiral.

The “hyperbolas” and “parabolas” of Eq. (7a)
are much like those of Eq. (15) when E > mc?
(ie., E’' > 0). The difference is that they have nar-
rower opening angles and as f falls they even cross
themselves.> When g « 1, the incoming mass winds
several times around the center before re-emerging.

However, at first sight, the most remarkable
feature of the results, Eqs. (7a) and (7b), is the fact
that there are two entirely different classes of solution,
a situation not encountered in the nonrelativistic
Kepler problem. Thus, as contrasted to (7a), the
bound solution to (7b), where « > 1, is a spiral falling
from rmax = I(—1 + €)1 to the origin.® The absorp-
tion time from rmax can be found from the relativistic
energy integral (6); it is

1 K?
te—1) 2 (E + 7) dr
Tabs =J; 1 I 7

¥ 22*,
e+ 5) — 5]

which gives a finite result.”

The unbound case when « > 1 exhibits fall effects
also. To see this, let us change the description of the
orbit from that of Eq. (7b) by getting rid of §,, an
angle with a clean physical meaning in the bound
case and when « < 1, but less so in the present in-
stance. Let the mass m be incident along the 6 = 0
direction, then r(6 = 0) = oo and this determines
6, as

(17

1 1
6, = £ =cosh™=~. (18)
B €

5 Note: The “parabola’ always does!

§ When o > i, € is greater than or less than unity according as E
is less than or greater than mc?, in contradistinction to the case
where o < 1. Hence rmax as given in the text is positive, as it should
be.

7 Since the reader will make the observation himself, we take this
opportunity to point out the amusing fact that the absorption form
rmax to r = 0 can equaily well be played in reverse; viz., emission
from » = 0 to rmax and then followed by reabsorption, a phenom-
enon with an obvious, though, as the present effect seems to have
nothing to do with range, probably incorrect, quantum analog.
There is no trouble with energy or angular momentum conservation
because the central mass is infinite—it can serve as a source as well as
a sink! It is even more amusing that infinite mass classical particles
(such as our force center) can have “intrinsic,” though arbitrary,
angular momentum.

R. CAWLEY

The lower sign is needed to keep r positive. The result
for the orbit is

Ilr = —1 4 cosh 0 + (1 — )¥sinh 6. (127)

[A similar treatment of Eq. (14) will eliminate 0,
there, too.] The impact parameter is

o L= Jime ‘
) Y

Here the picture is that of an incident particle
coming in from far out and, rather than scattering
and re-emerging, instead being “absorbed” by the
central potential.

We can present a centrifugal barrier explanation
again as follows: Fix K?and vary the impact parameter
b from large values down towards zero; K*/Jc rises
from small values, passes through one, and increases
beyond. The high J particles scatter in accord with
Eq. (7a) but the low angular momentum, low impact-
parameter particles are absorbed as dictated by Eq.
(19).% Crudely,

19

b=Ilimrsinf =

r—w

mv,b mc? v, U
c= cCc= =|b = E{=}b,
(1= ofeht (1= oyt (c) (c)
(20)
where v, is the velocity of m at r = co; we see that
K2[Jc > 1 implies

E(vy/c)b < K2,
or
K2[b > (vol0)E,

which furnishes a crude confirmation of the state-
ments of the previous paragraph, since K%/b is a
characteristic value of the potential energy.

Finally, it is interesting to note that when « > 1
negative energy solutions, but with the positive square
root in Eq. (1), are possible. Thus if y < 0, Eq. (7b)
still holds if / and e, which are both proportional to
1/y, are simply allowed to be negative. The result is
just a tighter spiral, starting at a smaller rpax =
1ID1 + [e]) = I/(e — 1), just the same as the y > 0
(and hence E > 0) case.

When o < 1, there are no solutions if y < 0 (or if
Y2 <1 —a?, as this leads to a negative kinetic
energy term.

The reason for these effects is not hard to see. When
the coupling is strong, the argument of the square root
in Eq. (5) or Eq. (6) is positive for r < Ij(e — 1)
even for E < 0, as the condition «% > 1 or K*/c® > J?

8 One is reminded here of the low partial-wave absorption in
peripheral production processes at high energies. The ““sink’ in this
case is a probability sink, the large number of open inelastic channels
[cf. K. Gottfried and J. D. Jackson, Nuovo Cimento 33, 309
(1964)].
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causes the 1/r? term, which dominates in this region,
to have a positive coefficient. When «? < 1, this is
not the case. The effect of the *‘centrifugal barrier”
is summarized in the J%/r® term in the square root of
Eq. (5) and we see that it competes at r = 0 not with
V(r) but with [V(r)]2. This is the reason for its relative
ineffectiveness in preventing collapse. In the non-
relativistic theory, the centrifugal barrier competes
with V(r) itself. There is no contradiction here for the
nonrelativistic theory is obtained from the relativistic
theory by expanding the argument of the square root
in Eq. (5), getting

2 2 2,2
n(e+5) - Z) (e 2]
r r c r
and dropping the last term. This procedure gives an
incorrect nonrelativistic /imit when r— 0, but of
course this extra term could never show up in the
nonrelativistic theory, as the latter can be obtained
from the relativistic theory only by making ¢ — oo,
which justifies the dropping of the [V'(r)]? contribution
“nonrelativistically.”
To look at this in another way, and in the more
general case, suppose that near the origin

V(r) ~ —k?r". 20
Then from Eq. (1)
oH Jecr®
), = — — = nkir" Tt 4o —1— 22
Pr or meTt E + ar® 22)

The denominator is the square root appearing in
Eq. (1) and hence is positive. Equation (22) can be
negative for r — 0 only if n < 0. Requiring this with
n negative gives

[n} (R2[Jc)2r™2(r 4+ E[k®) > 1,
or, since r — 0,
|n| (K2 Jc)?(r¥)"t > 1. 23)

This can be fulfilled for all k2/Jc only if n < —1. If
n = —1, then the inequality (23) becomes

k2Jc > 1. (24)

In these cases the radial force (22) is sufficiently
strongly attractive at the origin that it can cause the
particle to fall to the center, as p, — — oo there. A
Yukawa potential, for example, may be seen to have
this property if the value of k2/Jc is greater than unity
in accordance with Eq. (24).

We can conclude that fall occurs in the case of a
sufficiently singular potential provided the particle
can get close enough to r = Ofor the singular character
of the potential to take effect. This is certainly the
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case for any power law attraction if y < 1. The un-
bound case, however, has a trivial *“‘exception,”
namely, that where the centrifugal barrier dominates
over V(r) at larger r and E — mc? lies low enough
that the particle is turned away before it can get in
close enough to the origin for the strong attraction
there to take hold. Whenever the energy is great
enough for the particle to get into the r = 0 region,
however, it falls to the center as long as V(r) is
sufficiently singular.

IV. QUANTUM-MECHANICAL CASES
The nonrelativistic classical problem with
V(r) = —k%/2r? 25
gives an orbit equation,
(J/r®) dr

0 — 00 =f 1 % )
[ZmE’ + (Km — 1Y —2}
;

which results in fall if 4%» > J2. The quantum version
of this potential gives a wavefunction®:

(26)

R(r) ~ \/L_cos [(y — })% Inr+ c], ¢ =const (27)
r

when y > 1. Here

y = mk®R* — I(I + 1). (28)
The condition y > % is re-expressible as
k*m > B*(I + $)?, (29)

which can be compared with the classical condition
[the  in Eq. (29) comes from the uncertainty prin-
ciple]. In Ref. 9 it is argued that the solution (27)
reflects a kind of “fall” to the origin because, as r — 0,
R(r) has infinitely many nodes for any finite value of
E’. The fact that the ground state is supposed to have
no nodes, means that it must be at E’ = — co. Since
in general a particle is supposed to be in a region of
space where E’ > V, it follows that the ground state is
that of the particle confined to » = 0. This is quantum-
mechanical “fall.”

The Dirac and Klein-Gordon equations exhibit
similar features when V(r) = —K?/r near r = 0. We
look only at the Dirac case. The energy levels are?

oc(,z ]_%
(' + [0+ 3 — el
n’ = 0’ 1, 2’ * '. : b

E= mc2|:1 +

(30)

¢ L. Landau and E. Lifshitz, Quantum Mechanics (Addison-Wesley
Publishing Company, Reading, Massachusetts, 1958), p. 118fT.
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where

o)l = K% ke, (31)
These are complex when

=K (2)

o« =—>1
B(j + $)e

Both the “large” and ‘“‘small” solutions near the
origin, independent of E, go as

PO+ =g " it D -0

- >

(33)

which gives solutions like (27), and arguments
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analogous to those given in Ref. 9 may strongly
suggest quantum-mechanical “fall”” here also.

It is suggestive that the classical “coupling constant™
seems to generalize to the quantum-mechanical case
and it is hard to resist the temptation to speculate on
the possible significance of the effects. Thus, it is
probably true that strong interaction phenomena have
an entirely different character from electromagnetic
interaction phenomena and, perhaps, in a way, are
somehow related to “fall” effects. The connection, if
any, however, must remain vague until a more realistic
model can be set up and solved, but we have no
such model.
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Complementary Variational Principles and Their Application
to Neutron Transport Problems*

G. C. POMRANING
General Dynamics, General Atomic Division
San Diego, California

(Received 19 January 1967)

Several variational principles are developed which give upper and lower bounds for the linear func-
tional (S, ¥), where y is the solution of the inhomogeneous equation Hy = § with H a self-adjoint,
positive—definite, linear operator. Some of the principles bound this functional only with respect to small
or local variations, whereas others give bounds for arbitrary variations. Several of our results coincide
with those of other authors widely scattered throughout the literature, and we show that these principles
have a common origin. Other results given are new. Examples of the use of these principles are taken
from the field of neutron transport.theory, and we use both the linear Boltzmann or transport equation
and the diffusion equation. One interesting result is that certain “exact” values of the extrapolated
endpoint for the Milne problem which have been reported in the literature fall, due to numerical

inaccuracies, outside the bounds computed here.

I. INTRODUCTION

OR the purposes of this paper, we define a varia-

tional principle in the following limited sense:
Suppose that a physical situation is entirely described
by a given equation (or set of equations). Further
suppose that we are only interested in a single gross
aspect of the solution of this equation, i.e., some func-
tional of the solution. Finally, suppose that we know an
approximate solution to this equation. By definition,
we say that this approximate solution differs from the
exact solution by first-order terms in some smallness
parameters. Then a direct calculation of the functional
of interest with this approximate solution will, by
definition, contain first-order errors as compared to

* This work was initiated while the author was a guest at the
Brookhaven National Laboratory.

the exact result. A variational principle is defined to
be a definite procedure for using this first-order solu-
tion of the equation to obtain an estimate of the func-
tional of interest containing only second-order errors.
We further define complementary variational prin-
ciples as a pair of principles for estimating the same
functional, one of which is a minimum principle and
the other a maximum principle. By a minimum varia-
tional principle we mean that for sufficiently small
first-order errors in the approximate solution (trial
function), the variational estimate of the functional
will necessarily be a second-order overestimate of the
true value. Likewise, a maximum principle will
always yield a second-order underestimate of the
exact result with respect to local errors (variations)
in the trial function.
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somehow related to “fall” effects. The connection, if
any, however, must remain vague until a more realistic
model can be set up and solved, but we have no
such model.
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Several variational principles are developed which give upper and lower bounds for the linear func-
tional (S, ¥), where y is the solution of the inhomogeneous equation Hy = § with H a self-adjoint,
positive—definite, linear operator. Some of the principles bound this functional only with respect to small
or local variations, whereas others give bounds for arbitrary variations. Several of our results coincide
with those of other authors widely scattered throughout the literature, and we show that these principles
have a common origin. Other results given are new. Examples of the use of these principles are taken
from the field of neutron transport.theory, and we use both the linear Boltzmann or transport equation
and the diffusion equation. One interesting result is that certain “exact” values of the extrapolated
endpoint for the Milne problem which have been reported in the literature fall, due to numerical

inaccuracies, outside the bounds computed here.

I. INTRODUCTION

OR the purposes of this paper, we define a varia-

tional principle in the following limited sense:
Suppose that a physical situation is entirely described
by a given equation (or set of equations). Further
suppose that we are only interested in a single gross
aspect of the solution of this equation, i.e., some func-
tional of the solution. Finally, suppose that we know an
approximate solution to this equation. By definition,
we say that this approximate solution differs from the
exact solution by first-order terms in some smallness
parameters. Then a direct calculation of the functional
of interest with this approximate solution will, by
definition, contain first-order errors as compared to

* This work was initiated while the author was a guest at the
Brookhaven National Laboratory.

the exact result. A variational principle is defined to
be a definite procedure for using this first-order solu-
tion of the equation to obtain an estimate of the func-
tional of interest containing only second-order errors.
We further define complementary variational prin-
ciples as a pair of principles for estimating the same
functional, one of which is a minimum principle and
the other a maximum principle. By a minimum varia-
tional principle we mean that for sufficiently small
first-order errors in the approximate solution (trial
function), the variational estimate of the functional
will necessarily be a second-order overestimate of the
true value. Likewise, a maximum principle will
always yield a second-order underestimate of the
exact result with respect to local errors (variations)
in the trial function.
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In this paper we consider a certain class of inhomo-
geneous equations and construct complementary
variational principles for a particular functional.
Specifically, we consider equations of the form

H(x)V(x) = 8(x), (D

where H(x) is a real, self-adjoint (Hermitian), positive
definite, linear operator, x is the independent variable
(or represents the set of independent variables), V(x)
is the dependent variable, and S(x) is a given inhomo-
geneous term. The operator H*, said to be adjoint
to H, is defined by

(fs Hg) = (g, H*f), @

for all real functions f and g in the field of definition
of H and H*, where we have defined the inner product
as

() = @) = [dxf (). 3
A self-adjoint operator is one for which H = H*. The
restriction throughout this paper to real operators
and functions is nonessential and is imposed only
for simplicity. A positive definite (or positive bounded
below) operator is one which obeys

(f; Hf) 2 m(f, 1), @)
for all functions f in the domain of H, where m is a
real, positive number. We show that one can always
construct complementary variational principles which
are well-defined from a calculational point of view for
the functional 7, given by
V1= (S, V). &)
I is frequently called the weighted average of V. We
also show that one can obtain more powerful, though
not as well-defined from a computational viewpoint,
results. That is, complementary variational principles
are defined such that they bound the exact result with
respect to small or local variations. We also give
methods which necessarily bound the true value of
I[V] with respect to all variations, no matter how
large. For arbitrary variations, these bounds are also
of second order but it is only for small variations, of
course, that a second-order result is more than a
formal notion.

Some of our results coincide with those of other
authors scattered throughout the literature. The
treatment given here shows that these principles,
which have been discussed in diverse contexts, can
be derived from a common starting point. Specifically,
we make contact with the work of Roussopoulos,!

1 P. Roussopoulos, Compt. Rend. Acad. Sci. Paris 236, 1858
(1953).
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Schwinger? and Francis,® Selengut,® Kato,® Slobo-
dyansky,® Becker,” Yasinsky,® and especially Noble.?
It was the recent work of Noble and subsequent
related publications!®!! which stimulated the present
work. Further, several results are given which are
believed to be new and useful.

We draw examples of the use of our results from
the field of neutron transport theory. In particular,
we shall consider the one-velocity transport equation
with isotropic scattering!?

J— 4 _L ’ 9 ’
w0 = [ @) + 56| ©

where 7, the optical path length between r and r’, is
given by

T= J: fdsZ(s), (D

(r) is the scalar flux, £(r) is the macroscopic collision

cross section, X.(r) is the macroscopic scattering

cross section, and S(r) is the (isotropic) scalar external

source. Further, we consider the diffusion theory
approximation to Egs. (6) and (7) given by'?
=V - D(r)Vy(r) + Z(r)y(r) = S(x),

where D(r), the diffusion coefficient, is defined by

D(r) = 1/3%(r), 9)

and the macroscopic absorption cross section 2,(r) is
given by

®

Z(r) = Z(r) — Z(n).

II. DEVELOPMENT OF THE
COMPLEMENTARY PRINCIPLES
In his work dealing with complementary variational
principles, Noble® treated the case of two coupled
equations of the form
_O0W(x, U, V)

(10)

TV 11

ou (1

THU = oW(x, U, V) ’ (12)
ov

2 H. Levine and J. Schwinger, Phys. Rev. 75, 1423 (1949).

3 N. Francis, J. Stewart, L. Bohl, and T. Krieger, “Variational
Solutions of the Transport Equation,” Second Geneva Conference
on Peaceful Uses of Atomic Energy, Report 15/P/627 (1958).

4 D, S. Selengut, Hanford Quarterly Report HW-59126, 89 (1959).

5 T. Kato, Math. Ann. 126, 253 (1953).

§ S. G. Mikhlin, Variational Methods in Mathematical Physics
(The Macmillan Co., New York, 1964).

? M. Becker, The Principles and Applications of Variational
Methods (M.L.T. Press, Cambridge, Mass., 1964).

8 J. B. Yasinsky, Trans. Am. Nucl. Soc. 9, 471 (1966).

9 B. Noble, Math. Research Center Report No. 473, Madison,
Wisconsin (1964).

10 1, R. Rall, J. Math. Anal. Appl. 14, 174 (1966).

11y, Komkov, J. Math. Anal. Appl. 14, 511 (1966).

12 B, Davison, Neutron Transport Theory (Oxford University
Press, London, 1957).
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where T* is the operator adjoint to T, and obtained
conditions on the function W for complementary
variational principles to exist. In order to apply
Noble’s ideas to Eq. (1), we introduce a second
dependent variable in the following way: We define
a non-negative operator, say L, as one which satisfies

(f, Lf) 2 0, (13)

for all functions f in the field of definition of L.
We then write the operator H in Eq. (1) as the sum
of two non-negative, self-adjoint operators, a decom-
position which we shall later show is always possible.
We further represent one of these two operators as
the product of an operator T and its adjoint T*,
another decomposition which is always possible.®
Hence we have the representation

H=L + T*T, (14)

where L is non-negative and self-adjoint. To obtain
complementary variational principles for I[V'] which
are useful in a practical sense, we require that L™, the
operator inverse to L, be known. However, we do
not require that the operators T and T* be known.
They are introduced only to facilitate the derivation
of the principles and do not appear in the final results.
We introduce a second dependent variable U(x)
according to

U=TV. (15)
Using Egs. (14) and (15) in Eq. (1), we have
LV 4+ T*U=S. (16)

Equations (15) and (16) are entirely equivalent to the
simpler Eq. (1) but have the advantage for our
purposes of being closer to the form treated by Noble®
than is Eq. (1).

Consider the functional [analogous to the primary
functional of Noble—his Eq. (11)]

Fi[u, v] = 2(S, v) — (v, Lv)

+ (u,u) — 2(u, Tv), (17)
where u and v are arbitrary functions. If we let
v=V+ dv, (18)
u= U+ 0u, (19)
we find, using Eqs. (5), (15), and (16),
F,[u, v] = 1[V] — (év, Lév)
+ (u, 6u) — 2(0u, Tov). (20)

Hence F[u, v] is a variational principle for I[V] since
it estimates I[V] with second-order errors. However,
since ou and dv are independent and arbitrary,
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F,[u, v] can either be an overestimate or an under-
estimate of I[V], depending upon du and év.

To derive a functional which always underestimates
I[V1], let us consider only v to be independent and
generate the trial function u from

u=Tv, 21
in analogy to Eq. (15). Then we find
FI[TU’ U] = Fz[U] = 2(S’ U) - (U, HU), (22)
or
Fy[v] = I[V] — (v, Hov). (23)

Since H is positive definite, Eq. (23) shows that
F,[v] yields a lower bound for I[V] for all v. Note that
we have not assumed dv to be small. Of course, it is
only for small dv that this lower bound will be close
(differing by second-order terms) to the exact result,
I[V]. Equation (22) is just the Roussopoulos func-
tional® in the self-adjoint case and its lower-bound
property has previously been noted.'®

This lower-bound result can be put in a more
convenient (and more accurate) form by using a
device due to Selengut.* We write the trial function
v(x) as the product of an amplitude « and a shape
function #(x), i.e.,

v(x) = ai(x). (24)

Since F,[v] underestimates I{V] for all functions
v(x), we determine the value of «, as a functional of
#(x), as that value which maximizes F,[v]. That is,
we substitute Eq. (24) into Eq. (22) and set the first
derivative of the result with respect to « equal to zero.
We find, suppressing the bar on #(x), for the optimum
value of «,

o = (S, v)/(v, Hv). (25)

Using Eq. (24), with « given by Eq. (25), in Fy[v], we
obtain a new functional G,[v], given by

Glv) = (S, v)*/ (v, Hy), (26)

which is frequently called the Schwinger functional®
and has been widely used by Francis et al.® G,[v] has
the advantage over Fy[v] that the normalization of
the trial function is irrelevant. From its derivation it
is clear that G,[v], for any trial function v(x), is a
lower bound for I[V]. A more general result could be
obtained by using

N
%) = 3 t,B2)

in F,[v] and maximizing the result with respect to all
the «,. We note that in our lower-bound results, Eqgs.
(22) and (26), only the operator H and none of the

@7

13 R. Goldstein, J. Math. Phys. 8, 473 (1967).
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decomposition components, ie., the operator L,
appears. Such is not the case for the upper-bound
results which we now derive.

We return to Fy[u, v], Eq. (17), and in this instance
treat only u as the independent trial function. Since
U and V are related by Eq. (16), we generate the trial
function v(x) according to

v = LYS — T*u). (28)
We then obtain
Fifu, L(S — T*w)] = F,lu]
= (u, u) + ([§ — T*u], L[S — T*u]), (29)
or
Fylu] = I[V] + (6u, 6u) + (T*du, L1 T*du), (30)

where we have used the fact that if L is self-adjoint,
so is L™, Since the operator L was stipulated as non-
negative, L' is non-negative and Eq. (30) shows that
Fi[u] is an upper bound for I[¥] for all trial functions
u(x). Further, the difference between F;[u] and I[V]
is of second order in du. Again, we have nowhere
assumed du to be small. Fy[u] as given by Eq. (29)
is in an inconvenient form, since it contains the oper-
ator T* involved in the decomposition of H. This
practical difficulty can be overcome by defining the
trial function w as the result of T operating on a
function v, i.e.,

(3D

In view of Eq. (15), for u to be a good approximation
to U, v should be a good approximation to V. Using
Eq. (31) in Fy[u] and using Eq. (14) to eliminate the
T*T which results, we have an alternate form of
F3[u] which we denote by F,[v]:

Fy[Tv] = F,[v] = 2(S, v) — (v, Hv)
+ ([Hv — S], L7'[Hv — S]. (32)

u= Tu

In this form we see that our upper-bound result is
just our lower-bound result F,[v], plus an additional
term which is obviously of second order and positive.
Contrary to our lower-bound results, F,[v] contains
the operator L' and hence is more difficult to use.
F,[v]is substantially the same as a variational principle
due to Slobodyansky,® which he arrived at from
entirely different considerations.

As before, we can obtain a normalization independ-
ent result by writing

v(x) = Bi(x), (33)

and minimizing F,[v] with respect to f. We find for
this value of 8, dropping the bar on #(x),

B =(S,v — L7 Ho)/(Hv,v — L7*Hv), (34)

which leads to the upper-bound normalization inde-
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pendent result
Gylv] = (S, v — L7*Hu)*/(Hv, v — L~ Hv)
+ (S, L7S). (39)

We emphasize that G,fv] is an overestimate of I{V]
for all trial functions v(x), no matter how inaccurate.
As with our lower-bound results, one can derive a
more general normalization independent upper-bound
result by using a trial function of the form

N
U(X) = zzlﬁ'nv—n(x)’

and minimizing F;[v] with respect to all the 8,,.

Let us show the relationship of our results to those
of Kato.® Let Iy and I;, denote upper and lower
bounds, respectively, to the exact result I[V]. We
have the obvious inequality

(I = Iy — 1) L0 (37

Adding }(Iy — Ip)* to both sides of this inequality,
regrouping terms on the left-hand side, and taking
the square root of the resulting inequality, we obtain

= 3y + Iyl < 3y — L) (38)

To formally obtain Kato’s result, we use Fy[v] for
I, and F,[v] for Iy. We further set L = H in F,[v],
decompose H according to H = I'*I', and define a
function v’ as any solution of the equation

(36)

' = 8. (39)
Then we find
I, = 2(S, v) — (I'n, T'v), (40)
Iy=({,?), (41)
and Eq. (38) becomes
H— 3 + Il £ 3Ty — ', To — ), (42)

which is Kato’s result [his Eq. (7)] specialized to the
case for which I{V] is the functional of interest. We
note that, in general, Eq. (42) is difficult to use since
the equation defining v, Eq. (39), involves I'* and
hence one must explicitly decompose the operator H
into the product of an operator and its adjoint.
Further, once such a decomposition is known, one
must be able to obtain a solution of Eq. (39). How-
ever, in the cases for which this is possible, Kato’s
result is quite powerful since his formulation allows
one to bound an arbitrary linear functional of V.
(We are considering only a special linear functional,
I[V] = (S, V) in this paper.)

Finally, we remark that the introduction of a second
dependent variable U into the formalism [see Egs.
(15) and (16)] and the subsequent treatment of either
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U or V as the sole dependent variable can be consid-
ered as an extension of the Legendre or involutory
transformation which Courant and Hilbert! introduce
in their variational treatment of differential equations.
Yasinsky® has explicitly shown this connection
between F,[v] and F,[v] for the Sturm-Liouville
equation.

IIl. DECOMPOSITION OF THE OPERATOR H

In the previous section it was stated that a positive
definite operator can always be decomposed into the
sum of two non-negative operators. This notion was
crucial in the derivation of our complementary
variational principles, in particular the upper-bound
results. In this section we elaborate on this decom-
position and, as a result of this discussion, further
develop our upper-bound results. We have seen that
our lower-bound results involve only the operator H
and hence, insofar as the calculation of lower bounds
is concerned, the development is complete.

In certain instances, the required decomposition is
obvious. For example, for the diffusion equation
given by Eq. (8), we can make the identification

L = 2,(r),
T = [DM]V; T* = —V.[DO)],

(43)
(44)

since the physics dictates that 2, and D are non-
negative functions of space. In general, however,
such a decomposition by inspection is not possible.
The transport equation given by Eqs. (6) and (7) is
an example of this more general situation. Let us
therefore give a decomposition of a positive definite
operator H into the sum of two non-negative oper-
ators, say L and L', in the general case. Let # be the
largest value of m for which Eq. (4) holds and con-
sider the decomposition

L =yl
L'=H— I,

(45)
(46)
where 0 <y <, and [ is the identity operator.

Then we have
(fs Lf) = y(f. /) (47)

and
(L L) = (f H) — y(£.f) 2 (= (. [)- (48)

Clearly (f, Lf) > O since y > 0 and also (f, L'f) > 0
since ¥ < m. Thus we have trivially shown that a
positive definite operator can always be written as the
sum of two non-negative operators.

If the decomposition of H is accomplished according

1 R. Courant and D. Hilbert, Methods of Mathematical Physics
(Interscience Publishers, Inc., New York, 1953), Vol. I.
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to Eqgs. (45) and (46), then F,[v] and G,[v] are written
F5[U] = Z(Sa 1)) - (Us HU)

+ y~Y(Hv — S, Hv — §), (49)
(S, v — Huvly)? 1
Gs[v] = (__———Hv, o — Holy) + y (S, S), (50)
where
0<y<Lm. (51

Although F;[v] and G;[v] correspond to special cases
of F,[v] and G,[v], we have chosen to consider them
as separate results (hence the change in subscript
from 4 to 5) for purposes of subsequent discussion.
In using Eqs. (49) and (50), one would like to choose
y as large as possible, consistent with Eq. (51), since
a tighter upper bound is achieved with a larger y.
We note that F;[v] is just the Roussopoulos functional®
plus a multiple of the “least squares” principle used
by Becker.?

A somewhat different restriction on y can be found
by considering Eq. (49) directly. Using Eq. (18), we
find

F[v] = I[V] — (év, Hv) + y~*(Hbv, Hov). (52)

Hence F;[v] will be an upper bound for I[V] if we
choose y in the range 0 < y <7, where 7 is the
largest value of n for which the inequality

(Hf, Hf) 2 n(f, Hf) (53)

holds for all functions fin the field of definition of the
operator H. We can easily show that this inequality
for y is no more restrictive than Eq. (51). Consider
the inequality

(Hf — of, Hf — af) 2 0, (54)

where a is any real number. An expansion of Eq. (54)
yields

CHEH) o 5 _ o (1) 55
(s Hf) (f, Hf)
Let a = (f, Hf)/(f,f). Then Eq. (55) becomes
(HE, HY) o (B 56)
(LH) — (L)
or
(H, Hf) > M. (57
(f, Hf) —

Since 7 is by definition the largest value of # for which
Eq. (53) holds, Eq. (57) implies

m <A, (58)
which is the desired result. In order to use Fi[v] or
G,[v], one needs to know /% or 7. In practical cases
for which one can relate 7 and # to a quantity



NEUTRON TRANSPORT PROBLEMS

amenable to calculation, we show that m = 7i. This
equality may be true in a more general circumstance,
but the present generality is sufficient for our purposes.
In order to discuss the upper bound on y, we
introduce the eigenfunctions and eigenvalues of H

according to
HO, = A,0,. 59

We now consider the functional J,,[f], defined as

Iulf1= (f, BN, 1), (60)

which, by definition, has a minimum value /. If there
exists a function fin the field of definition of H, say
fo, for which J,[f;] = m, then we shall show that

2 = 0, the eigenfunction of H corresponding to the
lowest eigenvalue, and further i = A,. To show this,
we calculate the first variation of J,,[f] and evaluate
it at f=f,. Since, by assumption, f; minimizes
J..[f], this first variation must be equal to zero. Hence
we arrive at

(fos JO)(Hfy, Of) — (Hfo, fo)(fo, o) = 0, (61)
or, since J,, [ fo] = m,
(Hfy — ify, Of) = 0. (62)
Since Jf is arbitrary, Eq. (62) implies
Hf, = f;, (63)

i.e., that f; and /i are an eigenfunction and eigenvalue
of the operator H. Since the eigenvalues of H are
given by

A; = (0;, HO)[(9;, 0)), (64)

clearly /7 must be the lowest eigenvalue A;. A similar
analysis can be applied to the functional

JaLf1= (Hf, HN)I(f, Hf),

which leads to

(65)

H(Hf, — if;) = 0. (66)

Since Hy = 0 implies, by Eq. (4), that v = 0, Eq.
(66) is equivalent to
Hfy, = 7ify, 67

and we conclude 77 = Ay. Hence, if a minimizing
function exists in the domain of H, we have the
important result

m=n=A,,

(68)

and the minimizing function is ©,.

However, it may be that no function in the field of
definition of H minimizes the functionals J,, and J,,.
(This is concerned with the question of whether the
limit of a sequence of functions in the domain of H
is itself in the domain.) If, however, the eigenfunctions
of the operator H are complete in the sense that all
functions in the domain of H can be expanded in these
eigenfunctions, then we can show quite generally that
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m=1f = A,. We expand an arbitrary function f in
the domain of H according to

f=2a,0;.
i=0
Assuming this sum to be sufficiently well-behaved so
that the operator H in Eq. (60) can be brought inside
the summation, and that the operations of summation
and integration can be freely interchanged, we find

(69)

Z(A:i - Ao)a?
Jalfl=Ag+ 2
24
=0

Since Ay < A;, we have J,[f]> A,. A similar
analysis shows that J,[f] > A,. This proof suffices
for the application of our results to the diffusion
equation, given by Eq. (8), since it is known!* that
the eigenfunctions of the Sturm-Liouville operator
are complete. It is not known, however, whether or
not the eigenfunctions of the transport operator,
Egs. (6) and (7), are complete. Nevertheless, a slightly
modified version of the above analysis, using the
Hilbert-Schmidt theorem for integral operators,!s
allows us to draw the same conclusion, ie., 0 < y <
Ay, for the transport operator corresponding to a
one-dimensional homogeneous medium. This proof
is given in the Appendix.

If we restrict ourselves to practical cases for which
0 <y < Ay, we need consider the problem of obtain-
ing an estimate of A, for use in our upper-bound
results. Ideally, we would like an accurate under-
estimate of A,, but as remarked by Mikhlin,® methods
for achieving this for a general positive definite
operator are not yet known. For certain operators,
special methods will give an accurate lower bound
for A, (see, e.g., Wing'6). Let us show that the Rayleigh
quotient for the lowest eigenvalue, given by

AolBo] = (6o, HO,)/(0y, Bo), (7

can be of some help in the general case. Here 6, is
an estimate of ®, and the resulting 4, is an estimate
of Ay. It is well-known® and, in fact, our analysis
of J,[f] has shown, that Eq. (71) is a second-order
overestimate of A, if 6, differs from O, by first-order
terms. Let us consider Fy[v] with y replaced by 2,
according to Eq. (71). Denoting the result by Fy[v, 0,],
we have

FG[U’ 00] = 2(57 U) - (Us HU)
4 A7%Ho — S, Ho—S), (72)
15§, G. Mikhlin, Integral Equations (The MacMillan Co., New

York, 1964).
16 G. M. Wing, J. Math. Anal. Appl. 11, 160 (1965).

(70)
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with Ay given by Eq. (71). Since 4, is not an under-
estimate of A,, we cannot conclude that Fg[v, 6,]
will be an upper bound for I{V] for all v and §,.
However, we can show that it will overestimate I[V]
with respect to local variations, i.e., it is a minimum
variational principle. We have

Fo[V, Qg = (S, V) = I[V], (73)

SF,[V, ©,] = 0, (74)

82F,[V, @,] = (2/Ao)(Hbv, Hov) — 2(Sv, Hov), (75)
SE,[V, O] = 0, (76)

8*FolV, Op] = —(12/A2)(Hov, Hov)6*A[O]. (77)

From Eqs. (73) and (74) it is clear that Fg[v, 0] is
a variational principle for I[V], i.e., it estimates this
quantity with second-order errors. Our previous anal-
ysis has shown that the right-hand side of Eq. (75) is
non-negative for all dv and hence 82Fg > 0, ie.,
Fg[v, 6,] is a minimum principle. Since the Rayleigh
quotient overestimates A,, we have 422,[0,] > 0, and
thus Eq. (77) shows that §*Fy < 0. Now, F;[v] has
the property that 6"F;[V] > 0 for all n since Fy[v]
overestimates I[V] for all trial functions ». Thus only
in fourth and higher-order terms in dv does the char-
acter of Fg[v, 0,] differ from that of F;[v]. That is,
while F;[v] will overestimate I[V] for any trial func-
tion v no matter how inaccurate, Fg[v, 6y] will only
overestimate I[V] with respect to local variations,
i.e., if dv and d6, are small enough so that fourth and
higher-order terms are negligible compared to second-
order terms.
To derive a normalization independent form of
Fglv, 0,], we set
v(x) = ei(x), (78)

where #(x) is a shape function and the amplitude
is to be determined as a functional of #(x). Analogous
to our derivation of G;[v], we could use Eq. (78) in
Fg[v, 6y] and obtain e by setting the first derivative
of this result with respect to ¢ equal to zero. The
result of this would be G;[v] given by Eq. (50) with y
replaced by 4,. However, since Fg[v, ] is not neces-
sarily an overestimate of I[V] for dv and 66, large, we
cannotinterpret this procedure as minimizing F[e5, 6,]
with respect to e. It seems more desirable to determine
¢ from an extremum argument if possible. One such
method is to obtain € by minimizing the term (év, Hov)
occurring in the second variation of Fylv, 6,], Eq. (75).
Since this term, and only this term, contributes a
negative component to the second variation, we can
interpret this procedure as minimizing the magnitude
of the negative component of the second variation.
It was just this term which was minimized in deriving
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G,[v], Eq. (26), and hence we obtain ¢ = o, where
o is given by Eq. (25). Our final result is

GG[va 00] = (Ss 0)2/(0’ HU)
+ JgWaHv — S, «Hv — S), (79)

with « given by Eq. (25). We see that Gg[v, 6], a
minimum principle, is just G,[v], a maximum prin-
ciple, plus a positive ““correction” term. While Gg[v, 6,]
gives an overestimate of I[V] for dv and d6, small (so
that fourth-order terms are negligible), it will not
necessarily overestimate I[}V] if very inaccurate trial
functions are used. G;[v], on the other hand, will yield
an overestimate of I[V] for all trial functions v no
matter how inaccurate, but its userequiresaknowledge
of a lower bound on A,, the smallest eigenvalue of the
operator H, and this knowledge is not always easy to
obtain.
IV. SOME EXAMPLES

As a first example of the use of complementary
variational principles, we consider a neutron diffusion
theory problem closely related to the example given
by Noble.® Specifically, we analyze a homogeneous
slab of thickness 2r with a spatially independent
external source. Equation (8) can then be written

—d*p(x)}dx® + p(x) = 127}, (80)
where the unit of distance has been chosen as the
diffusion length (D/X,)? and, in these units, the
source strength has been chosen as S = 1/(2n)b. If
the neutron flux is assumed to vanish at the edges of
the slab, Eq. (80) is to be solved subject to the bound-
ary conditions

¥(7) = p(—7) = 0. (81)

The complementary variational principles will give
upper and lower bounds for the functional

(5. ) = @0 ey ®2)
As the thickness of the slab approaches infinity, p(x)
approaches (27)~% (except in the immediate vicinity
of the boundaries) and thus (S, y) approaches unity.
This was the reason for the particular source normal-

ization used in Eq. (80). The exact result for (S, v) is
easily found to be

(S,yv) =1 — rltanh (7). (83)
If we choose a parabola satisfying the boundary con-

ditions as the trial function @(x) for use in the varia-
tional principles, i.e.,

p(x) ~ p(x) = 78 — X%, (84
then Eq. (26) gives the lower bound
Gelp] = 72/[3(1 + $77)]. (85)
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TasLE I. The integrated flux in a slab system of thickness 2.

Slab half- Lower Exact
thickness  bound result Upper bounds
T Glpl  (S,¢)  Gilgl  Gilpl  Gelp, 0,
0. 0. 0. 0. 0. 0.
0.5 0.0758 0.0758 0.0769 0.0758 0.0759
1.0 0.2381 0.2384 0.2500 0.2384 0.2420
1.5 0.3947 0.3966 0.4286 0.3967 0.4124
2.0 0.5128 0.5180 0.5714 0.5185 0.5516
3.0 0.6522 0.6683 0.7500 0.6706 0.7321
4.0 0.7207 0.7502 0.8421 0.7558 0.8286
6.0 0.7792 0.8000 0.9231 0.8476 0.9154
10.0 0.8129 0.9000 0.9709 0.9256 0.9676
15.0 0.8242 0.9333 0.9868 0.9622 0.9858
25.0 0.8300 0.9600 0.9952 0.9852 0.9946
© 0.8333 1.0000 1.0000 1.0000 1.0000

If G,[¢}], given by Eq. (35), is used to compute an
upper bound, and if we set the operator L equal to
the identity operator, we obtain

Gilo] = /301 + $3)]. (86)
Another upper bound can be obtained by making use

of G;[¢l, Eq. (50). With y taken as the lowest eigen-
value of the operator in Eq. (80), i.e.,

y =1+ (7%/4+?), (87)
the result is
4:2
G.[o] =
s[¢] R
Y
x [1 - 2= m)” 2]. (88)
60(12 — 7%) + 24(10 — #*)yr

The use of Gg[@, 6], Eq. (79), with O, also represented
by a parabola, i.c.,
O~ 0, =712 — x2,

(89)
yields yet another upper bound

T . 7_2 3
Wyl (5 + 272)' ¢
These results are presented in tabular form as a
function of =, the slab half-thickness, in Table I. We
note that G;[¢] is the most accurate estimate of (S, ).
This is not unexpected since only G;[¢] makes use of
an additional piece of information, namely, the lowest
eigenvalue of the diffusion theory operator.

As a second diffusion theory example, we consider
the problem of Kostin and Brooks'? of a plane source
in an infinite, homogeneous medium. If the source
plane is of unit strength and is located at the origin,
the appropriate diffusion equation is

—D[d*p(x)/dx"] + Z, p(x) = é(x), (91

where d(x) is the Dirac delta function. The functional
estimated by the complementary variational principles

Gslo, 0,] =

17 M. D. Kostin and H. Brooks, J. Math. Phys. §, 1691 (1964).
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is
(S, v) = f dx8(x)p(x) = p(O),

i.e., the flux at the source plane. The exact solution for
w(x) is given by
p(x) = (2kD) e %, 93)

where k% = X,/D. Hence the exact value of (S, y) is
just 1/2kD. For simplicity, we set kD = % so that we
have y(0) = 1 as the exact result. As a trial function
@(x), we choose

@(x) = (k' Dy e¥ =l %94)

which is the exact result for a medium with another
absorption cross section X, with k'2 = X /D. A direct
evaluation of y(0) with this trial function gives, using
kD = 3,

92)

p(0) = (1 + B, (95)
where £, defined as
B = (k* — k'3[k’, (96)

is a measure of the accuracy of the trial function.
Using Fy[9], Eq. (22), to compute a lower bound,
we find

Fle] =32 — B)(1 + B}, 7N
whereas G,[¢], Eq. (26), gives the lower bound
Gole]l = 2(1 + BR/(2 + B). (98)

If one uses either Fy[¢] or G4[¢] to compute an upper
bound to y(0), one would logically choose the operator
L as the absorption cross section X,. On physical
grounds, one knows that the appropriate value of y
in Fy{¢] or Gs[¢] is also X,. That is, the lowest
eigenvalue of a homogeneous slab system approaches
X, as the slab thickness goes to infinity. Hence, for
this infinite medium example, F,[¢] = F;[¢] and
G4[9] = Gs[¢]. We obtain, using either Eq. (32) or
Eq. (49),

Filgl = Flel =312+ HIA + pE. (99)

Use of the normalization independent upper-bound
principles, Egs. (35) and (50), yields

Gilgl = Gs[g] = (2 + B)/(1 + HE.  (100)

The unexpected result that Eqs. (99) and (100) are
identical must be considered as fortuitous. These
results, as a function of 8, are given in Table II. We
note that all of the variational estimates are more
accurate than a direct calculation with the trial func-
tion, especially for small values of . We also see,
as expected, that G,[¢] is a better estimate of y(0)
than is F,[¢].
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TaseLe II. The flux at the source plane.®

Trial Direct

function calculation Lower bounds

Upper bound

F,lp] = Fslp]

B @(0) Fylp] Gyl = G,lpl = G;lp]
—0.9 0.316 0.458 0.575 1.741
—0.7 0.548 0.739 0.843 1.186
—0.5 0.707 0.884 0.943 1.061
-0.3 0.837 0.962 0.984 1.016
—0.1 0.949 0.9961 0.9986 1.0014

0.1 1.049 0.9964 0.9989 1.0011

0.3 1.140 0.969 0.991 1.009

0.5 1.225 0.919 0.980 1.020

0.7 1.304 0.848 0.966 1.035

0.9 1.378 0.758 0.951 1.052

¢ Exact value is unity.

More interesting examples result from the consid-
eration of the transport equation given by Egs. (6) and
(7). 1t is shown in the Appendix that in certain in-
stances the transport operator satisfies all the con-
ditions imposed upon the operator H in the course of
our development of complementary variational prin-
ciples. We first analyze the escape probability problem
of Francis et al®> We consider an arbitrarily shaped
homogeneous convex body with a spatially independ-
ent source S of neutrons. The appropriate equation
is, from Egs. (6) and (7),

p = K(cp +9), (101)
where p denotes the scalar flux, ¢ = 2 /%, and K
represents the integral operator

__|y—r’
eIl

wm=iﬁw——7ﬂw

, (102)
[r—r]

where the integration extends over the volume V
of the body. We have set X = 1 in Egs. (101) and
(102), i.e., the unit of distance is taken as 1/Z. The
escape probability P is defined as the ratio of the rate
at which neutrons escape from the body to the rate
at which they are born as source neutrons. It is easily
shown from neutron conservation considerations that
P can be written as

P =[SV — (1 — o)y, S)/SYcSV,  (103)
where vy is related to p by
p=cp+S5, (104)
and hence satisfies the equation
(I—cKyp =S, (105)

where [ is the identity operator. The complementary
variational principles G,[¢] and G,[ @, 6] give us lower
and upper bounds, respectively, for (y, S), and Eq.
(103) then yields upper and lower bounds for the
escape probability P. As a trial function for y, we use

Yy ~ () = 1, (106)
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i.e., we assume that the variable y(r) is well represented
by a spatially independent function. This is an ac-
curate representation for ¢l much less than one, where
I is the characteristic dimension of the body, often
defined as'® [ = 4V/A, where A is the surface area of
the body and V its volume. We further use

O4(r) ~ O(r) = 1

as the trial function in the Rayleigh quotient for the
lowest eigenvalue of the operator I — cK. This is a
good representation for / much less than one. Sup-
pressing the algebra, the use of Gy[¢] given by Eq.
(26) yields as an upper bound for the escape prob-
ability

(107)

Py = Py[l — c(1 — PyI™, (108)

where P, is the probability that a neutron from a
spatially independent source distribution will escape
the body without making any collisions'® and is given
by

P,=1— (1, KD)/V.
Equation (108) is just the result of Francis ef al® A
lower bound for the escape probability is found by

using Gglg, 6], Eq. (79). The final result is, after
much algebraic manipulation,

Py = Py(l — A),

(109)

(110)
where
— c(1 — o)1 — Py)(Py — Py)
T Pl — (1 — PP

and P, is the probability that a neutron from a first
collision source distribution will escape the body
without making any collisions. The mathematical
definition of P, is

P, =1— (K1, K)/(1, K1). (112)

It can be shown that 0 < P, < 1 and hence, since
0<ce<1, Eq. (108) implies 0 < Py <1, an in-
equality which the exact escape probability must
satisfy. However, the same inequality does not hold
for Pp,.

To show this explicitly, we consider slab geometry
in which case the integrals over y and z in the operator
K can be performed to yield!?

, (11

Kﬂ@=%fwfﬂx—ﬂv@% (113)
0

where the integration extends over the slab thickness.
P, as defined by Eq. (109) becomes?®

Py =17} — Eg(7)], (114)

18 K, M. Case, F. de Hoffman, and G. Placzek, Introduction to the
Theory of Neutron Diffusion (Los Alamos Scientific Laboratory,
1953), Vol. L.
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TasLE III. The escape probability for ¢ = 0.8. TasLE IV. The escape probability for ¢ = 0.9.
Slab Lower Exact Upper Slab Lower Exact Upper
thickness bound result bound thickness bound result bound
p P, P Py - Py P Py
0.2 0.934 0.934 0.934 0.2 0.966 0.966 0.966
0.5 0.862 0.862 0.863
0.5 0.926 0.926 0.926
1.0 0.757 0.759 0.762
1.0 0.861 0.863 0.865
2.0 0.583 0.594 0.606
2.0 0.724 0.743 0.754
4.0 0.350 0.382 0.415
4.0 0.495 0.545 0.587
8.0 0.159 0.205 0.250
8.0 0.213 0.319 0.400
16.0 0.063 0.103 0.139
300 0.026 0.055 0.07 16.0 0.037 0.163 0.244
: : : 078 30.0 —0.019 0.087 0.145

where Ey(7) is the third-order exponential integral
defined as'®

e
pr
P, for slabs is tabulated as a function of the slab

thickness by Case et al.'® P, can be written for the
slab case as

E(r) = L " du (115)

— 1 — 2E4(1) — Gap(7) — Ginl(7)
21 + 2Ey(7) — 1

where G, () and G, (7) are defined according to

P, ,  (116)

G, (r) = L "dLE, (DE, (1), (117

Gl i) = J diEME(r— 1,  (118)
0
as introduced in the astrophysical literature’® and
tabulated by Anthony.2
If A, defined by Eq. (111), is greater than unity for
a particular combination of ¢ and 7, then, according
to Eq. (110), Py, will be negative, a nonphysical result.
We note that A =0 at ¢ = 0 and ¢ = ] and that A
is non-negative for 0 < ¢ < 1 since (P, — P;) > 0.
Hence A has a maximum in the range 0 < ¢ < 1.
We denote by c* the value of ¢ for which A is a maxi-
mum. Equating dA/dc to zero for a fixed =, we find

¢* = (1 + Pt (119)
and

A(c*) = [(1 — Po)(Po — P))/4P;.  (120)

Now, A(c*) increases from zero monotonically as 7
increases from zero. Defining 7* as the value of 7 for
which A(c*) is equal to one, we find, using large
argument expansions for P, and Py,

7* = 3/(1 — In2) ~ 10. (121)

1* S. Chandrasekhar, Radiative Transfer (Oxford University
Press, London, 1950).

20 G, W. Anthony, Hanford Atomic Products Operation Report
HW-49188, Richland, Washington (1957).

Hence Py, gives a physical (non-negative) estimate of
the escape probability for any value of c if the slab
thickness is less than approximately 10 mean free
paths. On the other hand, if ¢ is small enough, Py, will
be non-negative for any slab thickness. Letting
go to infinity in A and denoting by ¢ the value of ¢ for
which A is equal to one, we find

=3/(5—-21n2)~ 0.83, (122)

and thus we conclude that Py, will be a non-negative
estimate of the escape probability if ¢ is less than
approximately 0.83 for any thickness slab. Numerical
examples of these two cases are given in Tables III
and IV. The exact results in these tables were obtained
from a numerical integration of the transport equation
by Schiff and Stein.?! We note that, for * < 1, the
variational estimates of the escape probability are
very accurate. This is the expected result since in this
instance the trial functions used are quite good repre-
sentations of the true situation. The fact that in
certain cases Py, is negative should not be interpreted
as a basic shortcoming of the variational method. As
we have shown, Py, is negative when c is close to unity
and the slab thickness is large. It is in just this case that
the trial functions we have used are very poor, and
thus P, as well as Py, is a poor estimate of the escape
probability. The fact that Py, is negative is just a mani-
festation of this poorness. The use of better trial
functions would, of course, improve the situation.

As a final example, we consider a generalization of
Marshak’s®® trgatment of the Milne problem, i.e., a
semi-infinite, homogeneous half-space bounded by a
vacuum with a source of neutrons at infinity. The
appropriate transport equation is'?

) =< f “dE(x — ¥Dp(x),  (123)

21 D. Schiff and S. Stein, Westinghouse Electric Corporation
Report WAPD-149, Pittsburgh, Pa. (1956).
22 R, E. Marshak, Phys. Rev. 71, 688 (1947).



2106

where the notation is the same as in Eq. (101). We
isolate the growing component of p(x) by writing

p(x) = e —gq(x), (124)
where v satisfies

2fe =In [(1 +»)/(1 —»)],
and arrive at the equation for g(x):

a(x) = f "X Ey(|x — x'Da(x) = S(x), (126)
2 Jo

(125)

with the source term given by

S(x) = (c/2W{E(x) — e”Ex[(1 + »)x]}. (127)

o= (el =)= - ol -

The functionals G, and G5 can be used to bound
(S, 9), Eq. (130) then used to bound I', and finally
Eq. (129) used to bound x,.

As a trial function §(x) for ¢(x), we use the large x

Oy = — %ln({[ln(lv_f- v 1 j_vT_

To use G;[§] to obtain an upper bound for x,, we
require the lowest eigenvalue of the operator in Eq.
(126). As argued earlier, this is Ay = 1 — ¢. The final
result for (xo)y, while explicit, is algebraically very
complex and hence will not be given here. Table V

TABLE V. cx, for the Milne problem.

Lower Upper
¢ bound Case et al. Mark bound
0.1 0.853826 0.8539 0.8590 0.853829
0.2 0.78476 0.7851 0.7843 0.78479
0.3 0.74836 0.7491 0.7486 0.74843
0.4 0.7298 0.7305 0.7300 0.7300
0.5 0.7202 0.7207 0.7204 0.7206
0.6 0.7150 0.7155 0.7154 0.7156
0.7 0.7121 0.7127 0.7126 0.7132
0.8 0.7104 0.7113 0.7112 0.7126
0.9 0.7094 0.7106 0.7106 0.7148

gives some numerical results for the bounds on cx,
as a function of ¢, as well as the results of Case et al.18
and Mark® computed numerically from the exact
relation

2 p1 2
cxy = g—f d,u|:l + & jl
2y Jo 1L—pu?

y tanh™ (vu)
[(1 — cu tanh™ ) + (mep/2)?]

28 G. C. Pomraning and K. D. Lathrop, Nucl. Sci. Eng. 29, 305
(1967).

2¢J, C. Mark, National Research Council of Canada Report
CRT-338, Montreal (1945).

(133)
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One knows?® that, for large x, g(x) decays exponentially
according to
(128)
where I' is a constant related to the extrapolated
endpoint x,, according to'®

Xg=—(2»)tInT. (129)
We use the complementary variational principles to
obtain upper and lower bounds for x,. By multiplying
Eq. (126) by e** and integrating over x from 0 to y,
and then letting y increase beyond bound, it can be
shown that (S, ¢) and I" are related according to®

q(x) = Pe—v.’b’

xr—r 0

(130)

behavior, i.e., }

q(x) ~ 4(x) = e (131)
The application of G,[7], Eq. (26), then gives a lower
bound for x,, which can be written

K T S

We note that the bounds are exceedingly tight for
small values of ¢, and somewhat looser as ¢ approaches
unity. We also see that the results based on a numerical
integration of Eq. (133) fall in certain instances
(small ¢) outside the bounds computed here, indicating
an error, albeit small, in the evaluation of Eq. (133).
An examination of the integrand of this equation
shows that for small values of ¢ the numerical integra-
tion is very difficult to perform and this fact no doubt
accounts for the discrepancies in Table V. In view of
these results, cx, was recomputed from Eq. (133)
with great care exercised for small values of c. These
results, which, together with a discussion of the
methods used, are reported elsewhere,?® were found to
fall inside the bounds given in Table V.

APPENDIX

We consider some properties of the transport
operator, Eq. (6), appropriate to a nonmultiplying
homogeneous medium (i.e., X, and X are independent
of position) with isotropic scattering. Denoting this
operator by H, we have

—r—r'|

sz(r’), (AD)

e

Hf@ =0 = = [ v £

4w Jyr  |r—r
where we have set X equal to unity, ie., we have
taken 1/X as the unit of distance and have defined
¢ = X,/X. Since the medium is nonmultiplying and
all cross sections are non-negative, we have 0 < ¢ < 1.



NEUTRON TRANSPORT PROBLEMS

We immediately note that H is a Hermitian operator
and hence has all real eigenvalues. Since both the
operator and eigenvalues are real, the eigenfunctions
can be normalized such that they are real. We further
exclude all but real functions from the domain of H.
This restriction is nonessential and is imposed only
for simplicity. Our first nontrivial result is that
all the eigenvalues of H are non-negative. Consider,
for an arbitrary function fin the domain of H,

(/. Hf) = fydrfz(r) -£ fvdrf(r)

el
! ! . 2
fodr 1P fr). (A2
We rewrite this as
(1) = dr fvdr’f(r)

¢ e lrrl
x |8 — vy — <
[(T ') 2

m|r —r|

} (), (A3)

where 6(r) = 6(x)8(»)d(z), 6(£) being the usual Dirac
delta function. Following Wing,>*® we introduce
Fourier transforms into Eq. (A3). In particular, we
write the term in brackets in Eq. (A3) as the inverse
of its Fourier transform. We have

= 1 —ik.s 4
4(s) 2 f dke (A4)
and

e~ sl 1 ks 4T 1

= Gy fdke _lk|tan. (k| (AS5)

With these results Eq. (A3) can be written

1 c
L Hf) = dk|1 — —tan'|k k)2 (A6
FHp = f [ o an ||}1w< ) (A6)
where
w(k) = fvdrf(r)e"“'. (A7)
Now,

1 — (c/lk)tant k] >0 for ¢<1,
and thus

(A8)

(f, Hf) >0 for c<1. (A9)
Since the eigenvalues of H, say A;, are given by
A; = (0,, HO)[(0,, ©)), (A10)

where ©, is the corresponding eigenfunction, Eq.

25 G. M. Wing, An Introduction to Transport Theory (John Wiley
& Sons, Inc., New York, 1962).
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(A9) implies
A; >0,

7

(A11)
as was to be shown.

To proceed further, we represent r by Cartesian
coordinates and restrict the domain of H to those
functions which depend only upon x, i.e., we con-
sider the slab geometry transport equation. Performing
the integrals over y and z in Eq. (Al), we find??

HF) = 1) = & f XElx — DI, (Al2)

where E;(£) is the first-order exponential integral,
defined as!®
ein

E() = f “du (A13)

7
and the limits of integration in Eq. (A12) correspond
to integration over the slab thickness. We now show
that the functionals J,,[f] and J,[f], given by Egs.
(60) and (65), are bounded below by A,, the smallest
eigenvalue of H. To this end we introduce the operator
K, defined as

Kf(x) = ;J:dx’El(lx = xNfx),  (Al4)

which has eigenfunctions and eigenvalues according to

Ky; = Qp,. (A135)

The kernel of the operator K is symmetric and square
integrable

f dxf dx’
0 0

and thus K is a Hilbert-Schmidt operator.’® Wing?
has shown that K is a non-negative operator and
hence has only non-negative eigenvalues. Also, the
kernel (¢/2)E,(|x — x|) is not degenerate and thus
the operator X has an infinite number of eigenvalues.®
If we denote the largest eigenvalue of K by Q,, we
know on physical grounds (the largest eigenvalue
corresponds to the reactivity of the fundamental mode
in a critical reactor) that 0 < Q) < ¢. Q, approaches
zero as T approaches zero, and £}, approaches c as 7
approaches infinity.

The theorem of Hilbert-Schmidt!® states that if
f(x) is a square integrable function in the interval
(0, 7), then the function Kf can be expanded in an
absolutely and uniformly convergent series with re-
spect to the orthonormal functions y,(x), according to

2
%El(lx ~ x| <®, (Al6)

ki=3am, A1)
where =0
a; = (y;, Kf). (A18)
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If we define
by = (ys:0)s (A19)
we have, using Eq. (A15),

Noting that H =1 — K, where I is the identity
operator, we write Eq. (60) as

LUf1=1—(LEOIGD, (A2
and using Eqs. (A17) through (A20), we find
Lif1= 1= (3,0.) [an. @
With the use of Bessel’s inequality®®
(1) 238 (A23)
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Eq. (A22) can be written

Tulf121— Qo+ [f by — Q,)]/(ébﬁ).

i=1
(A24)
Clearly the eigenfunctions of the operators H and K
are identical, and the eigenvalues of H, the A;, are
related to those of K according to

Aj=1~Q,, (A25)
with A, being the smallest eigenvalue of H. We have

1 — ¢ <Ay L1 from our earlier physical argument.
In terms of the A;, Eq. (A24) becomes

Tof12 Ao + [i bA, — A(,)] / (i bi,), (A26)

and thus J,[f]> A, since A; > A,. A similar
analysis on Eq. (65) shows that J,[f] > A,; and hence

for the operator H defined by Eq. (A12) we have
(A27)

m=7=A,
as a rigorous result.
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Systems of observables are considered in an axiomatic framework for quantum mechanics which
generalizes the usual Hilbert space formulation. Familiar concepts such as complete systems of observ-
ables and superselection rules are generalized and it is shown that many of the Hilbert space theorems
carry over to this abstract formalism. Also functions of observables are considered and some theorems

due to John von Neumann are generalized.

1. INTRODUCTION

N this paper systems of observables are considered
in an axiomatic framework for quantum mechanics
similar to that studied by Mackey,! Varadarajan,?
Jauch,® Piron,® and others.® The advantages of
considering systems of observables in this abstract
setting are at least twofold. First, it is well known that,
in general, not all self-adjoint operators on the Hilbert
space of state vectors correspond to observables. This
class of physically significant self-adjoint operators
depends upon the superselection rules present in the
quantum-mechanical system.® Since all the super-
selection rules are not as yet known,” one cannot
specify precisely all the physically significant operators.
In the abstract framework one considers only the
observables themselves and is not shackled by the
presence of physically nonsignificant operators. In
the Hilbert space formulation, for example, a set of
commuting self-adjoint operators S is said to be
complete if it generates a maximal Abelian-von
Neumann algebra.® But this definition depends upon
the interaction of S with nonobservable operators and
is thus physically not entirely relevant. In the abstract
setting such definitions involve only observable
quantities. Secondly, in the abstract framework all
extraneous structure is stripped away leaving only the
bare physical essentials. In this way the methods of the
proofs and their relations to the basic defining axioms
become clear and more transparent. The main purpose

* While conducting research for this paper, the author was
partially supported by a NSF grant.

1 G. Mackey, The Mathematical Foundations of Quantum Me-
chanics (W. A. Benjamin, Inc., New York, 1963).

2V, Varadarajan, Comm. Pure Appl. Math. 15, 217 (1962).

3 J. Jauch, Helv. Phys. Acta 33, 711 (1960).

4 C. Piron, Helv. Phys. Acta 37, 439 (1964).

5 G. Emch and C. Piron, J. Math. Phys. 4, 469 (1963); J. Jauch
and C. Piron, Helv. Phys. Acta 36, 827 (1963); J. Jauch and B.
Misra, ibid. 34, 699 (1961); N. Zierler, Pac. J. Math. 11, 1151
(1961); S. Gudder, Trans. Am. Math.Soc. 119, 428 (1965); S. Gudder,
Pac. J. Math. 19, 81 (1966).

6 G. Wicks, E. Wigner, and A. Wightman, Phys. Rev. 88, 101
(1952); see also Ref. 3.

7 E.g., it is not known whether the lepton number is a super-
selection rule or not.

8 See Ref. 3.

of this paper is to summarize some of the established
work concerning systems of observables and to add to
these some results which we feel are interesting and
will perhaps be useful. The reader should notice that
many of the results we give generalize known
theorems concerning systems of observables in a
Hilbert space.®

2. NOTATION AND KNOWN RESULTS

We now summarize our notation. A proposition
system L ={a,b,c, -} is an orthocomplemented
partially ordered set. For this and other definitions
the reader is referred to Mackey or Varadarajan.l?
The elements of L are called propositions and all sets
of propositions will henceforth be assumed to be
subsets of one fixed proposition system L. If a < ¥/,
we say that @ and b are disjoint. We say a, b split and
write a < b if there are mutually disjoint propositions
a,, by, ¢ such that a = a, V¢, b = b, Vv ¢. Splitting
propositions describe propositions which are physically
compatible. We assume that L satisfies the following:

Axiom 1: For every a, b, ¢ € L which mutually split,
a<—bve.

A subset B of L is a Boolean ¢ algebra if B is a
proposition system which is a distributive lattice. All
the results in this section may be found in Vara-
darajan!! (also see Ramsey).'?

Theorem 2.1: A collection of propositions mutually
split if and only if the collection is contained in a
Boolean ¢ algebra.

An observable x is a ¢ homomorphism from the
Borel sets B(R) of the real line R to L. We denote the
range of x by R(x). If x is an observable and u a Borel
function on R, we define the observable u(x) by
u(x)(E) = x[u~Y(E)] for all E € B(R). We say that an

9 See Ref. 3.

10 See Refs. 1 and 2.

11 See Ref. 2.

12 A, Ramsey, J. Math. Mech. 15, 227 (1966).
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observable x is smaller than an observable y or y is
larger than x (denoted by x < y) if R(x) < R(y).

Theorem 2.2: x < y if and only if there is a Borel
function u such that x = u(y).

A Boolean o algebra B < L is countably generated
if there is a countable set C < B such that the smallest
Boolean ¢ algebra containing C is B itself. A prop-
osition system L is countably generated if every
Boolean ¢ algebra in L is countably generated. It
follows from a theorem in Riesz and Nagy’s book!?
that the proposition system consisting of all closed
subspaces of a separable Hilbert space is countably
generated. For simplicity, in the sequel we assume
that L is countably generated, although the reader
should note that many of our results do not require
this assumption. In fact, the next two theorems and
any results depending upon them are the only results
which require L to be countably generated.

Theorem 2.3: A subset of L is the range of an
observable if and only if it is a Boolean ¢ algebra.

Two observables x, y are simultaneous (written
x <> y) if R(x) <> R(y) and a collection of observables
{x,:a € A} is simultaneous if x, <> x; «, € 4. In
the special case in which observables are realized by
self-adjoint operators, this is equivalent to the
operators commuting.

Theorem 2.4: {x,:o € A} are simultaneous observ-
ables if and only if there is an observable x and Borel
functions u, such that x, = u,(x), « € 4.

This theorem holds for a countable number of
observables even if L is not countably generated and
it holds for two observables even without Axiom 1.1
This last statement also applies to two propositions in
Theorem 2.1.

3. EQUIVALENT OBSERVABLES
AND GENERATORS

In the sequel x, y, z, - - - denote observables on a
fixed proposition system L. If x < yand y < x, then
x and y have the same range. In this case we say that
x and y are equivalent and write x ~ y. Of course,
equivalent observables need not be equal. Notice that
~1is an equivalence relation. We now give a description
of equivalence in terms of one Borel function.

Theorem 3.1: Let x and y be observables. If there is
a Borel function ¥ and a set £ € B(R) such that (i)
y(E)=1, (i) v is 1-1 on E, (iii) x = u(y), (iv)
13 F. Riesz and Sz. Nagy, Functional Analysis (Frederick Ungar

Publishing Company, New York, 1955), p. 358.
14 See Ref. 12.

GUDDER

u(A) € B(R) for every A € B(R), A < E, then x ~ y.
Conversely, if x ~ y, then there is an E € B(R)and a
Borel function u satisfying (i), (ii), (iii).

Proof: Since x = u(y), x < y. Let A € B(R). Then
since uis 1-1, we have AN E = [u~'(u(A N E)] N E.
Since y(E) = 1 and u(A N E) € B(R), we have

YA) = y(A 0 E) = y([u'(w(A N E)] N E)
= [ w(A N E)] = u(y)u(A N E))
= x(u(A N E)).

Thus R(x) = R(y) and x ~ y. Conversely, if x ~ y,
there are Borel functions # and » such that x = u(y)
and y = v(x). Therefore y = v(u(y)) = (v u)(y). Let
E={A:(veu)d) =1}, Then, by Lemma 3.1,
y(E)=1. Let 4;, 4, € E and suppose u(4,) = u(4,).
Then 4; = (ve u)(4) = (vou)(dy) = A, and u is 1-1
on E.

Corollary 3.2: If there is a 1-1 Borel function u whose
inverse is a Borel function and if x = u(y), then
X~

Let X = {x,:« € A} be a collection of simultaneous
observables. If an observable x satisfies x, = u,(x)
where u, are Borel functions for all o € 4, then x is
called a generator of {x,:o € A}. Note by Theorem 2.4
a generator always exists for any family of simul-
taneous observables. Notice also that if x is a generator
of Xand x < y, then y is a generator of X. We say that
x is a minimal generator of X if for any generator y of
X we have x < y. Notice that if a minimal generator
exists, it is unique to within an equivalence. That is, if
x; and x, are minimal generators for X, then x, ~ x,.
We now prove existence.

Theorem 3.3: If X = {x,:a € A} is a collection of
simultaneous observables, X has a minimal generator.

Proof: By Theorem 2.1 there is a Boolean ¢ algebra
containing |J {R(x,): o« € A}. Let B be the intersection
of all Boolean ¢ algebras containing |J R(x,). Then B
is a Boolean ¢ algebra and by Theorem 2.3 is the
range of an observable x. Applying Theorem 2.2, x is
a generator of X and clearly is a minimal generator.

Corollary 3.4: If x is a minimal generator of X, then
R(x) is the smallest Boolean ¢ algebra containing

U {R(x): % € 4.

4. COMPLETE SYSTEMS OF OBSERVABLES
AND SUPERSELECTION RULES

A system of simultaneous observables
X={x,a€Ad}
15 See S. Gudder, Trans. Am. Math. Soc. 119, 428 (1965).
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is complete if x <> X implies x € X. A simple Zorn’s
lemma argument shows that every observable is
contained in a complete system of observables. A
Boolean o algebra is maximal if it is not properly
contained in a larger Boolean ¢ algebra. Again using
Zorn’s lemma, every Boolean o algebra is contained in
a maximal one. An observable x is maximal if R(x) is
maximal. Clearly every observable is smaller than
some maximal observable. Maximal observables are
generalizations of self-adjoint operators with simple
spectrum (cf. Jauch!®).

Theorem 4.1: x is maximal if and only if y <> x
implies y < x.

Proof: Suppose x is maximal and y <> x. Then
R(x) U R(y) is contained in a Boolean ¢ algebra. But
since R(x) is maximal, R(x) U R(y) < R(x) and
R(y) = R(x). Thus y = x. Conversely, suppose x is
not maximal and is thus strictly smaller than an
observable y. Then y < x, and we do not have y < x.

Corollary 4.2: x is maximal if and only if y <> x
implies there is a Borel function u such that y = u(x).
We first obtain some consequences of completeness.

Theorem 4.3: If X = {x,;a€ A} is a system of
simultaneous observables, statements 1, 2, 3, 4 are
equivalent and so are 6, 7. If X is complete, all the
following statements hold:

(1) Every generator of X is maximal.

(2) There is only one Boolean ¢ algebra B containing
U {R(x,):« € 4} and hence B is maximal.

(3) All generators of X are equivalent.

(4) Every generator of X is a minimal generator.

(5) If x is a generator of X, then y «» X if and only
ifyex

6) U {R(x,):o. € A} is a maximal Boolean o algebra.

(7) If x is a generator of X, then

R(x) = U {R(x,): % € 4.

Proof: We first show that X complete = (1) = (2) =
(3) = (4) = (5). Suppose X is complete and x is a
generator of X. If y <> x, then y «» X and hence y € X.
Thus x < y and by Theorem 4.1 x is maximal.
(1) = (2). Let B be the smallest Boolean ¢ algebra
containing |J R(x,). By Theorem 2.3 there is an
observable x such that B = R(x), and by Theorem 2.2
x is a generator of X. By hypothesis x is maximal, and
hence B is the only Boolean ¢ algebra containing
U R(x,). (2) =~ (3) and (3) = (4) are trivial. (4) = (5).
Let x be a generator of X. Then by hypothesis x is a

18 See Ref. 3.
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minimal generator. If y < x, then clearly y <> X. Now
suppose y <> X. Then R(y) U U {R(x,):a€ 4} is
contained in a Boolean o algebra B, and by Corollary
3.4 R(x) < B, and hence y <> x. Now it is trivial that
(4) = (1). Now suppose X is complete, and suppose
U R(x,) < Bwhere Bis a Boolean ¢ algebra. If a € B,
define the observable x, by x,({1}) = a, x,({0}) = a'.
Then x, «» X and hence x, € X. Therefore a € [JR(x,)
and |JR(x,) = B. Thus (6) holds. That (6) and (7)
are equivalent is straightforward.

It can be shown by examples that (1) to (4) are
not equivalent to (5), (6), or (7) and that none of these
statements imply completeness. We now obtain a
characterization of completeness.

Theorem 4.4: X = {x,. o« € A} is a complete system
of simultaneous observables if and only if there is a
maximal observable x such that X = {u(x):u a
Borel function}.

Proof: To prove necessity suppose X is complete
and let x be a generator of X. By Theorem 4.3 x is
maximal. Now by definition X < {u(x):u a Borel
function} = Y. If y € Y, then y «» X and hence y € X.
Thus X = Y. For sufficiency suppose y <> X. Then
y <> x and, by Corollary 4.2, ye ¥ = X.

Corollary 4.5: x is maximal if and only if {u(x):u
a Borel function} is complete.

The center Z of L is the collection of propositions
which split with all propositions. Notice that Z is a
Boolean o algebra. A superselection rule (Jauch and
Piron call them essential observables)!” is an observ-
able whose range is in Z. If R(x) = Z, then x is a
maximal superselection rule in that x is larger than any
superselection rule. There exists a maximal super-
selection rule and it is unique to within equivalence.

Theorem 4.6: Z is the intersection of the collection
of maximal Boolean ¢ algebras.

Proof: Let {B,:a€ A} be the set of maximal
Boolean ¢ algebras. Since Z <> B,, by Theorem 2.1
Z L B, is contained in a Boolean ¢ algebra and hence
ZUB, =B, Thus Z< B,and Z < N {B,:a € 4}.
Now suppose a € () {B,:« € 4}. Since every propo-
sition is in a maximal Boolean ¢ algebra, a € Z and
hence N {B,:x€ 4} < Z.

In a similar way we prove:

Theorem 4.7: The set of superselection rules is the
intersection of the collection of all complete sets of
simultaneous observables.

17 See J. Jauch and C. Piron, Helv. Phys. Acta 36, 827 (1963).
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It follows from Theorem 4.4, Corollary 4.5, and
Theorem 4.7 that:

Theorem 4.8: x is a superselection rule if and only if
x is a Borel function of every maximal observable.

5. STANDARD OBSERVABLES

If A< L, we define the splitting set of A as
A* = {be L: b<> A)}. Similarly, if 0 is the set of all
observables and X < 8, we define the simultaneous set
of Xas X* ={ye0:y«> X}.Clearly,if 4 < B(X = Y),
then B° < A5(Y* < X°) and 4 < A¥(X < X*). It is
obvious that the elements of A(X) mutually split (are
simultaneous) if and only if 4 < 4°%(X < X®). The
proof of the following theorem is straightforward.

Theorem 5.1: (1) If A < L, the foilowing statements
are equivalent: (i) The elements of 4 mutually split;
(ii) A% < 4°; (iii) A* is a Boolean o algebra.

(2) If a Boolean o algebra A4 is maximal, then 4 = A*.
(3) A Boolean ¢ algebra 4 is maximal if and only if
A= 4.

(4) A set of simultaneous observables X is complete
if and only if X = X*.

(5) An observable x is maximal if and only if
{x}* = {u(x):u a Borel function}.

An observable y is affiliated with an observable x if
z«> x implies z <> y, i.e., y € {x}*. Notice that y is a
superselection rule if and only if it is affiliated with
every observable. Notice also that if x is maximal, then
every observable affiliated with x is a Borel function
of x. We shall see later (self-adjoint operators in a
Hilbert space) that the converse need not hold; that is,
there are.nonmaximal observables whose only affiliated
observables are Borel functions of the observable. If
an observable x has the property that the only
observables affiliated with x are Borel functions of x,
we call x a standard observable (i.e., x is standard if
{x}* = {u(x):u a Borel function}). It is easy to find
examples of nonstandard observables. For instance,
the inverse mappings of measurable functions on a
measure space are always nonstandard observables.
We now characterize standard observables.

Theorem 5.2: The following statements are equiv-
alent:
(1) x is a standard observable.
(2) R(x) is the intersection B of the collection of
maximal Boolean o algebras containing R(x).
(3) If a ¢ R(x), there is a b such that » < R(x) and
bt a.
(4) R(x) = R(x)*.

GUDDER

(5) The intersection X of the collection of complete
systems of simultaneous observables containing x is
{u(x):u a Borel function}.

Proof: (1) = (2). Certainly R(x) < B. Now suppose
a € Band y <> x. Then R(y) U R(x) is in a maximal
Boolean ¢ algebra B; and a € B,. Therefore x, <> y
where x, is defined as in Theorem 4.3. By (1) x, is a
function of x and hence a € R(x). (2) = (3). If a ¢ R(x),
then there is a maximal Boolean ¢ algebra B, such
that R(x) < B, and a ¢ B,. Therefore a<«+> B, and
there is a b€ B, such that a <> b but b« R(x).
(3) = (4). We know that R(x) = R(x)*. Now if
a ¢ R(x), then by (3) there is a b such that b« R(x)
and b«> a. Thus a¢ R(x)*. Hence R(x)* < R(x)
and (4) holds. (4)=-(5). Again {u(x): u a Borel
function} < X, so suppose y € X. Let a € R(y). Now
if b <> R(x), then x, and x are in a complete system of
simultaneous observables Y and hence x,€Y.
Therefore a <— b and hence a € R(x)*. By (4) a € R(x).
Thus y © x and by Theorem 2.2 there is a Borel
function u such that y = u(x). Hence X < {u(x): u a
Borel function} and (5) holds. (5)=(1). Now
{u(x): u a Borel function} < {x}**. Now suppose
y€{x}* and that X; is a complete system of simul-
taneous observables containing x. Since X, < {x}°,
we have y «<» X,. Hence y € X; and by (5) y € {u(x): u
a Borel function}, so (1) holds.

Notice that in the above proof we did not require
that L is countably generated. It follows from the
previous theorem that, if x is standard, any observable
equivalent to x is standard. Also the identity observable
I is standard if and only if there are no superselection
rules, other than multiples of /.

Theorem 5.3: Let X be a system of simultaneous
observables. Then there is an observable x such that
X* = {x}*® and, if x is standard, X** = {u(x): ua Borel
function}.

Proof: Let x be a minimal generator of X. If y € X*
and z € {x}°, then y <>z so X* < {x}**. Conversely,
suppose y.€ {x}* and z € X*. We now show z € R(x)".
If A = {a € R(x): z <> a}, then it is easily seen that 4
is a Boolean ¢ algebra containing J {R(y):y € X} and
hence A = R(x). Thus z € R{x)® and y < z. Therefore
y€X® and {x}* < X*. The last part follows by
definition.

A proposition system L is standard if every
observable on L is standard. We can get necessary
and sufficient conditions for L to be standard by
replacing R(x) by an arbitrary Boolean ¢ algebra in
Theorem 5.2. It follows from the next theorem due to
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John von Neumann'® that the proposition system of
closed subspaces of a separable Hilbert space H is
standard.

Theorem 5.4 (von Neumann): If a self-adjoint
operator A commutes with every self-adjoint operator
which commutes with a self-adjoint operator B on a
separable Hilbert space, then A is a Borel function
of B.

Von Neumann’s theorem is really a little more
general in that A may be a closed operator with dense
domain; however, this is the form we will find useful.
We see that Theorem 5.2 gives necessary and sufficient
conditions on an abstract proposition system (which
need not be countably generated) for the counterpart
of von Neumann’s theorem to hold. In fact, Theorem
5.2 can be used to prove Theorem 5.4. To illustrate
this we will prove von Neumann’s theorem for the
special case in which B has countable spectrum. Our
theorem does not require that the Hilbert space is
separable, so it is not a consequence of von Neumann’s
theorem, which does not hold in the nonseparable
case.!® We first need two lemmas.

Lemma 5.5: Let ¢ be a vector in a Hilbert space H
and let a be a closed subspace of H. If P, and P, are
the orthogonal projections on ¢ and a, respectively,
then P <> P, (i.e., P, and P, commute) if and only if
¢ecaor pea (hered = al).

Proof: Sufficiency is trivial. To prove necessity
suppose P, <> P, and ¢ ¢ a. Then ¢ = ¢, + ¢, where
$LEa, pea, and ¢, 7 0. Now

<9{’1, ¢>¢ =P¢.¢1 =P¢Pa¢’1 =PMP¢¢1
= Pa<¢1’ ¢’>¢ = <¢1, ¢)>¢)l .

Since ¢ # ¢,, we have (¢;,¢) =0, and hence

0= <¢’ ¢1> = <¢13 ¢’1> + <¢‘2, ¢’1> = (9‘61, ¢1> Thus
¢ =0and d€a'.

Lemma 5.6: An orthogonal projection on a (not
necessarily separable) Hilbert space H is standard.

Proof: Let P, be the orthogonal projection on the
closed subspace a, and denote the observable corre-
sponding to P, by P, also. Then R(P) = {0, 1, a, a’}.
We now show that condition (3) of Theorem 5.2 holds
for R(P). Let b be a closed subspace such that b ¢ R(P)

18 See Ref. 13, p. 351.
12 H, Nakano, Proc. Phys. Math, Soc. Japan 21, 713 (1939).
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and let P, be the corresponding projection. We now
show there is a projection P, such that P,«> P, but
Py«t> Py, If Py«> P,, we are finished, so suppose
Py, P,. Suppose that for every ¢ € H with Py«> P,
we have P, <> P,. Then, applying Lemma 5.5 if ¢ € a,
we have ¢ €b or ¢ € b’. Now if there is a nonzero
#, € a such that ¢, € b and a nonzero ¢, € a such that
d,eb’, thend, + P, cabut ¢, + ¢, ¢ b or b, which
is a contradiction. Thusa < bora < b'. Similarly, for
every ¢ €a’ we have p e bor g € b’ and againa’ < b
ora" < b.Ifa < b, thend 4 b,s0a’ < b andb > a,
a contradiction. Similarly, if a < &', then a’ <4 ', so
a < band ¥ < a, a contradiction. Therefore there is
a ¢ € HsuchthatP, <> P,butP, <i»P . Itthusfollows
from Theorem 5.2 that P, is standard.

Corollary 5.7: If a self-adjoint operator 4 commutes
with every self-adjoint operator which commutes with
an orthogonal projection P, then A4 has the form
al, aP, or a(I — P) where « is a real constant.

We now prove our theorem.

Theorem 5.8: Let A be a self-adjoint operator with
countable spectrum on a (not necessarily separable)
Hilbert space H. If a self-adjoint operator 4; com-
mutes with every self-adjoint operator which commutes
with A, then A4, is a Borel function of 4.

Proof: Let B be the range of the resolution of
identity for A. Since 4 has countable spectrum, there is
a countable collection of disjoint nonzero closed
subspaces C = {ag;: i=1,2,--'} such that va, =
1 = H, and every nonzero a € B is the supremum of a
subcollection of C. To show that A is standard, let b
be a closed subspace not in B and let P, be the corre-
sponding orthogonal projection. Suppose for every P,
such that Py«> P, ,i=1,2,---,wehave Py, <> P,.
Then, as in the proof of Lemma 5.6, we have a, < b
orq; < b,i=1,2,---. Leta,, be the subcollection
of C which satisfies a,(,,, < b and a;(,, the subcollection
of C which satisfies a;.,) < b’. Then Va,,, < b and
Va; ) < b'. Therefore (Va,,y) vV (Va;,) <bvd =1,
which is a contradiction, since every g, € C is included
in one of the suprema on the left-hand side. As in
Lemma 5.6, we conclude that A is standard.

Theorems of this type are of basic importance in
considerations of von Neumann algebras and systems
of observables in Hilbert space.2

20 See Ref. 3,
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Classical Yang-Mills potentials define a Lie group, the internal holonomy group, which is analogous
to the ordinary holonomy group defined by the Christoffel symbols in general relativity. The internal
holonomy group is an important tool for the dissection and study of the Yang-Mills equations and of
local gauge theory in general. A number of theorems on internal holonomy groups is presented, together

with some applications.

INTRODUCTION

ROUP-THEORETICAL discussions pertaining

to local gauge theories (i.e., gauge theories of the
Yang-Mills! type) usually involve the gauge group
only. However, there exists another group which is
defined by the gauge potentials and which is indis-
pensable for most work on the classical Yang-Mills
equations. One arrives at this group by recognizing
that the gauge potentials can be used to define “parallel
displacement” of multiplets to neighboring events;
this is possible because of the transformation prop-
erties of the gauge potentials. In fact, the gauge
potentials serve to define parallelity (or “equivalence”)
of multiplets at neighboring events in precisely the
same way as the Christoffel symbols define parallelity
of vectors in Riemann space. When the gauge poten-
tials are known, one can execute a parallel displace-
ment of multiplets around a closed curve in event
space, from x* back to x*; this produces a linear
transformation of multiplets at x*. Doing this for all
closed curves in event space passing through x*
results in a continuous set of linear multiplet trans-
formations at x*. This set turns out to be a Lie group,
here called the internal holonomy group J(x*), in
analogy with the ordinary holonomy group in the
Riemann space of general relativity.? Just as the
ordinary holonomy group can be used to classify
solutions of the Einstein field equations, the internal
holonomy group € provides a classification of solu-
tions of the Yang-Mills equations. In fact, whether
or not a gauge field has short range depends largely
on the internal holonomy group, not on the gauge
group. The classical current algebra associated with
the gauge field has much more to do with J¢ than with
the gauge group, and ¥ has an important bearing on

* Work conducted at the Douglas Advanced Research Labora-
tories under company-sponsored Independent Research and
Development funds.

1 C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954).

2 See J. F. Schell, J. Math. Phys. 2, 202 (1961); J. M. Goldberg
and R. P. Kerr, J. Math. Phys. 2, 327, 332 (1961).

conservation laws for the charges which can be con-
structed from the gauge field.

The event space used here is the Minkowski space
of special relativity. x* are Cartesian inertial coordi-
nates of events; « = 0, 1, 2, 3. The summation con-
vention is used. Partial differentiation with respect to
x* is written as 0,.. O denotes end of proof.

I. GEOMETRIC IMPLICATIONS OF
THE GAUGE POTENTIALS
Yang and Mills' considered a multiplet field
w(x*), subject to gauge transformations S(x*) be-
longing to the gauge group §:

Y =Sy 1)

Here, § may be any gauge group, not just O(3), as
in the work of Yang and Mills.! The gauge potentials®
of Yang and Mills transform under (1) as

B, = S7'B,S + (ife)S7'9,S. (2)
Writing I', = ieB, , (2) takes the form
I, =S7T,S —2,9). 3)

We call the multiplets y(x*) and w(x* 4 dx*) equiv-
alent (or parallel), if

p(x" + dx®) — p(x") = Ly dx*; 4
the right-hand side is evaluated at x*. Such equiva-
lence is invariant under gauge transformations,
because of the transformation laws (1) and (3).
Hence, the classical gauge potentials I, (x*) provide a
gauge-invariant definition of equivalence of multiplets
at neighboring events. This fact is the basis for geo-
metric considerations in local gauge theory.*

3 We use the name ‘‘gauge potentials” in a more general sense
than Yang and Mills; it may mean the coefficients of expansion of
the B, in terms of generators of G, or the B, or I'; themselves.

¢ That such considerations are possible was already clear from
the work of R. Utiyama, Phys. Rev. 101, 1597 (1956); T. W. B.
Kibble, J. Math. Phys. 2, 212 (1961); S. I. Fickler, Ph.D thesis,
Syracuse University (1961); R. L. Arnowitt and S. I. Fickler, Phys.
Rev. 127, 1821 (1962).
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Let S in (1) belong to the fundamental representa-
tion® of 8. Then, we may call the multiplet ¢ at x* an
internal vector, i.e., a vector in some ‘“internal”
linear vector space associated with the event x*. For
clarity, we associate a separate internal space with
every event x*. Denoting internal vector components
by indices a, b, ¢, - - - ranging from 1 to n, Egs. (1),
(3), and (4) may be written

Yor = Sa¥as
Ther = Si(T}aSy — 9,82),
Po(x¥* + dx) — p,(x*) = Ty, dx",
the last equationexpressing equivalence of y,(x* + dx*)
and y,(x*). This equivalence may be used to define a

(gauge-) covariant derivative of an internal vector field
Palx"):

&)

VK'Pa = ax’/’a - Fﬁawb; (6)

dx*V,y, is the difference between y,(x* + dx*) and
an internal vector at x* + dx* equivalent to y,(x*).
Under gauge transformations (5), V,y, transforms
as y,, i.e., as an internal vector:

VKWa’ = Sg'VKWa'

For a contravariant internal vector field y°(x*) one
has

kaa = axwa + szwb;
this follows from the demand that covariant differ-
entiation follows Leibnitz’ rule, and that covariant
differentiation of a scalar is the same as ordinary
differentiation. For multiplets P? transforming under
a tensor representation of §, we have

this can be shown by writing P? as the sum of products
of co- and contravariant internal vectors. Similar ex-
pressions may be found for the covariant derivative
of internal tensors of any valence.® In the sequel, we
mainly discuss multiplets which are covariant internal
vectors ¢, or mixed internal tensors P! (internal
operators). Then, it is convenient to suppress the

5 The fundamental representation of a Lie group is here meant
to be lowest-dimensional faithful representation in a linear vector
space over the complex numbers.

8 Of course, all of this is a simple modification of covariant
differentiation of ordinary vectors and tensors in a geometric
manifold endowed with an ordinary linear connection. The only
difference is that there the I'}, act on tangent space, while here the
T'%, act on internal space. In fact, our case has been considered by
R. Kénig, J. Deutschen Math. Verein. 28, 213 (1920); 41, 169
(1932); T. Sibata, Hiroshima Univ. J. Sci. 5, 83 (1934); V. Hlavaty,
Rend. Cir. Math. Palermo 59, 1 (1935); J. A. Schouten, Proc.
Koninkl. Akad. Amsterdam 27, 407 (1924); L. Schlesinger, Math.
Ann. 99, 413 (1928); and in modern differential geometry it is a
special case of fiber bundles with a linear connection.
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internal indices and write in matrix notation
ka) = axw - FK"I) (8)
for (6), and
VKP = aKP - [FK’ P] (9)

for (7). Also, from here on, the n X n matrix fields
I (x*) denote the gauge potentials for the fundamental
representation® of S.

The gauge fields (i.e., the F,,
are

of Yang and Mills?)
¢K1 = aKFl - alFK - [Fxs Fl]9 (10)
under (1), the ¢, transform as internal operators’

ez = ST biS.
By using (8) it is easy to show that®

V[lvxlw = "%?5“'/’, (11)
and similarly, by using (9), that
V[}.VK]P = —}{¢s, Pl 12)

From (11) one finds®

V[KVAV,.]'I’ = _%V[x¢lu]w

= _%(V[K‘ﬁlu])w - 12"¢[Apvx]1l)a
but also

V[NVAVM]'P = _égb[xﬂ.vu]'/) = —%¢[1”Vx]'l’-
Hence, it must be that

(V[K¢lu])1p =0

for every covariant internal vector field p(x*), so that
we have the *“Bianchi identities”

V[K¢lﬂ] = 0. (13)

Equations (13) are also the integrability conditions
for the partial differential equations (10) for I',(x*).

The equivalence of internal vectors at neighboring
events, defined by the gauge potentials I';(x?), can
be used to execute an equivalence displacement of
internal vectors along a curve in event space. The
question is whether such equivalence displacement
is path dependent. If it is not, we have everywhere
in event space

V=0, (14)

for n linearly independent internal vectors y. Co-
variant differentiation of (14) with respect to x* and

? The I'x and ¢, 2 may be called, respectively, the parameters of
the internal linear connection, and the internal-curvature tensor
operator.

8 Square brackets around indices denote aiternation: Tpxi) =
A/2)(Txa — Tax)s V[x).u] = (1/3!)(in.p,+ V;uc}.+ Vaiux — V).Ku -
Vi — Vuix), etc. We generally follow the notation of I. A
Schouten, Ricci Calculus (Springer-Verlag, Berlin, 1954), 2nd ed.
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alternation over 4 and « gives the integrability
conditions
0 = VpuVagy = —d.v,

using (11). Since this is true everywhere for n linearly
independent internal vectors v, it follows that

b = 0. (15)

This proves—

Theorem 1: In order to have nonvanishing gauge
fields ¢,,(x*), the equivalence transport of internal
vectors defined by the gauge potentials I',(x*) must be
path dependent.

Next we investigate the conditions under which the
gauge potentials can be transformed away. We want
to consider internal base transformations S(x*) which
are not restricted to belong to S. Since the internal
space is complex n dimensional, the general internal
base transformations S(x*) are nonsingular complex
n X n matrices. We simply extend the transformation
laws (1) and (3) to such S(x¥). If I") = 0 one must
have from (3)

d,S=1T,8. (16)

The integrability conditions for (16) are found by
partial differentiation with respect to x*, alternation
over « and yu and elimination of first derivatives of
S by (16); the result found is (15). This shows—

Theorem 2: If the gauge fields (10) vanish every-
where in event space, then the gauge potentials can be
transformed away by an internal base transformation.

All these results are familiar in differential geometry
of manifolds with a linear connection.

II. INTRODUCTION OF THE INTERNAL
HOLONOMY GROUP

The path dependence of equivalence transport of
internal vectors [defined by the gauge potentials
I'¢(x*)] can be studied best by executing the transport
around closed curves in event space. Let C be such a
loop through the event x§; a sense of circumscription
of Cis provided, and C is, from here on, restricted to
be piecewise continuously differentiable. Taking »
linearly independent covariant internal vectors around
C by equivalence displacement, from x§ back to x¥,
results in a linear transformation H(C) of covariant
internal vectors at x5:

¥ = H(C)y.

Doing this for all closed curves C through the event

HENDRICUS LOOS

Fi1G. 1. Spoonlike loop.

x%, one gets a set JC(x§) of linear internal transforma-
tions. The inverse of H(C) is produced by equivalence
displacement around C in the opposite sense. The
composition H(C,)H(C,) is the element H(C, + C;),
where C; 4 C, denotes the loop consisting of C; and
C,. Hence ¥(x}) is a group, and it must be a subgroup
of the full complex linear group GL(#n, ¢). From here
on, let the matrix elements of the gauge potentials
I, (x*) be analytic functions of the event coordinates
x*. Then, continuous changes of the loop C produce
continuous changes in the matrix elements of H(C),
and since any loop C through x§ can by continuous
modifications be changed into any other loop through
xy, JE(x3) is a connected continuous subgroup of
GL(n, c¢). Hence, J(x%) is a connected Lie group.
We call J¢(x%) the “internal holonomy group” (at x%)
of the gauge field.? A loop C through x§ can be modi-
fied into a loop through x¥ by choosing an arbitrary
curve p from x} to x%, and by forming a spoon-shaped
loop with “bowl” C and “handle” p (Fig. 1). If
equivalence displacement of internal vectors from
x¥ to x§ produces a transformation U, the element
of J(x%), belonging to the spoonlike loop is

U-H(C, x9)U. (17)

If all Ioops C through x§ are made into spoons with
the same handle p, U is the same for all H(C, xf),
and one has!®

U (xp)U < J(x5).
By inverting the use of events x5 and x¥, one has

UR(xHU < Je(xh).
Hence,

Je(xy) = UTk(xg)U,
so that one findsil—

(18)

Theorem 3: The internal holonomy groups at
different events are isomorphic.

% The proper differential geometric name for ¥ is the holonomy
group of the linear connection I'. We use here the name “internal
holonomy group,” to distinguish it from the “‘external” holonomy
group, belonging to the ‘“‘external” connection I'%; (the Christoffel
symbols), in case we consider as event space the Riemann space of
general relativity. Most of the work presented here holds for that
case as well; we then have two linear connections, I, and I'# , and
the meaning of general covariant differentiation V, must be extended
to involve the 1'% ; as well.

10 The symbol < does not exclude the possibility of equality.

11 This 1s well known for ordinary holonomy groups; see for
instance J. A. Schouten, Ref. 8, p. 362. It is known to hold as well
for the holonomy groups of linear connections for fiber bundles, see
A. Nyenhuis, Koninkl. Akad. Wetenshap. Amsterdam, Proc.
AS7, No. 1, 17 (1954), which covers eur case.
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Theorem 3 implies—

Lemma 1: There exists an internal base (i.e., an
internal basis at every event) such that the set of
matrices £(x*) constituting the Lie algebra of J(x*)
is independent of x*.

Proof: The matrix U in (18) depends on the path
from x4 to x¢. For fixed x{ one can, for every x*,
assign a path from xj to x* such that the matrix ele-
ments of U are analytic functions of x* [because the
I'.(x*) are analytic]. Then, the internal base trans-
formation U—'(x*) will result in a set of matrices
£(x~) independent of x*, and the I',(x*) remain
analytic. O

Next we consider the Lie algebra of J¢. We need—

Lemma 2: If a matrix representation Q of a Lie
algebra contains the matrices P(s) where s is a con-
tinuous parameter, and if (d/ds)P(s) exist as matrices,
then they belong to €.

Proof*?: Since  is a linear vector space, the
matrices
Q(s, As) = (1/As)(P(s + As) — P(s)), As#0,
belong to Q. Expand Q(s, As) in terms of a basis
L,,i=1---m, of Q: O(s, As) = q'(s, As)L;. If
lim Q(s, As)
As—0
exists as a matrix, the matrix elements of Q(s, As)
converge in the Cauchy sense. But, by Cramer’s rule,
the ¢°(s, As) are continuous functions of the matrix
elements of Q(s, As), so that the numbers g*(s, As)
also converge in the Cauchy sense, as As — 0. Hence,
a limit exists for g(s, As) and it follows that
dP[ds = lim Q(s, As)

As—0
belongs to Q. O

Lemma 3: The covariant derivatives of order p of
the gauge fields, alternated over a pair of adjacent
indices,

Va'1 Tt Va,c,IV[a,,VaM]Vam T Va,,¢ml’
can be expressed in terms of derivatives of the gauge
fields of order p — 2.

Proof: From (12) one has

Vﬂl T V"k—l V["kV"kﬁ]V”Hz Tt Vﬂp(ﬁ"l
= _%VUI Tt V"k—l [¢¢kﬂk+1’ Ok+2 Tt Vﬂpqs’d]’
which consists of derivatives of order p — 2. m

12 The author acknowledges a helpful discussion of this point with
Dr. D. A. Jacobson.
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We now pass to—

Theorem 4. The Lie algebra £(x¥) of the internal
holonomy group J(x{) consists of all real linear
combinations of the tensor components of the internal

operators
¢Ki s Vu(ﬁK). s Vvvp,(ﬁl(}., Y

evaluated at xf.

(19)

Proof3: First, take for the loop C an infinitesimal
parallelogram with sides d,x* and d,x*. Taking internal
vectors around by equivalence transport, one finds
the well-known result

H(C) = I + }¢p, df*, (20)
where [ is the identity transformation, and df**=
2d,xt*d,x*1 is the bivector of the infinitesimal loop C.

Equation (20) shows that ¢, ,(x¥) belongs to the Lie
algebra £(x%) of J(x%).

Next, consider a spoonlike loop C,; as in Fig. I,
taking an infinitesimal bivector df** for the bowl C.
Then, by (17)

H(Cy) = I + §df** U (x)U. (21
For x{ = x§ + dx* one has
U=1—dxT,, 22)

and since the I, (x*) are analytic,

Pralx0) = Ba(x1) — dx*Bupea(x1)-
Hence, (21) becomes to first order,

H(Cy) = I + 3df*(ea(x)) — dx*V,$a(x]). (23)
For a spoon with infinitesimal bowl but with a finite
handle p we subdivide p into m intervals A*x* and
apply (23) in successive steps, from x§ to xi; the
result is

H =1+ }df*(1 — A"'V,) - - (1 = AWV )g,,,
which, upon taking the limit m — oo becomes
H=1I+ 31 = ¢V + "V, = e (24)
evaluated at x¥, where

g* = x*(sp) — x*(0),
q” =f gg ds,
0

81
qavu _____J qraqvu dS, (25)
o

g’ = dq*[ds,

13 we follow A. Nyenhuis, Ref. 11, with some modifications.
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and x*(s) is the parametric description of the handle
p; x*(0) = x4, x*(s;) = x{. Of course, the handle p
must be restricted such that (24) converges. For
straight handles p, (24) and (25) become!*

H =1+ }df**(1 —s;p"V, + (sI2Ww' "V NV, — ).,

(26)
where v* = ¢'*(0). In order to investigate convergence,
we calculate U of (21) by applying (22) in succession;
the result is the ordered exponential (operator

ordering from right to left with increasing s is indi-
cated by T)

U(s) = Texp (—f L, dx“)d-—‘ifl —f de_x_ ds
0 o ds

) '3 8 3
[T s [T S s @

0 ds, 0 ds,
Since the matrix elements of I'.(s) are analytic, the
matrix elements of U(s) are analytic functions of s
as well by an argument similar to the one showing
that the matrix elements of exp As are analytic, when
A is a fixed matrix. Equations (26) and (21) give

(1 = st*V, + [$*2110"0* — - - Vyile,

= UT()bas()U(s). (28)
The matrix elements on the right-hand side of (28)
are analytic functions of s, since the matrix elements of
UY(s), ¢.a(s), and U(s) are analytic. Hence, the
power-series expansion on the left is absolute con-
vergent for [s] < s*, where s* is positive.

Taking derivatives of (26) with respect to s,
putting s; = 0, and using Lemma 2, one sees that
'V, b, '*V,V b, etc., belong to £. Taking linear
combinations of the operators v"v*V,V 4., with
appropriately chosen »#, one finds

pvuvvvp?l’xl € £’
where p™ is symmetric but otherwise arbitrary. It
follows thatl®

V(vvu)¢xl etL.

Application of the same process to higher derivatives
shows that

Ve, " Vou#ri €L 5 k any natural number. (29)

Now it will be shown that also the nonsymmetrized
covariant derivatives of ¢,; belong to £. We already
know that ¢,,, V,é,;, and V.V, 4., belong to L.
By Lemma 3, V[,V ;¢,, €£. Hence V,V ¢, € L. For
the third derivatives, we already have

VYoV, ber € L. (30)
4 For the remainder of this proof, absence of an argument x¥
means that the expression is evaluated xX.
15 Round brackets around indices denote mixing (symmetrization):
T(ca) = (1/21)(Tea + Tax),ete.; see J. A, Schouten, Ref. 8, p. 14.
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c

(4

FiG. 2. Loops C, C,,
and C — C,.

x< %

Equation (30) contains the sum of all permutations
of V,V,V, operating on ¢,,. By Lemma 3, we can
interchange any two adjacent indices of covariant
differentiations at the expense of an element which we
know to belong to £. In this manner we can change
any permutation of V V,V  occurring in (30) into
the ordering V,V,V . Doing this for all terms in (30)
one finds V,V,V ¢, € L. The same procedure works
for derivatives of any order. Hence, all elements (19)
belong to L.

It remains to be shown that £ cannot contain any-
thing else but real linear combinations of the internal
operators (19). Suppose a finite loop C gives an in-
finitesimal transformation H. Because of the continu-
ity of I'.(x*) there must exist an infinitesimally
different loop C, which gives the identity transfor-
mation. Then C — C, (Fig. 2) produces H as well; this
loop is a spoon with infinitesimal bowl, or a sum of
such spoons. Consider such a spoon (Fig. 3). Then, the
element H for the spoon with handle terminated at
¥, on p is given by (24) with ¢*, ¢, - - - evaluated
along the section of p from x¥ to y¥. Since for yj close
enough to xj the arc from x{ to yf is approximated
arbitrarily close by a straight line, and since for a
straight handle the series (24) becomes a power series
like (28), there must be a choice for y§ # x§ such that
the series (24) is convergent. For such a choice of yf
the holonomy-group element belonging to the spoon
with handle terminated at y* is I+ dfL,, where
L, ef*(y%), and £* is the set of real linear combinations
of the internal operators (19). Since ¥ < GL(n, ¢),
there are at every event at most 2»2linearly independent
operators among (19). Hence, L, must be expressible
as a linear combination of a finite number of operators
(19):

Ll = pqusxl + pwdvu(#xl + Tt (31)
Extension of the handle from yf to y5 (along p) gives
H(y5)=1+3df(1 — "V, + q"*V,V,— - )Ly(s); (32)

KA

df

Fig. 3. General spoon- 3;
like loop with infinitesi-
mal bow} df x4,
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where now g¢*, ¢"*, - - - are calculated for the section
of p from yf to y5 and L,(s) is calculated from (31),
taking the p**, p#*%, etc., constant. Again, the series
(32) converges for y5 close enough to y%. The process
is repeated by extending the handle to y%, etc. Points
of the handle at which the tangent is discontinuous
are included in the set of points y¥. Because of analy-
ticity of the I'y(x*) a finite number of finite steps will
be sufficient to reach xf. It follows that for the whole
spoon, with handle ending at x%, one has
H(x$) =1 +dfL, Lef*x%). O (33)
In case every element of £(x4) is a linear combina-
tion of the ¢,,(x%), the internal holonomy group at
xf is called perfect.’® Theorem 4 implies—

Lemma 4: For the internal base of Lemma 1,

[C(x*),£] < €. (34

Proof: Choose an internal base such that the matrix
set £(x*) is the same for all x*; this is possible by
Lemma 1. By Theorem 4, ¢,,€f and V,é,, =
0,¢c2 — [Ty, $e] €L£. By Lemma 2, 0,¢,, € £. Hence,
[T,,¢del. By a similar argument we find
[y, Vidal €L, etc., for higher derivatives. Applica-
tion of Theorem 4 gives (34). O

The considerations in this chapter so far are inde-
pendent of a relation between the gauge group § and
the internal holonomy group J. In fact, we might as
well have chosen gauge potentials I'.(x*) as four
analytic but otherwise arbitrary # X » matrix fields
over event space. The Lie algebra £ results roughly
from closure of the matrices I, under commutation.

Next, we consider the relation between the internal
holonomy group ¥ and the gauge group §. Local
gauge theory has been developed in order to cope
with a situation where, at the onset of the theoretical
considerations, we do not know how to choose dis-
tinguished internal bases, fo the extent of S. In order
to have an invariant process of differentiation of
internal vectors, a definition of equivalence of internal
vectors at neighboring events has been introduced by
means of the gauge potentials I',(x*). It would serve
no purpose to let this equivalence violate G, i.e., to
admit definitions of equivalence of covariant internal
vectors, v —v’, w-—w', such that, when w = gv,
g €8, one would have w’ = g'v’, and g’ not belonging
to §. Hence, we require that X is compatible with G,

18 The name is chosen in analogy with ordinary holonomy
groups, see V. Hlavaty, J. Math. Mech. 8, 597 (1959).
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ie.,

g'(x" + dx) = g(x") + dx*[[,(x"), g(x")]
eS(x* + dx*), (35)

for every g(x*)eSG(x*). Executing the equivalence
transport of the covariant internal vectors w and v,
w = gv, g €§, around a closed curve C, one finds

g'(x") = H(O)g(x"H™(C), H(C)eX(x"). (36)

Since for compatibility, g’(x*) € S(x*) for every
g(x*) € 8(x*), one has—

Theorem 5: Compatibility of 3 and S requires that
either (1) J is a subgroup of G, or (2) § is an invariant
subgroup of X.

The second case is unfamiliar. The matter may
perhaps be clarified somewhat further by considering
the Lie algebras. Without loss of generality we can
choose an internal base such that the set §(x*) of
matrices is independent of x*. Then (35) demands that
the I', produce infinitesimal automorphism of §:

[T(xY, 8] < 8.

If G is semisimple, all the infinitesimal automorphisms
of § are inner automorphisms, so that I', may be
chosen in the Lie algebra of §; the results is Case 1
of Theorem 5. For a nonsemisimple gauge group, one
may have Case 2 of Theorem 5.

III. ADJOINT REPRESENTATION

Let L(x*), i=1,--+,m, be a complete set of
linearly independent generators of JC(x*). The L,
(L?, in index notation) have components subject to
base transformations in internal space as well as to
base transformations in a real linear vector space of
vectors #*; the Lie algebra £(x*) of J(x*) consists of
all internal operators %’L;. Hence, with the L; fixed
and known, the #* specifies an element of the Lie
algebra £(x*); the real linear vector space of vectors
7' may be called the (Lie) algebra space of J. In
order to keep the account clear, we introduce a
separate algebra space for each event. Every event
now has a private internal space and a private
algebra space. At every event the generators L} form
a connecting quantity between these two spaces. In
the sequel it will be convenient to have a covariant
derivative defined for the algebra elements #°,

Vo' =0’ + Tig'. 37

The algebra elements 7'(x* + dx*) and 7'(x*) are
called equivalent if dx*V,n’ = 0. The question is how
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to choose the parameters!” I'; (x*). The simplest and
most convenient choice is such that equivalent 7”s
give equivalent internal operators #°L,. Writing from
here on V, for the general covariant derivative, i.e.,
a derivative covariant under internal base transfor-
mations as well as under algebra base transformations,
this requirement amounts to dx*V,(n'L;) = 0, when-
ever dx*V,n* = 0. These equations imply

V.L,=0, (38)
which, written out with (37) and (9), reads
oL; — I'iL; — [, L] =0. (39)

There is—

Lemma 5: There exist an internal base and an
algebra base such that the L,(x*) are constant matrices.

Proof: By Lemma 1, there exists an internal base
such that the matrix set £(x*) is the same for all x*,
Using this internal base, algebra bases over event
space can be chosen such that d,L; = 0. a

Theorem 6: For the base system of Lemma 5, the
I'i, are uniquely determined by the gauge potentials
I',(x*) and the L,.

Proof: For the base system of Lemma 5, (39)
becomes
Ly = —[T, L] (40)
By Lemma 4, the commutator on the right-hand side
lies in £, so that (40) may be written

4L = iy, (41)
where the ¢, can be calculated from the I', and the

L, . Since the L, are linearly independent, (41) amounts
to 'l =cj,. O

The structure constants c,;* of J are defined by

[Lis L] = ¢;;* L. (42)

Covariant differentiation, use of (38), and the linear
independence of L, gives

Vit = 0. (43)

With (43), all the algebraic concomitants of the
structure constants are covariant constant as well:

Vegii=0, Vigimu=0, -+, (44)

17 % defines a Lie algebra elemient n:L; as well as a Lie group
element exp (niL;). Hence, we could call the space of elements
7, the *‘group space of X,” and the algebra space is then the tangent
space to the group space at the identity. The linear connection I'j; of
(37) should not be confused with the well-known linear connections
T'{1) and T in group space, which are set by the first and second
parameter groups, and which define equivalence of group vectors at
neighboring points of group space. Our I'%; relate algebra spaces at
neighboring events,
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where'® g,; = ¢,,'c, * (group metric),

8ije = cmz‘lczjncnkmr

The covariant constancy of the L, has another impor-
tant consequence. Since equivalence transport is
defined for internal vectors as well as for algebra
elements #°, we can take L; around a loop C through
x* by equivalence transport. Since V,L; =0, the
L,(x*) defined by equivalence transport always
coincides with the original L;(x*). Now, also take a
covariant internal vector v, and an algebra element
n* around C by equivalence transport. Let the resulting
transformations be

’ b
Uy = Havb’
,r)Ii — T(j—l)inj-
Since nv*Lluv, is a scalar, it does not change under
equivalence transport, so that

(45)

(46)

Since L? = L, and (46) is true for arbitrary 7#*
and v,, it follows with (45) that

1 ay ', LAy b
7" Ly, = 70" L, .

—1)igy— b
TV H7Li,H; = L,

or, suppressing internal indices,

TSYVH'LH = L. 47
For infinitesimal transformations
— k
=1+ L, (48)
) T; = 0%+ a5,
(47) gives
aiL, = —t*¢,;'L;,
or, since the L, are linearly independent,
al = —t*c, . (49)

Equations (49) and (48) show that the Lie algebra of
the Lie group of matrices 77 is the adjoint representa-
tion of £. Hence, we have—

Theorem 7: The map which (38) defines between the
internal holonomy group J¢(x*) and the holonomy
group acting on the algebra elements #’ is the adjoint
representation.

The same result may be derived from the integra-
bility conditions of (38), seen as partial differential
equations for L,. Covariant differentiation of (38)
with respect to x*, and alternation over 1 and « gives

0= V[}.VK]Li = _%S{)lm’jl‘j - %[()ﬁlx’ Lz‘]: (50)

18 See J. A. Schouten, Ref. 8, p. 220.
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where

bad =0, — 0,1}, — TR, + DLl

On account of Theorem 4, ¢,, can be expanded in
terms of the L;:

b = Bl (51)
Equation (49) then gives
b’ = =Bl (52)
Differentiation of (51) and (52) gives
qusxi. = (VuBlzci.)Lw (53)
and
Vu‘ﬁx).ii = —(VuBK]}f)ckij’ (54)

on account of (38) and (43). A theorem can be proved
for the Lie algebra of the holonomy group acting on
algebra elements #’, which reads just like Theorem 4,
but with ¢,;, V,é,;, etc., replaced by ¢,,.7, V,.é,..7,
etc. Equations (51), (52), (53), (54), and similar
relations produced by further differentiation then
results in (49).

Similar considerations apply to the mapping
between holonomy groups for different representa-
tions of §; the role of the L; is then played by another
connecting quantity. For example, the map between
the holonomy groups for the spinor and vector
representations of O(3) is set by the integrability
conditions for the partial differential equations ex-
pressing the covariant constancy of the Pauli spin
matrices. Another example, somewhat outside the
context of the present paper, is the case of the Riemann
space of general relativity where one may consider the
map between the ordinary holonomy group and
the holonomy group operating on Dirac spinors. Then
the covariant constancy of the Dirac matrices sets the
map, and Schrddinger’s relation!® between the
Riemann curvature and the spin curvature follows
from the integrability conditions for these equations.

We turn to the question whether the I', can be
expanded in terms of the L;.

Theorem 8 (R. P. Treat): For J semisimple, there
exists an internal base and an algebra base such that
0cc,) = 0and I/, = —bkc, 7 for some b%.

Proof®: Choose the base system of Lemma 5. Then
(42) shows that 9,c,* = 0. Hence, (43) gives

l
—Fm:cla P czl + Pklcu = 0.
19 See E. Schrodinger, Sitzber. Preuss. Akad. Wiss. Physik-Math.
Kl XI, 105 (1932); H. G. Loos, Ann. Phys. (N.Y.) 25, 91 (1963).
20 We show the proof given by R. P. Treat (private communi-
cation).
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Transvecting with ¢, .7, and using (44) and the Jacobi
identity
. c[ilkcm]kj =0 (55)
gives
Fllczglm = —FKJ' lcimkclkj . (56)
For a semisimple group, the group metric g;,, is
nonsingular. Then, (56) implies

' = ~TLiei e,™. (57
The total antisymmetry of the ¢, ;; can be used to write
¢, = c*™, and (57) becomes
Fl’i = _(Fx:il clkj)clcima

which shows that

I = —bicw™, (58)
with
b = I't e, o (59)

Using Treat’s theorem, we can show—

Theorem 9: If JE is semisimple, there exists a base
system such that I', = b:L;, 0,L;, = 0.

Proof: For the base system of Lemma 5, (38)
becomes (40). By Theorem 8, (58) holds so that (40)
becomes

(T, L] = bke,,’ L,. (60)
Equation (60) is solved in general by
Te=bily+ M, =L+ M,, (61
where M, does not belong to £ and
[M,, L;] = 0. (62)

We now calculate the gauge field belonging to the
gauge potentials (61) and find, using (62), that

¢x1 =L+ M, (63)

where L, and M, are, respectively, the gauge fields
belonging to L, alone and to M, alone. Since L,; €L
and Theorem 4, ¢, € £, (62) implies

M et (64)

Denote by A(x*) the set of all n X n matrices which
commute with all elements of £(x%). Clearly, M, € A..
Since £(x*) does not depend on x*, M(x*) does not
depend on x* either. Then by a lemma which can be
proved in much the same way as Lemma 2, one finds
o.M, € M. Also, with the Jacobi identity and (62),
one can show
(M., M,;] e .

Hence,

MK). = aKM}. - alMx

— M, M;]€ Mo (65)
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But since £ is semisimple, L contains no elements
commuting with all elements of £; i.e., A and £ have
no elements in common. Hence, (64) and (65) can
only be true if

M

K.

(66)

Now, subject the gauge potentials (61) to an internal
base transformation S; in the new base, one has

I, = SYLS + MS — 2,5).
We try to find S(x*) such that

, = 0.

MS — 0.5 =0; (67)
if this could be done we would have
I =S7L.SeS™MSs=¢,
so that then
I'let. (68)

The integrability conditions for (67) are obtained by
partial differentiation with respect to x*, alternation
over « and 4 and elimination of first derivatives of §
by means of (67); the result found is (66). Hence, the
integrability conditions for Eqs. (67) are satisfied,
and we can find solutions of (67) subject to initial
conditions, such as S(x§) = I. At anevent x§ + dx*,
one of them has from (67)

S(xs + dx<y = I + dx*M (x}).

Calculation of L' = S~ILS for any L € £ at x§ + dx*
gives L' =L —dx*[M(x}), L] = L, because of
(62). Hence, in the new base we have the same
L,(x*) as in the old base. |

Note that Theorem 9 holds for compact as well as
noncompact ¥ and regardless of whether or not X
acts irreducibly in internal space.

IV. YANG-MILLS EQUATIONS

The Yang-Mills equations for the gauge potentials
are
Jr =gV (69)
J, is the generalized current density operator (isospin
current density in the original Yang-Mills paper?),
é,, are the gauge fields (10) constructed from the
gauge potentials I',(x*), and § = |Detg,;|¥, where
gxs is the metric tensor in event space. Several exact
solutions of (69) for a point charge (ie., J* =0,
except on the world line x! = x? =x%=0) are
known.2! Among these, only Treat’s solution has
short range components; it has a non-Abelian internal
holonomy group. All known solutions with Abelian
1 (a) M. Ikeda and Y. Miyachi, Progr. Theoret. Phys. (Kyoto)
27, 474 (1962); (b) H. G. Loos, Nucl. Phys. 72, 677 (1965); (c)

Hendricus G. Loos, J. Math. Phys. 8, 1870 (1967); (d) R. P. Treat,
““A Short Range Gauge Field,” Nuovo Cimento (to be published).
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internal holonomy groups are Coulomb-like?* (i.e.,
long range). In fact, we have—

Theorem 10 (C. A. Uzes): For gauge fields with
Abelian internal holonomy group, the Yang-Mills
equations and the Bianchi identities reduce to
Maxwell’s equations.

Proof?: For X Abelian, the structure constants
vanish. Then, by (52)

¢K11‘j = 0.

Now consider the transformation of the I'/, under a
change A!" of algebra base?:

(70)

T = ALTLAY — 0,A47).

K

We try to find an algebra base transformation A
such that I/, = 0. This requires

A% — 9,47 =0. (71)

The integrability conditions for these partial differ-
ential equations are just (70). Hence, (71) can be
integrated so that there exists an algebra base with

I';=0 (72)

everywhere in event space. Taking such a base and
using the expansion (51) in (69) and (13) gives

jK — g'-VlBK}.iLi ,

. 73
0 = V[KB;.M]Li' ( )

By Leibnitz’ rule, (38) and the linear independence of
the L,, (73) implies

fm' = gV;BKM, (74)
0 = V[KB;'”] N

where
jK — jm‘Li ,

the latter expansion is possible by Theorem 4. Using
(72) and remembering that all along we have been
using Cartesian inertial event coordinates and a
Minkowskian event space, Eq. (74) may be written

j'm' = gaKBKM,
0 - a[KBiu],

which are Maxwell’s equations. O

22 For the monopole field, of course.

23 We follow, with some modifications, a proof given by C. A.
Uzes (private communication).

24 This transformation is determined by the requirement that
equivalence of algebra elements 7 at neighboring events is invariant
under algebra base transformations.
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Corollary 1: In order that gauge fields can have
nonelectrodynamic features, their internal holonomy
group must be non-Abelian.

Note that J& may be Abelian for a non-Abelian
gauge group §. An example is provided by Treat’s
solution?®! for the case of vanishing f; this makes
Abelian keeping the non-Abelian gauge group with
generators A, B, C, and commutators {4, B] = C
[4,C]=B, [B,C]=0.

Theorem 11: When a free gauge field (i.e., a gauge
field satisfying the Yang-Mills equations for zero
current density) has an internal holonomy group
which is the direct product of two semisimple groups
¥, and J,, then it can be decomposed into two
noninteracting fields.

Proof: Since a direct product of semisimple groups
is semisimple, Theorem 9 applies. Hence, there is a
base system such that

F,=T, + Ty, (75)

where I';, €8, I, €L;, and £, and £, are the Lie
algebras of X, and X,, respectively. From (10) and
[Ty, T3] = 0, one has

¢xl = ¢1K}. + ¢2xls (76)

where ,,; and ¢, are, respectively, the gauge fields
constructed from I, alone, and from I',, alone.
Putting (75) and (76) in the free Yang-Mills equations
[(69) with J* = 0] and in the Bianchi identities (13)
gives two uncoupled sets of equations:

Vg.l)‘#lld = 01 V&)¢1Kl] = 0’ (77)
V512)¢'2d =0, Véi)‘i’zxn = Qs (78)

where V{ means that I;, only is used in the calcula-
tions of the covariant derivative. Equations (77) and
(78) show that the fields ¢;,; and ¢,,; propagate
independently. O

The gauge potentials I',(x*) define a large number
of covariant divergence-free current densities.?® The
simplest string of such current densities is

Jr = gV, 4** (Yang-Mills current density),
]2 = gV;'¢["I“|¢,’;],

5 = gVigtir i, (79)

8 H. G. Loos, Ann. Phys. (N.Y.) 36, 486 (1966).
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For all these current densities one has V,J* = 0; this
can be verified by using (12). One has—

Theorem 12: If equivalence displacement pre-
serves the norm of internal vectors, the norm being
defined by means of an internal metric tensor, then
the current densities (79) lie in the Lie algebra of the
unitary group belonging to the internal metric.

Proof: If the internal metric tensor g has a signature
consisting of m — p plus signs and p minus signs,
then JC < U(m — p, p). Hence, all elements of L are
antiself-adjoint with respect to g. Taking the adjoint
of each of the internal operators (79) and using the
fact that in this case covariant differentiation com-
mutes with the process of taking the adjoint (since
the internal metric is covariant constant) shows that
all the currents in (79) are antiself-adjoint with
respect to g. a

A similar theorem holds for the derivative currents
discussed in Ref. 25. We briefly mention some further
results involving internal holonomy groups, which
have been proved elsewhere. The proofs will not be
repeated here.

Theorem 13%*- Spherically symmetric analytic®
solutions of the point-charge Yang-Mills equations
have Abelian internal holonomy groups.

This theorem together with Corollary 1 clarifies
why Ikeda and Miyachi’s spherically symmetric solu-
tions?! are electromagnetic.

Theorem 14%: Free gauge fields (i.e., gauge fields
satisfying the Yang-Mills equations for zero current
density) have, in the classical theory, a positive-
definite energy density, if their internal holonomy
group is semisimple and compact.

A covariant divergence-free current density J*, for
instance one of the string (79), does not always give
rise to as many conserved charges as there are linearly
independent algebraic components of J*. This situa-
tion is entirely governed by the internal holonomy
group, and is discussed in Ref. 25. The principal
argument is that the calculation of the total charge
carried by J*,

0= f T d., (80)

26 H. G. Loos, Ref. 21(b).
87 Except, of course, on the world line of the point charge.
38 R, P. Treat, Ref. 21(d).
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where df, is an element of the hypersurface x° = ¢,
over which the integration (80) is carried out, in-
volves summation of internal operators J<df, at
different events, a process which generally is not
gauge invariant. )

V. DISCUSSION

The properties of internal holonomy groups dis-
cussed here show how rich a geometric structure is
defined by the Yang-Mills potentials, and how much
bearing this structure has on local gauge theory. Of
particular importance is the relation betwecn the
range of a solution of the Yang-Mills equations and
its internal holonomy group.

The demonstration of existence of a classical
short-range Yang-Mills field by Treat* should help
to rejuvenate the theory of Yang-Mills fields [not
restricted to O(3), of course] as a possible theory of
strong interactions. The internal holonomy group
and associated geometric concepts form an indis-
pensable tool for further investigation of Yang-Mills
fields.

Quantization has not been considered in the present
paper, because so much clarification is already needed
on the classical level.

We started out with the gauge potentials and their
transformation properties under gauge transforma-
tions, and showed that the gauge potentials define
gauge-invariantly an equivalence of multiplets at
neighboring events. The gauge potentials usually are
introduced as compensating fields, starting with
gauge-invariance requirements on the Lagrangian.
But another point of view is possible which, although
presently not fashionable, is really simpler. Regardless
of the Lagrangian, the mere fact that field equations

HENDRICUS LOOS

for a multiplet field occur in the theory demands
definition of a gauge-invariant concept of differentia-
tion, if we want the field equations to have an invariant
meaning under event-dependent gauge transforma-
tions. In other words, a gauge-covariant derivative
must be defined for the same reason that a covariant
derivative must be defined in general relativity. It
would then be most appropriate to call the gauge
potentials I', parameters of the internal linear con-
nection, and to call the gauge fields ¢, the internal-
curvature tensor operator; this has been done in
previous papers.2® In the present paper a compromise
has been made between simplicity and readability;
we call I', and ¢,, by their “physical’’ names: gauge
potentials and gauge fields, and we do not start with
the internal connection I', introduced as a geometric
necessity.

Theorem 9 is of great importance for practical
work with the Yang-Mills equations. For instance, if
one wants to prove nonexistence of localized non-
singular solutions of the free Yang-Mills equations
with a certain internal holonomy group ¥, one had
better know what restriction to place on the gauge
potentials I'., such that the internal holonomy group
is indeed ¥, without excluding any such solutions.
Theorem 9 is a step in this direction, but a stronger
theorem valid for any X is sorely needed.
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The irreducible representations occurring in the decomposition of the Kronecker products U x U
and W x W for irreducible representations U and W of the groups G, and R, are separated into sym-
metrical and antisymmetrical parts. Application of the Wigner-Eckart theorem yields new selection
rules and explains many of the apparently accidental zeros in the tabulation by-Nielson and Koster of
the reduced matrix elements of various single-particle tensor operators for the electronic configurations f.
The method is applied in detail to the magnetic spin—spin interaction between electrons in the f'shell, and

the new selection rules are presented in tables.

1. INTRODUCTION

FEW years ago, Nielson and Koster! tabulated

a large number of matrix elements for sums of
single-particle tensor operators taken between states
belonging to configurations of equivalent f electrons.
In spite of the fact that they excluded all matrix
elements for which the familiar triangular conditions
for angular momentum quantum numbers were not
satisfied, one is immediately struck by the large number
of matrix elements whose values are zero. Many can
be accounted for by generalizing the concept of
triangular conditions. The states that enter the matrix
elements are defined by the representations W and U
of the respective groups R, and G,;? and in some
cases the identity representation is not contained in
the triple Kronecker products W x W' x W’ or
U x U’ x U" that describe the transformation prop-
erties of the bra, the operator, and the ket of a given
matrix element. For the group R,, the analogous
statement is identical to the triangular condition.
In a few other cases, the tensor operators play the
role of the infinitesimal operators of a group, and
thus cannot connect states belonging to different
irreducible representations. Considerations of these
kinds explain many of the zero matrix elements, but
a surprisingly large residue remains. For example, of
the 368 entries for the reduced matrix elements of the
sixth-rank tensor U'® for the configuration f%, no
fewer than 21 vanish; and of these 21, only two can be
readily understood. We are thus left with 19 apparently
accidental zeros.

It is the purpose of this article to point out the exist-
ence of a general class of null matrix elements, for
which many of the apparently accidental zeros of
Nielson and Koster are special cases. As a result of the

* This work was partially supported by the U.S. Atomic Energy
Commission.

1 C. W. Nielson and G. F. Koster, Spectroscopic Coefficients for
the p*, d® and f* Configurations (The MIT Press, Cambridge,
Massachusetts, 1963).

2 G. Racah, Phys. Rev. 76, 1352 (1949).

analysis, new selection rules are obtained, not only
for the operators studied by Nielson and Koster, but
also for operators of physical interest (such as the
spin—spin interaction) whose matrix elements are not
included in these authors’ tables. The method makes
use of the symmetry properties possessed by various
product functions, and it is to these that we first turn.

2, SYMMETRY

It is well known that the states of the configuration
J?%, comprising two equivalent particles each of angular
momentum j, are symmetric or antisymmetric with
respect to the interchange of the particles according
as J, the quantum number of the total angular momen-
tum, is such that 2j — J is even or odd, respectively.
This can be expressed in the language of group theory.
The 2j + 1 states for a single particle can be regarded
as forming bases for either the representation [1] of the
unitary group U,;,,, or the representation D, of the
subgroup Ry of Uy;,,. The decomposition

(1 x [1] = [2] + [11] M

breaks up the product functions into their symmetrical
and antisymmetrical parts; the representations 9; of
R, that occur in the associated decomposition
25
Dy x Dy;=3D, 2
J=o
belong to [2] if 2j — J is even and to [11]if 2 — J is
odd.

It is clear from this form of the statement that the
separation into symmetrical and antisymmetrical
parts is not necessarily confined to product functions
that form bases for R,;. In fact, the Kronecker
product I x T' for any N-dimensional representation
T of a group G may be so decomposed. Since we know
that the dimensions of [2] and [11] are i N(N + 1)
and 3N(N — 1), respectively, it is often possible to
carry out the decomposition in simple cases purely
from dimensional considerations. This procedure
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TaBLE I. Separation of U X U into symmetrical and antisymmetrical parts.

Ux U Symmetric Antisymmetric

(00} x (00) (00)

(10) x (10) (00) (20) (10) (11)

11y x (11 (00) (20) (22) (11) (30)

(20) x (20) (00) (20)* (21) (22) (40) (10) (11) (21) (30) 31)

(21) x (21) (00) (20)% (21) (22)* (30) (10) (11)% (21) (30)® (31)?
(31) (40)* (41) (42) (32) (33) (41) (50)

(22) x (22) (00) (20) (22)* (40) (41) (11) (30) (31) (33) (41)
(42) (44) (60) (50) (52)

(30) x (30) (00) (20)% (21) (22)* (31) (10) (11) (21) (30)2 (31)*
(40)* (32) (41) (42) (60) (32) (33) (41) (50) (S1)

(31 x 31 (00) (20)° (21)* (22)* (30) (10) (11) (21)* (30)* (31)*
(31)% (40)* (32)* (41)® (42)* (40) (32)° (33)* (41)° (42)
(43) (44) (50) (51)* (52) (43) (50)® (51)* (52)* (53)
(60)* (61) (62) (61) (70)

(40) x (40) (00) (20)* (21) (22)* (31) (10) (11) (21) (30)* (31)*
(40)° (32) (41)* (42)* (43) (32)* (33)* (41)* (42) (43)
(44) (51) (52) (60)* (61) (50)* (51)* (52) (53) (61)
(62) (80) (70) (71)

TaBLE II. Separation of W x W into symmetrical and antisymmetrical parts.

WxWw Symmetric Antisymmetric

(000) x (000) (000)

(100) x (100) (000) (200) (110)

(110) x (110) (000) (111) (200) (220) (110) (211)

111) x (1i1) (000) (111) (200) (210) (100) (110) (211) (221)
(220) (222)

(200) x (200) (000) (200) (220) (400) (110) (310)

(210) x (210) (000) (111) (200)* (211) (110)* (211)* (221) (310)*
(220)* (222) (310) (311) (321) (330) (411)
(321) (400) (420)

(211) x (211) (000) (111)* (200)® (210)* (100) (110)* (210) (211)*

(220) % (220)

(221) x (221)

(222) x (222)

(211) (220)° (221) (222)*
(310) (311)% (320) (321)®
(322) (331) (400) (410)
(420) (422)

(000) (111) (200) (220)®
(222) (311) (321) (331)
(400) (420) (422) (440)
(000) (111)* (200)% (210)*
(211) (220)* (221) (222)*
(310) (311)% (320) (321)®
(322) (331)® (332) (333)
(400) (410) (420)2 (421)
(422)% (430) (431) (432)
(440) (442)

(000) (111) (200) (210)
(220) (222) (311) (321)
(331) (333) (400) (410)
(420) (422) (430) (432)
(440) (442) (444)

(221)? (300) (310)* (311)
(320) (321)* (322) (330)
(332) (411) (421)

(110) (211) (221) (310)
(321) (322) (330) (411)
(431)

(100) (110)* (210) (211)°
(221) (300) (310)* (311)
(320) (321)* (322)* (330)?
(331) (332)% (411)* (421)?
(431)* (432) (433) (441)

(100) (110) (211) (221)
(300) (310) (320) (322)
(330) (332) (411) (421)
(431) (433) (441) (443)

becomes unsatisfactory for N larger than 10 or so,
since the solutions to the dimensional equations are
not always unambiguous. It is then more convenient to
combine our knowledge of the procedure for R; with
the branching rules for the reductions G, — R; and
R; — G,, extending the available tables of branching
rules? and Kronecker products® where necessary.

3 P. B. Nutter, Raytheon Tech. Memor. T-544 (1964).

For example, the decomposition of the Kronecker
product (11) x (11), where (11) is a representation of
G,, is made by first noting that for the reduction
G, — Ry, the branching rule

(11) > D, + D,

is valid. Now D; X D, is readily separable into
symmetrical and antisymmetrical parts by Eq. (2)
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above; and the cross term
D, XDy + Dy x D,

in the product gives rise to pairs of representations
D;., one of which is symmetrical, the other anti-
symmetrical. We thus find that

D, + D;) x (D, + Dy)
decomposes into the symmetrical part
S®D*G*HI*LN
and the antisymmetrical part

PFGH®IKM,

where, for brevity, the spectroscopic symbol L is used
for the representation D, . From the tables of Nutter,?

(11) x (11) = (00) + (11) + (20) + (22) + (30).
Racah’s branching rules? give
(00) — 5,
(11) — PH,
(20) — DG,
(22) - SDGHILN,
(30) >~ PFGHIKM.

We see at once from the presence of the M and N
terms that (22) and (30) must correspond to the
symmetrical and antisymmetrical parts, respectively.
Only one [ term, a symmetrical one, is unaccounted
for; it follows that (20), to which this term belongs,
must also be symmetrical. Proceeding in this way,
we find that the structure

(00) + (20) + (22)
corresponds to the symmetrical representation [2],

while
(1) + (30)

corresponds to the antisymmetrical representation
[11].

Once this kind of analysis has been performed for
a few of the simpler representations, it is possible
to set up a chain calculation, working solely within
G,. Suppose, for example, the separation of U; x U,
is required, where U, is a representation of G,. A
product U’ x U” is sought that possesses the following
properties: (1) The irreducible representations U,
into which U’ x U” decomposes contain U,, prefer-
ably once; (2) the separation of all products U; x U;
into symmetrical and antisymmetrical parts is known
for all i except i = 1; (3) the separations of U’ x U’ and
U" x U" are also known. We now write
2

(U’ x U™ = (Z U‘)
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The separation of (U’ x U”)? into symmetrical and
antisymmetrical parts can be carried out by expanding
itas (U’ x U") x (U" x U"); the cross terms between
U, and U; (i # 1) give rise to equal symmetrical and
antisymmetrical parts. It follows that U, x U, can
be found by a process of subtraction.

The separation of U x U into symmetrical and
antisymmetrical parts has been carried out for every
representation U of G, that occurs in the classification
of the states of /™. The results are assembled in Table L.
Analogous methods can be used for the products
W x W of irreducible representation W of R;; the
results of Table I can be used with the branching
rules for R;— G, to facilitate the analysis. The
results are assembled in Table II for all representations
W used in classifying the states of f*.

3. WIGNER-ECKART THEOREM

The usefulness of Tables I and IT becomes apparent
when a few special cases are examined. Consider, for
example, the matrix element

(BOLM, + q| U |(20)IM ),

where the representations (30) and (20) belong to the
group G, . The tensors 2k + 1)YU™ for k = 2, 4, and
6 transform according to the representations (20) of
G, and (200) of R,.? This means that the above matrix
element is proportional to the coupling coefficient

((BO)LM, + g | (20)Ig, (20)IM ). 3

According to the Wigner—Eckart theorem, this coeffi-
cient can be broken up into an isoscalar factor and a
vector-coupling (VC) coefficient:

(BOLM L, + q| (20)Ig, (20)IM7)
= ((30)L | 20)I + QOIXLMy + q | Iq, IMy). (4)

Now we see from Table I that (30) occurs in the anti-
symmetrical part of (20) x (20), and hence the coeffi-
cient (3) must reverse its sign if the two parts (20)Jq
and (20)IM; are interchanged. Equation (4) shows
that this is guaranteed if L is odd, since the VC
coefficient itself changes sign. But if L is even, the
VC coefficient is invariant, as is also the isoscalar
factor. Hence, the coefficient (3) is zero for even L.
Not all the VC coefficients for a given L can be zero,
and hence the only remaining possibility is that the
isoscalar factor vanishes. In other words,

((30)L | (20)I + (20)I) = 0 (L even).
This implies
(GOLE U |(20)[) =0 (Leven),  (5)

since reduced matrix elements are equivalent (apart
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from a nonvanishing factor) to the corresponding
isoscalar factors. Equation (5) accounts for two of
the 19 unexplained zeros mentioned in Sec. 1.
If (30) had occurred in the symmetrical part of the
reduction of (20) x (20)—as (40) does, for example—
then Eq. (4) would imply the vanishing of the isoscalar
factor in all those cases where the VC coeflicient changes
sign; that is, when L is odd. As examples of this we
have
((40)L|| U™ ||20)k) = 0 (L odd),
(@DH| U™ 20k) = 0.

On the other hand,
(BDL| U* ) (20)k) = 0 (L even),

since (31), like (30), occurs in the antisymmetrical
part of the decomposition of (20) x (20).

These methods can be equally well applied to the
group R,. From Table II, it can be seen that (220)
occurs in the symmetrical part of the decomposition
of (200 x (200), from which it follows that

((220)L|| U™ [[(200)k) = 0 (L odd).

Five of the remaining 17 apparently accidental zeros
are examples of this equation. It is clear that the
arguments that have been used to obtain these results
are in no way peculiar to G, and R,. In fact, the con-
ditions that have been given by de Swart? for the
vanishing of certain isoscalar factors for SU, are the
analogs of our results.

It should be added here that Tables I and II can
be used to gain additional information about certain
nonvanishing matrix elements. For example, the
representation (21) occurs twice in the reduction of
(20) x (20)—once as a symmetrical representation,
and once as an antisymmetrical one. From this we
may deduce, for example, that the parameter A
occurring in the equation

(f2(200%| U™ || f%(21)2L)

= A(f'(20)°%k|| U™ || f421)°L) (6)
assumes only one value when L is even (namely,
—-1/\/2), and another one (namely, 3/\/2) when L
is odd. This goes beyond a naive application of the

Wigner-Eckart theorem, which would not predict
any proportionality.

4. INTRA-ATOMIC INTERACTIONS

The discussion in the preceding section is limited
to the tensors U, These enter naturally in crystal-
field calculations of the type where the electric poten-

47. J. de Swart, Rev. Mod. Phys. 35, 916 (1963).
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tial of the crystal lattice is expanded in spherical
harmonics, taking the nucleus of the ion under study
as the origin. When we consider other types of oper-
ators, such as those corresponding to the spin—orbit,
spin-spin, or spin-other-orbit interactions in an atom,
a number of new features arise.

In the first place, we can sometimes use the factori-
zation of the isoscalar factors themselves to derive
more general results. For example, the spin-orbit
interaction with a configuration of the type f* can be
represented as the scalar part of a double tensor such
as VA1, and this belongs to the representations (110)
of R, and (11) of G, .5 The matrix element

(f"211)Q0)SLMg + = My, + g
VeS| f(110)(11)S'PMgM 1)

involves the isoscalar factor
(21DH2O)L [ (110)(11)P + (110)(1DHP),
which factorizes as follows:

(Q11)QO)L | (110)(11)P + (110)(11)P)
= ((211)(20) | (110)(11) + (110)(11))
x (QO)L | (1P + (1)P). (7)

Now (20) occurs in the symmetrical part of the
decomposition of (11) x (11), whereas (211) occurs
in the antisymmetrical part of the decomposition of
(110) x (110). Since there exist for the configuration
f? nonvanishing matrix elements of VAV that involve
the factor ((20)L | (11)P + (11)P), it follows that

(@IDQV) | (11011 + (LOX(ID) = 0. (3)

Hence, all matrix elements of the spin-orbit inter-
action in the f shell vanish between states labeled
(211)(20) and (110)(11). Results of this kind, though
more powerful than those exemplified by Eq. (6), are
correspondingly rarer. Equation (8) is in fact the only
one of its kind that can be obtained for the spin-orbit
interaction in /™.

Interactions more complex than the spin—orbit
interaction involve irreducible representations U and
W of higher dimensionality. The frequent occurrence
of like irreducible representations in the decomposi-
tion of U x U complicates the derivation of results
analogous to Eq. (8), since the isoscalar factors
(TU'L" | UL + UL’) involve an additional classifi-
catory symbol I'. One way to be sure that such an
isoscalar factor is nonvanishing for at least one pair
(L, L") is to note that, on forming their squares and
summing over L and L’, the result must be unity.

5 A. G. McLellan, Proc. Phys. Soc. (London) 76, 419 (1960).



A CLASS OF NULL SPECTROSCOPIC COEFFICIENTS

2129

TaBLE III. Decomposition of matrix elements of the spin-spin interaction for f2.

@ @ (@] z, @) (@] z, D) @] z [@) @l z, |©)
sp sp -9 63 0 1

sp 3 6(3)} 4803} @)t 0

sF 3 —(14)} 112(14) 0 0

Ja e 222)t 16(22)t —3(22)% 0

J 4 e (143)% —7(143)% 0 9(143)-4

Confronted, then, with a coefficient
(WTU'L"| WUL + WUL')

for which W’ and U’ occur in opposite symmetry
parts of the decompositions of W x Wand U x U,
we may deduce that the isoscalar factor

(W'TU'| WU + WU)

vanishes. In this way we can obtain analogs of Eq. (8).

5. SPIN-SPIN INTERACTION

As an example of an interaction whose matrix
elements have not yet been tabulated for f", we con-
sider the magnetic spin-spin interaction H,, between
pairs of electrons:

H, = 4522 l:s,' s, 3(ry- s,-z'(r,.j . s,-):l.

&L r;

The symbo! § is the Bohr magneton. The decom-
position of H,, into parts corresponding to unique
pairs of representations WU is carried out in a
way precisely analogous to the decomposition
already effected for the d shell.® For f electrons, we
find that we can write

Hy=hi+ hy + by + by, ®
where the operators 4, (r = 1, 2, 3, 4) correspond to
WU = (200)(20), (220)(20), (220)(21), and (220)(22),
respectively. The spin-spin interaction is the scalar
part of a double tensor possessing ranks of 2 in the
orbital and spin spaces; and so, for any of the oper-
ators h,, the J dependence of a matrix element can be
separated out as follows:

(ySLJ| h, ly'S'LJ")

= 5(], J/)(_l)S’+L+J{S L J} (ySL” t£22) “yISlLI)'

L S 2

All the matrix elements of H,, can be rapidly calcu-
lated once the reduced matrix elements (‘F'|| 2{22 | ¥")
are known. Those for f* are related to those for f*!
through the equation
(Pl 22 1) = [nf(n — 2)]

x 2 CE{ YT 2 1F)(F" | ¥, (10)

8 B. R. Judd, Physica 33, 174 (1967).

where the sum runs over the states ¥ and ¥ of f1,
and where (¥{|'¥) and (¥'|}¥") are coefficients of
fractional parentage. These last have been tabulated
by Nielson and Koster. The procedure is thus to set
up a chain calculation, starting from f2 This con-
figuration is the simplest for which a two-particle
operator has nonvanishing matrix elements. The
matrix elements in question are conveniently defined
by
(@] £ @) = a(@| z, |P),

where ® and @’ denote states of f2. The quantities
(®| z, ||®’) are set out in Table III, and the coefficients
a,, defined in terms of Marvin’s radial integrals
M?*" are given by

a, = 4(55M° — 44M? — 50M%)/165,
ay = (66M? — 175M%)/770,

ay = 8(143M2 — 175M%)/77,

a, = —3(286M2 + 175M%)[22.

The matrix elements of H,, for any configuration
S can thus be calculated by repeated use of Eq. (10),
taking the results for f2 as a starting point. Of course,
full use is made of the group-theoretical properties
of the various component operators 4,; indeed, it is to
take advantage of these properties that the decom-
position (9) is made in the first place. If an operator 4,
(corresponding to the irreducible representations
U, and W,) is taken between states characterized by
WUSL and W'U’'S’'L’, then the matrix element will
vanish unless the various identity representations
occur at least once in the decompositions of all four
triple Kronecker products W x W, x W', U X
U xU, DgxD, xDg, and Dy x Dy x Dy,
The last two products lead to the well-known selection
rules AS, AL=0, +1, +2. Such applications of
group theory do not concern us here, however. Our
central theme is the usefulness of Tables I and II in
deriving new selection rules. These can be obtained
by the methods of Secs. 3 and 4, and are listed in
TableIV. Asin Sec. 3, all inessential quantum numbers
are suppressed. The matrix elements in which L does

7 H. H. Marvin, Phys. Rev. 71, 102 (1947).
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TabLE 1V, Vanishing matrix elements of the operators 4, of
the spin-spin interaction.

((30)G| h, |(20)D) =12
(GVL| k, [(20)D) (r=1,2; L even)
((40)F| h, |(20)D) r=1,2)

((40)F| by |21)D)

((40)F| b, |(22)D)

(0G| h, |(22)D)

(GVL| k, [(22)D) (L even)

((220)L| h, |(200)D) (L 0dd)

[if W = (222), L odd;
or W = (211), L even;
or W = (221), L even]

W = (111), (222)]

[W = (211), (221)]

(WL| h,|(220)(20)D)
(VL| hy |(220X21) D)
(WL| h1(220)(22)D)
(W(10)] A4 |(220)(20))
(W(20)| A, [(220)(20))
((222)(30)| k4 |(220)(20))
(W (10)| Ay |(220)(21))
(W(Q20)| Ay |(220)(21))
(#(20)| h, |(220)(22))
((222)(30)| A, |(220)(22))

(W = (111), (222)]
(W = (211), (221)]
[W = (211), (221)]

not appear are particularly useful, since they include
many special cases. They are the analogs of Eq. (7).

6. CONCLUSION

From the extensive listing in Table IV, it is apparent
that the method based on the symmetry or antisym-
metry of product functions is a valuable tool for
deriving new selection rules. It could evidently be
applied to other types of interaction, such as the
spin—other-orbit interaction. Since, for the spin—spin
interaction, the rules are obtained for the component

B. R. JUDD AND H. T. WADZINSKI

operator h, rather than H,, itself, it is apparent that
these rules would appear in a direct physical way only
if the radial integrals M* are of such a magnitude that
one of the coeflicients a, dominates all the others.
Calculations of the M* for rare-earth ions® indicate
that @; comprises positive and negative parts that
nearly cancel, but this is the only obvious simplifica-
tion that can be made. This means that we must be
content to apply the selection rules to the operators
h, rather than to H,,.

It is perhaps worth mentioning that a few of the
selection rules that have been discussed in this paper
can be obtained by alternative methods. Equation
(7), for example, was obtained a few years ago® by
studying the commutation relation between two
tensors of the type V¥ and U®, It appears that this
method, which is completely different from the ap-
proach developed above, cannot be generalized to
reproduce more than a few isolated zeros. Although
the method based on the separation of U x U and
W x W into symmetrical and antisymmetrical parts is
much more powerful, yet there remains a significant
number of unexplained zeros in the tables of Nielson
and Koster. Whether some other symmetry properties
have yet to be discovered is a matter for speculation.

8 M. Blume, A. J. Freeman, and R. E. Watson, Phys. Rev. 134,
A320 (1964).

9B. R. Judd, Operator Teckniques in Atomic Spectroscopy
(McGraw-Hill Book Company, Inc., New York, 1963), p. 221.
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It is generally assumed that experiments which are sufficiently separated in space or time should be
mutually independent. In scattering theory this independence is expressed by the cluster decomposition
of the § matrix. It has been proved by Hunziker that for experiments which are separated in space the
cluster property does hold in nonrelativistic scattering. The purpose of this paper is to prove the same

result for experiments which are separated in time.

I. INTRODUCTION

HE cluster decomposition of the S matrix!:2
expresses the independence of experiments which
are sufficiently separated in space or time. It asserts
that the probability of any specified outcomes for
two well-separated experiments should be the product
of the two separate probabilities. A precise statement
is as follows: Let (g’ «—f’) and (g" < f") denote any
two physical processes leading from initial states f”
and f" to final states g’ and g". Let (g; < f;) denote
the process obtained by rigidly translating the process
(g’ < f') through the 4-vector &, and regard the two
processes (g, < f;) and (g" < f") as a single composite
process (g & g" < f; & f"). The cluster property
simply asserts that, as & — oo, the probability for
this composite process should satisfy
P(g: & g" —fi &f") > P(g' < fIP(g" < f").
(1.1
This must be formulated in the language of quantum
scattering theory, where the asymptotic states are in
one-to-one correspondence with the rays in a Hilbert
space Jasym . The probability amplitude for a proc-
ess (g<«—f)is the matrix element of the scattering
operator S between the corresponding vectors g and
fiie.,
Pg —f) = Iig, SPHI. (12)

A composite state of the type f' & f” is represented
by the tensor product f'® f”, and so the quantum-
mechanical form of the cluster property (1.1) is just

[<(8z ® &), S(f¢ ® f'NI 7> K8’ SF)Xe", S
(1.3)

The cluster property (1.3) can be considered from
two distinct points of view. If one is trying to construct
a scattering theory, then one may wish to adopt the
cluster property as a basic assumption. This is the
procedure in analytic . S-matrix theory, where it is

1 E. H. Wichmann and J. H. Crichton, Phys. Rev. 132, 2788

(1963).
2 J, R. Taylor, Phys. Rev. 142, 1236 (1966).

shown? that the limit (1.3) for the moduli of S-matrix
elements leads to the corresponding limit for the
matrix elements themselves3:

(g: ® 8", S(fe ® ") 5> &', Sf'Xe" Sf"). (1.4)
This limit in turn leads to the well-known momentum-
space cluster equations which are the starting point
of the postulate of analyticity.

On the other hand, if one already has a complete
dynamical theory (such as quantum field theory or
nonrelativistic Schrodinger theory), then, having
recognized the significance of the limit (1.3), one must
obviously verify that the limit does hold in the given
theory. This has been done for quantum field theory
by Hepp, who has shown that as & — oo, in either a
spacelike? or a timelike® direction, not only the limit
(1.3) but also (1.4) are always valid. (The essential as-
sumptions are that the field theory be almost local
and that all fields have mass greater than zero.) In
nonrelativistic Schrodinger theory Hunziker has
shown® that the limit (1.4) holds when & — o0 in a
purely spacelike direction. (In this case the essential
condition is that all potentials be short range.)

It is the purpose of this paper to fill the obvious
remaining gap in this second line of research; namely,
to prove for nonrelativistic Schrodinger theory that
the limit (1.4) holds when &— oo in a timelike
direction. This is done under approximately the same
conditions used by Hunziker; specifically, that all
particles interact by two-body potentials which are
square integrable in the relative coordinate.”

3 In order to deduce Eq. (1.4), it is necessary to strengthen the
limit (1.3) either to include some statement of the rate at which the
limit is approached or to include some uniformity for separations
into three distinct processes. (See Ref. 2.) This strengthening of the
limit presumably eliminates long-range interactions such as the
Coulomb force.

4 K. Hepp, Helv. Phys. Acta 37, 659 (1964).

§ K. Hepp, J. Math. Phys. 6, 1762 (1965).

¢ W. Hunziker, J. Math. Phys. 6, 6 (1965).

7 Hunziker (Ref. 6) uses the slightly weaker condition of local
square integrability together with the requirement that all potentials
be O(r%), s > 1, at large distances. The question of how weak the
conditions for cluster decomposition can be made is somewhat

academic since, as discussed below, stronger conditions are needed
to guarantee asymptotic completeness.
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In Sec. II, I outline all the necessary notations. An
N-particle system is defined, with states represented
by vectors in the appropriate Hilbert space:

Je = L(R*M).

Following the notation of Jauch,® the Mgller wave
operators Q¢ are defined as limits of the channel oper-
ators €%(r) and are used to construct a scattering
operator S. In order that § be unitary and have the
property (1.2), it is necessary to introduce an auxiliary
space JCasym . This new space labels the asymptotic
initial and final states of the system® and is the space
on which § acts as a unitary operator. Finally, as a
preliminary to the proof of the cluster property, the
set of N particles is split into two subsets, or clusters,
C' and C” [corresponding to the states f' and f” in
Eq. (1.4)] and the operator T'(r), which delays the
motion of the subset C’, is defined. This operator is
characterized by the relation
'@ ef=ref,

where, as in Eq. (1.4), f, represents the asymptotic
free state f* delayed by time = (7 positive or negative).

Section III contains the proof of the cluster prop-
erty. This is given in three stages. The first and
principal step, stated as a theorem, establishes the
cluster property, as a strong operator limit, for the
operators *(¢). This has a corollary the same result
for the Moller wave operators Q¢ , and this in turn
leads to the cluster property of the S matrix,

Since the mathematical details of the proof are
quite complicated, it is appropriate to describe physi-
cally what happens and, indeed, why one expects the
cluster property always to be valid. In most cases this
is easily understood. If, for example, we do an experi-
ment on radioactive decay today and a scattering
experiment in the same place tomorrow, then to-
morrow’s experiment is unaffected by today’s since

all the decay products have dispersed before the .

incident scattering particles arrive. The independence
of these two experiments is as true in classical mechan-
ics as in quantum mechanics and may be called the
classical cluster property. However, in special cases
one of the decay products of today’s experiment may
be left at rest, in which case it will still be in our
laboratory tomorrow and may be expected to interfere
with tomorrow’s experiment. In classical mechanics

8 J. M. Jauch, Helv. Phys. Acta 31, 661 (1958).

® As is well known, the asymptotic states of an N-particle system
(N > 2) are not in (1-1) correspondence with the rays of the
N-particle Hilbert space J. It is to remedy this defect that the space
JCasym has been introduced by, for example, L. D. Fadeev in
‘““Mathematical Problems of the Quantum Theory of Scattering for
a Three-Particle System,” Stoklow Mathematical Institute, Publi-
cation No. 69 (1963), and F. Coester, Helv. Phys. Acta 38, 7 (1965).
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the cluster property does not hold for this special case.
In quantum mechanics it is saved by the phenomenon
of wave-packet spreading. If we delay tomorrow’s
experiment long enough, the remaining decay product
has spread out too much to influence appreciably the
second experiment. In this case the independence of
the two experiments is a purely quantum effect, and
may be called the quantum cluster property.

The proof of the cluster property given in this
paper depends only on the latter effect—the spreading
of wave packets—which is, of course, present in all
cases. Rather than prove the result directly for any
set of states, it is convenient first to consider Gaussian
wave packets, whose familiar +~% spreading is ex-
plicitly known. [See Eq. (3.10) below.] Once estab-
lished for Gaussians, the result is easily extended to
arbitrary wavefunctions by approximating the latter
with a sum of the former.

II. NOTATION

The system to be considered consists of N dis-
tinguishable spinless particles which are labeled by
i=1,2,--+, N and have Hamiltonian

N p?
H=3 "+ ZV.-,-(xu),

i=12m;  i<i

(2.1)

where p;, x;, m; are the momentum, position, and
mass of the ith particle, and x,; = (x; — x;). I assume
throughout that the potentials V;(x;;) are square
integrable, which is sufficient to insure that H is self-
adjoint® on the Hilbert space & = £,(R%Y). A simpli-
fying feature of nonrelativistic scattering is that
transitions between states with different particles are
impossible. This allows one to confine attention to a
single N-particle system as just defined.

The central idea in scattering theory is that any
collision state, if followed far enough into the past
or future, should resemble a free state, on which the
interparticle potentials have no effect. The well-known
difficulties which occur with more than two particles
(N > 2) arise from the possibility that some subset
of n < N particles may be able to form a bound
state, in which case this subset may enter a scattering
experiment either as n free particles or as one freely
moving bound state. Both possibilities must be
allowed for, and in the latter case the interactions V;
within the subset never become ineffective, however
large [¢]. One is led to introduce the concept of an
asymptotic channel. A channel « is defined by its
n, < N freely moving fragments, each fragment
being either one of the original N particles or a

10 T, Kato, Trans. Am. Math. Soc. 70, 195 (1951),



CLUSTER PROPERTIES IN SCATTERING

definite bound state of some of them. Corresponding
to each channel «, there is a channel Hamiltonian

Ty P2
H, =Y (2% + E.), 2.2
kgl (2M,,c T ") 22)

where P, M, , E, denote the momentum of the kth
fragment in the channel «, its mass, and minus its
binding energy (which is zero if the fragment happens
to be a single particle).

In the Schrédinger picture, any state of the system
has time dependence exp (—iHt)F, with F in J. One
expects that certain of these states should behave, as
t — F o0, like free states exp (—iH,t)f. in the channel
«; and it can in fact be shown! under the stated
assumptions that there are domains D* of J€ such
that to each fin D* there corresponds states F, in JC
for which

e—iH t 'F

+ _—> e’-iH fo.

t—to

23)

This means that the states f in D* label the possible
initial and final free states in the channel «. If we
define the unitary operator

Q“(t) — eiH te—iHat’

the result (2.3) implies that Q*(¢) has strong limits
Q2 on D* as t — £ o0. The significance of the Moller
operators Q% is that if the system is initially in the
free state f of channel o (or finally in the state g of
channel §), then at ¢ = 0 the actual state of the system
is

F=Q*f (or G= Q! g)

The transition amplitude Sg,(g,f) from an initial
state f in channel « to a final state g in channel 8 is,
therefore,

Sﬂa(gaf) = <G9 F>
=(Qfg, Q2 f) (feD" geDh). (24)

We now wish to define a single operator .S whose
matrix elements (g, Sf) are the transition amplitudes
(2.4). The difficulty is that the various domains D%,
a=0,1,2---, can overlap, and any vector f lying
in both D* and D# (« 5 p) represents two distinct
asymptotic states when regarded as a member first of
D= and then of D¥. To remove this ambiguity, it is
natural to define a new space JCasym as follows:
Firstly, for each channel « we introduce a distinct
space D' isomorphic to D*. Corresponding vectors
of D* and D’* label the same asymptotic state in
channel «; but since the new spaces D¢, « =0, 1,
2 - -+, are all distinct, each new vector labels a unique

1 M. N. Hack, Nuovo Cimento 13, 231 (1959).
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asymptotic state. We now define
Jeasym = @, D

which, to the extent that the domains D* overlap (as
subspaces of JC), is a space larger than J¢. Each vector
of ¥asym labels a unique asymptotic state; those which
lie in the subspaces D’* enjoy a privileged role since
they belong to a definite channel, but, as we shall
see directly, every vector f in Jasym has a unique
image Q, fin the space JX of the actual system.
Before showing this, it is convenient to agree to omit
the prime in D*; this leads to no serious ambiguities.

Linear Mpller operators Q, are defined on Jagym
in the natural way; that is, for f € D?,

Q. f=QLf.
Since the Q% are isometric (and hence uniformally
bounded), this defines unique maps of Jasym into .
Further, since the orthogonality theorem® establishes
that the ranges R% of the Q% are orthogonal,

R 1 RE and RE | RE (x5 P,
the maps Q. of Jasym into I are actually isometric
maps of Jasym onto their ranges R :
Q) Ry = @, D> R = B, R < .

The operators . have adjoints defined on J€, and

so we can define
S =Q¥Q_,

which maps Xasym into itself. According to Eq. (2.4),
the transition amplitude Sp,(g,f) is just the matrix
element

Sﬁa(g’f) =g Sf) (feD% ¢ E‘Dp)'

It should be emphasized that, although the con-
dition that the potentials V;; be £, is sufficient for the
existence of the S operator and for the proof of the
cluster property in Sec. III, we do not have a physi-
cally meaningful scattering theory unless we can also
guarantee asymptotic completeness; ie., that the
ranges R, of Q satisfy

R, =R_= M,

where M denotes the continuum subspace of H in X.
This condition is needed to ensure that the asymptotic
states of Jasym are in fact all the possible asymptotic
scattering states of the system. Unfortunately, no
general proof of asymptotic completeness has been
found and in the cases N = 2 and 3, where proofs
are known, the conditions on the potentials are
stronger than those used here.!

12 For N = 2, S. T. Kuroda [Nuovo Cimento 12, 431 (1959)] has
established asymptotic completenéss when V is both £, and £;.
T. Ikebe [Arch. Ratl. Mech. Anal. 5, 1 (1960)] has established the
same result using slightly weaker conditions. The case N = 3 has
been treated by Fadeev. (See Footnote 9.)
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If we choose to assume that the theory is asymp-
totically complete, then, since both maps
Q_: Kasym _(}_-1_)). R_
R =R.)
Q,: Kagym L1 R,
are isometric, the operator § = Q}{_ is unitary on
Kasym .

Having set up the necessary scattering formalism,
we must introduce two more concepts essential for
the proof of the cluster property. The first of these is
the operator 7(7), which delays an asymptotic free
state, and the second is the notion of a cluster. It seems
reasonably obvious that the generator of time delays
for an asymptotic free state in channel « should be
the corresponding free Hamiltonian J€,. To see that
this is really so, let us consider two asymptotic states
Jfin D* and

fo == T,0f. (2:5)
It is easily seen that f; is also in D%, and so the corre-
sponding actual states at ¢t =0 are F= Q% and
F, = Q°f,. Using the intertwining relation®

iH iH
QteilHa™ = ¢ rQa,

we can rewrite the latter as

(2.6)

Fr — Qaeiﬂarf= et'HfF;
that is, the actual state defined by F, is the same at
t =0 as was that defined by F at ¢t = —~. This
establishes that f}, as given by Eq. (2.5), is the correctly
delayed asymptotic free state.

We next consider a partition of the N particles
into two disjoint subsets, or clusters, C’ and C”".
Since we have to prove that, when the two clusters
are well separated, each behaves as if the other were
absent, it is natural to introduce cluster Hamiltonians

2
1 _Ds ’
H =32 Vis(x
'Z zmi +i§{l H( H)

and similarly H”, where 3’ denotes summation over
those i and j contained in C’. The Hamiltonian H’
determines the behavior of the cluster C’ in the ab-
sence of C” and vice versa. Clearly

H=H+H +V",

where V" is made up of all potentials which link the
two clusters.

We shall say that the clusters C’' and C” are con-
sistent with a channel « if each fragment of « is
entirely contained in either C’ or C”. In this case the
channel Hamiltonian (2.2) can be split up as H, =
H + H;, where H, contains the energy of those
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fragments belonging to C’, and similarly H. In
terms of these we define Moller wave operators for
each separate cluster:
Q% = lim Q*(),
t—=+tw

where

Qa'(,r) = ¢H'tg~i1H'al
and similarly for C”. Since these operators can be
defined for any channel « which is consistent with
the clusters C” and C”, they define wave operators
Q’, on the whole subspace of Jasym spanned by these
channels.

If o is a channel consistent with C’ and C” and
f'® f" is one of its asymptotic states, then, according
to Eq. (2.5), the operator which delays f’ (while
leaving f” alone) is

Tyr) = ¢H'o,

Just as the operators Q%' led to Q’, so the operators
T,(7) define a delay operator T”(r) on the whole sub-
space of Xasym consistent with the clusters!®* C’ and
(o
Finally, it is convenient for the proofs of Sec. III

to note that the Hamiltonians H’ and H can be
written as

H =P*2M"+ I
and

H, = P?)2M’ + h,, 2.7
and similarly H” and H,, where P’ and M’ are the
total momentum and mass of the cluster C’ and A’
and h, are self-adjoint “internal” Hamiltonians which
commute with P’ (although not with each other).

HI. PROOF OF THE CLUSTER PROPERTY

The principal step in the proof of the timelike
cluster property is the following theorem, whose
proof is given at the end of this section:

Theorem:
[Q() — QO OITY) ——>0  (3.1)

in the strong sense on JX and uniformly in
- <1< oo,

This theorem has the following corollary, whose
proof is also deferred to the end of the section.

Corollary:
[Qf — QYQLITi(r) ——>0
strongly on D=,

3.2)

13 This is the largest subspace on which one wants to define
T“(7), since it is physically meaningless to separate states in the
channel o into clusters C’, C” with which « is inconsistent. (For
example, if particles 1 and 2 belong to the same bound state of
channel a, it is senseless to delay the arrival of 1 but not 2.)
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Since this holds for every channel « which is con-
sistent with clusters C’ and C”, it is in fact true on the
whole subspace of Kasym spanned by these channels;
ie.,

[Q, — QLT > 0 (3.3)

strongly on the subspace of Kasym consistent with
C’and C".

The result (3.3) is the timelike cluster decomposition
of the Mgller operators. From it we can now prove
the cluster property of the .S matrix (1.4):

((g;ll ® gllll)’ S(f; ®fll)> ;_—’17 (glll, Sfl><gllll’ Sf”),
(3.9
where

[ef"=T®f e[,

as defined in Sec. II. The extra primes which appear
in Eq. (3.4) are supposed to emphasize that the
clusters C’, C” into which the initial state is split are
not necessarily the same as C”, C" of the final state.
The case C’ % C” is relatively trivial. In this case f’
and g” contain different particles and the matrix

. element (g"”, Sf’) vanishes, making the limit (3.4) zero.
[This is just as it should be. The probability for the
processes (2N «— N) today and (3N <« 4N) tomorrow
must be zero, even though (SN <« 5N) is perfectly
possible.] When C’ = C” (and hence C" = C™), we
have split initial and final states into the same clusters
and the separated processés (g’ < f') and (g" < f”)
are both allowed. In this case the limit (3.4) is, in
general, nonzero and is physically more interesting.
We consider this latter case first.

A. Separation of Initial and Final States into
Identical Clusters
(gr ® 2", S(f; &)
= (T ® g QTS @ f)
T (T © Qg (UTS © Q7 f)
[by Eq. (3.3)]
= (Q.T'g, Q_ T'f'XQ/g", QLf")
= (g, Sf'Xe", Sf"),
as required. [In passing from the second-to-last line

to the last, I have used the intertwining relation (2.6),
which implies that

(QLT'g, QLTS = (H'Ql g, ¢HQLf)
= (g, 5]

B. Separation of Initial and Final States into
Different Clusters

We have next to consider matrix elements of the
form (T"g, ST'f) where the clusters C’ and C” are
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different. As before,
(T"()e, ST'(@)f) = (Q, T"8, Q_TY)

o (QUQIT"g, QLQITY), (3.5)
by Eq. (3.3). Since Q" and T’ commute, we can now

use the intertwining property for ' and 7', and
similarly for Q" and T". This gives for (3.5)

@HQI0YE, STV QLS. (36)

Finally, we use the fact (whose proof is given at the
end of the section) that, if the clusters C' and C” are
different, then the operator

e—‘H T eiH T

converges weakly to zero (i.c., its matrix elements
go to zero) on X as 7— +oco. This immediately
shows that (3.6) tends to zero, which is the required
result.

This completes the derivation of the timelike
cluster properties, and it remains only to give the three
proofs which have so far been omitted.

C. Proof of Theorem

The result (3.1) which we wish to prove can be
rewritten as

Il - e—thei(H’+H”)t]e—i(Ha'+H¢”)teiHa'z:f” —0
7—=t00

3.7
for all fin X and uniformly in —o0 < ¢t < co. It is

sufficient to prove this on any dense set and we
accordingly consider those f with wavefunctions

SfCe, ooy xy) = g'(XNg" (X' (74" ().
Here X' and X” denote the centers of mass of the two
clusters and g’ and g” are Gaussians of the form

g(x) = ebe—on (3.8)

with @ any vector. The functions ¢’ and ¢” are arbi-
trary £, functions of the internal coordinates y’ and
y" of the clusters C’ and C”.

The first step is to rewrite the operator in square
brackets [---] of Eq. (3.7) as the integral of its
derivative:

¢
[. . .] = lf e—iH! V:,uei(H +H gy
. 0

Using the fact that the norm of an integral is less than
the integral of the norm, we find the following bound
for the left-hand side of Eq. (3.7):

w©
1G3.DI <f "Vl.llei(H’+H")t’e—cH¢ (t—'f)e—‘HG"ff" dr’
—o0

= f ® N(@', t,7)dt. (3.9)
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The well-known property of Gaussian wave packets
that
|(e—w’t/2mg)(x)|2 = Iu'&(t)e—-u(t)(a:—a)2
) =gy, (.10
where

p(t) = (1 + £fm*)7, (3.11)
together with the expansions (2.7) allow us to
evaluate the time dependence of the center-of-mass
part of the wavefunction in Eq. (3.9):

[(MEHE miH (i) e ) (x, - x N)|2
=Wt —7— Wt — OF IgGW, X)g'W', X")
X ¢y, t,t — 1", D5, (3.12)
where the functions ¢(y, t’, t) are related to ¢(y) by

the unitary transformation,
qg'(.’ t, t) = gih't’ e—ih'at¢(.)

and similarly ¢”.

Returning to Eq. (3.9), we note that ¥'*" is a finite
sum of the potentials ¥;; which link the two clusters.
By the triangle inequality it is sufficient to consider

the contribution of each V;; separately. Using the
result (3.12), we find for such a typical contribution

(3.13)

N{Zj = (,ulluﬂ)%fdxl dX// dyl dyu

X |Vix:i)g' (' X')g" (", X")'¢"[%.
To evaluate this integral we replace the variable X”
by x,;, in which case (because x; and x; belong to
different clusters) X" = X' + £, where & is some
linear combination of the remaining variables. The
integration over X’ (i.e., the integration of the two
Gaussians) can now be performed explicitly, giving
an answer which is bounded by

const (1’ + u")%.

The integration over x,; now gives a constant since
V;i(x;;) is £;, and those over ), y” give some other
constant since |¢'| and ||¢"|| are time-independent
[Eq. (3.13)]. The result is therefore

N¥(t',t,7) < const [wp"/(p' + ")t

t—r =1\ (t—\E
= const| 24+ (F=Z=F) 4+ (L=5V ],
comsi |2+ (557 ) + (55

Substitution of this bound into Eq. (3.9) and the
simple change of variable from ¢’ to ¢ — ¢ shows that
the norm (3.7) satisfies

13.DI < constf_idt:[z + (t,;' 7-2) + (_;?)2]—&’

This bound is independent of ¢ and tends to zero as
77— 40. Q.E.D.
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D. Proof of Corollary

To prove the limit (3.2) we use the following three
inequalities. Firstly, from the main theorem (3.1) it
is clear that, given € > 0 and #in J, we can find a
7, such that

Q1) — Q¥ (O OTYNS] < 3e

for all |7| > 7, and all ¢. If we now fix || > =, and
f€ D=, then the usual proof*! of the convergence of
Q%(¢) shows that4

Q@) — LT (S]] < e

for sufficiently large positive ¢ (and the same condition
with Q2 for large negative ¢). Similarly,®

IQ*(HQY (1) — QLQXITYDS | < 3 (3.15)

for sufficiently large z. Combining these three in-
equalities and using the triangle inequality in the form

(3.14)

la—dl < lla—b| + |b—cl + llc—dl,
we find that
Q% — QLT (DS <e

for any [7| > .. Q.E.D.

E. Proof of the Weak Convergence
of exp (—iH"7)exp (iH'7)

If the clusters C’ and C" are different, then there
is at least one particle contained in C’ but not in C”,
or vice versa. We assume the former possibility, and
then label this particle as number 1 and the remaining
particles of C'as 2, -+ -, n.

We wish to prove that

(H''r tH 7L\ oy
il ANl 1 oo 0

for any f; and f, in J. Since it is sufficient to prove the
result for any dense sets in J¢, we consider wave-
functions of the form

fl(xla Y xN) = gl(x1)¢l(x29 ttty xN)

and
fz(xl’ R xN) = g2(X’)¢2(yla Xpt1s " "

where g, and g, are Gaussians of the form (3.8) and
¢, and ¢, are arbitrary £, functions of the remaining
N — 1 variables. Just as in Eq. (3.12), the = depend-
ence of these wavefunctions can be evaluated. Because

’ xN)’

14 One must check that T,/ is in De. This will be done directly.
(See Footnote 15.)

18 By setting = = 0 in the proof of the main theorem, one can see
that the domains of Q2 and Q#'Qe” coincide. The latter domain is
obviously invariant under T and so, therefore, is the former. This
justifies Eqs. (3.14) and (3.15). (See Footnote 14.)
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x, is in C’ but not in C”, the results are

(e )1 - X)) = gal%0) |balxa, * s Xy, )|
and
(€ F ) (xy, -+, X))

= wi@Delp, X ¢y, -5 x5 s
where u(r) and g,(u, X’) are the same as in Eqgs. (3.10)
and (3.11) and ¢,(:, 7) and ¢,(-, 7) are related by uni-
tary transformations to ¢,(-) and ¢,(°) [cf. Eq. (3.13)].
We note that

gz(llX') S 1’
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whence
KeE 1, eH )| < ud() f gi(x) dxy

xf|¢1( .. ,T)qsz(. . ,T)I dx2 .o de'
By the Schwartz inequality, thisis
LM bl el (1 + 72/ M72)E,

Since ||¢|| and ||$,[ are independent of 7, this tends
to zero as 7 — £ 0. Q.E.D.
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THE dissipation function is important to the study
of scattering problems. Equations are derived for
the dissipation functions of an inhomogeneous
finite slab with anisotropic scattering. This paper
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radiative transfer, neutron transport, and mathemat-
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of the dissipation function in various analytical
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studies of transport in a rod. Further, in our most
recent study* we derived, by means of the particle-
counting procedure, an equation for the dissipation
function of a homogeneous slab with isotropic
scattering, and wrote the conservation relation that
relates the reflection, transmission, and dissipation
functions.

Here, with the aid of the invariant imbedding
technique, we derive a complete set of integro-differ-
ential equations for the dissipation functions of an
inhomogeneous finite slab with anisotropic scat-
tering, using the equation of transfer and taking into
account the polarity of the optical properties of the
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2. MONODIRECTIONAL ILLUMINATION
OF THE UPPER BOUNDARY

2.1. Equation of Trapsfer

Consider a plane-parallel, inhomogeneous, and
anisotropically scattering atmosphere of finite optical
thickness (7; — 7). Suppose that parallel rays of
constant net flux = per unit area normal to the direc-
tion of the propagation are falling on the upper surface
7 = 74 in the direction (—g,, ¢,), where pu, (0 <
to < 1) is the cosine of the polar angle measured
from the inward directed normal and the parameter
@, is the azimuth angle (0 < ¢, < 27). Directions
are measured with respect to the upward normal.

We shall use the notation I(r, +u, ¢) 0 < u <1,
0 < ¢ < 2m) to denote an upwelling intensity, and
Ir, —p, ) 0 < 1 <£1,0< ¢ < 27) to denote a
downwelling intensity at level 7. In this case, the polar
angle is measured from the upward-directed vertical
at the upper boundary. We shall also write 7, (7, Q) =
I(, +p, ) and I_(7, Q) = I(=, —Hs 9)-

The equation of transfer appropriate to the non-
classical radiation field takes the form

uldl(r, Q)fdr] = I(r, ) — J(, ), 1)

where Q stands for (4, ) (-1 < u £1,0< ¢ £ 27),
and J represents the source function
J(7, Q) = @
47
where dQ' = du’ d¢’ and the integration intervals for
u and ¢’ are (=1, +1) and (0, 27), respectively.
In Eq. (2), 4 represents the albedo for single scattering
and y is the phase function normalized to 4« on the
unit sphere. The nonclassical radiation field consists
of the diffuse radiation field and the reduced incident
radiation.
Equation (1) should be solved subject to the
boundary conditions

I_(7y, Q) = 70(u — pp)d(p — @),
I+(7'1» Q) = 0.

y(r, Q, Q)(7, ) dQ, (2

(3)
C))
2.2, Scattering and Transmission Functions

On extending the invariant imbedding procedure
given in preceding papers®:® to the case of anisotropic
scattering, and writing

L (79, Q) = (S/4p)(7o, 715 Q, Qy),
I—(Tl’ Q) = (T/4‘u’)(7-0a T15 Q, Qo)

+ 0(u — p)d(p — g~k (6)

5 R. E. Beliman and R. E. Kalaba, Proc. Natl, Acad. Sci. 42, 629
(1956).
¢ S. Ueno, Astrophys. J. 132, 729 (1960).
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where , stands for (g, @) (0 < 1y £ 1,0 < ¢y <
2m), the invariant imbedding equations for the scatter-
ing and transmission functions take the forms

1,1 N
(; + ;())S(r.,,rl; Q, Q9 = 2= (i 0 )

- z(fo){y(ro, Q, —Qy)

1 , dQ’
+ —fS(To, 115 Q, QYy(re, Q', —L) —
47 J- u

dQI[
+ L fy(TO’ Q, Q")S(7q, 715 Q7, Qo) .
47 J+ u

+ 1 2f fs("'m 715 Q, Q)y(7y, ', Q)
167° J- J+
X S(rg, 713 ', Q) X 5’3; )
u
and
1 oT
= T(79,71; Q, ) — — (795 715 Q, Q)
Ho or,
= A(ro){y(n,, —Q, = Qe
+ L f T(ro, 73 Q2 QYy(rg, X, — Q) 4
47 J- i
4 7o o, 9, @S0, 75 @, 20 T
477 + ”I!
+ 1 zf fT(To, 715 £, Q)(7, Q, Q)
167° J- J+
X S(ros 713 2, Q) &% f’ﬂ; ®)

where — € (or —€,) stands for (—g, @) (or —y, @p)»
and subscripts + and — on the integrals indicate
that the integration in the half-range is over positive
or negative values of 4’ only in the phase function. In
other words, the integration intervals for u’ and ¢’
are (0, +-1) and (0, 2#), respectively, irrespective of
the sign of the subscript. Equations (7) and (8) should
be solved subject to the boundary conditions

[S(TO, 715 Qa QO)]ro == 0,

[T, 735 0, Q)] ory= 0. ®

The principle of reciprocity provides us with
S(7o, 715 L, Qo) = S(79, 715 Q, ), (10)
(7o, 713 Q, Q) = T(1y, 79; £y, L), (11)

where T(7y, 7o; £y, Q) is the transmission function
conjugate to T(7y, 71; €2, ) when the lower boundary
7y is illuminated monodirectionally. Equation (7)
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agrees with that given by Goldstein.” In the isotropic
case, Eq. (7) reduces to that given by Busbridge.®
Furthermore, in the homogeneous medium the
scattering and transmission functions reduce to those
given by Chandrasekhar.?

2.3. Invariant Imbedding Equations for the
) Absorption Function
We define the absorption function L in the following
manner. Let

w {the probability of ultimate absorption of 2
Ho photon with direction ~, which is incident
on the upper boundary 7, of the atmosphere
of optical thickness (r; ~— 7,), where ~{
stands for (— 4o, pol-

In other words, =L represents the rate of production
of truly absorbed photons in a cylinder of unit base
area extending from r = 7yto 7 = 7,, the input having
direction (—pu,, @,) and the net incident flux being 7.
The quantity #L corresponds to the total flux of
absorbed radiation.

In a manner similar to the principle of invariance
approach for diffuse reflection and transmission by
a homogeneous slab (cf. Chandrasekhar®), we for-
mulate the principle of invariant imbedding with the
aid of the absorption integral operator £. In this case
we consider the balance of radiation flux in the layer
between + and .

The downward normal flux of radiation I_(r, ),
incident on the level 7, consists of the flux of upgoing
radiation I (r, (2) at any level 7, the flux of downgoing
radiation I_(r,, Q') through the bottom =, and the
flux of downgoing radiation absorbed by the atmos-
phere of optical thickness (7; — 7). Subscripts + and
— refer to upgoing and downgoing radiation, respec-
tively. Therefore, we have

1 o2
fo L @) = LG, @) = Loy, QO i dy’
=C{ (=, M)}, (12)
where the £, operator is defined by

£ /(@) = f f "Lryry, Q) d dg (13)

for range (7;,7;), where 7y < 7, < v, < n. In Eq.
(12) we have L(r, 7, Q') for range (v, £,).

On differentiating Eq. (12) with respect to 7, passing
to the limit = 7y, and making use of boundary

7 J. W. Goldstein, Astrophys. J. 132, 473 (1960).

8 1. W. Busbridge, Astrophys. J. 133, 198 (1961).

% S. Chandrasekhar, Radiative Transfer (Oxford University
Press, London, 1950).
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conditions (3) and (4), we get

J J‘ {[df_{‘)‘, Q’} _ [d1+(7, Q’)] };u' du’' dg'
T=Tg dr F=Tg

_ L f:* {aL(Toa, @ gy

To
dl{r, &) )] Jaw ag. 10
d'r T=tg

On recalling Eqgs. (1)-(6), we obtain (after some
minor rearrangement of the terms) one of the desired
equations:

+ Liry, 7y, n’)[

L L
- _(TOQTls QO) + _(TO’T}., Qﬁ)
To Mo

= Mf L{g, 7, Q)p(7y, Q - Q) @-I
+ 29 [ 0,7, ) 191

agy
f lras @, S 35 2, 09

41— M f W(ro, ¥, —Qg) A
4z

+ ’LIS(TOHTD Q, Qo)i@“ - Z'_(l_(’z
167

f [ #7009, 005000, 0, a0y 2 .
w

(15)

where the lack of a subscript on an integral indicates
that the integration is over the whole range of u’
and ¢’

Similarly, consider another balance equation of
radiation flux in the atmosphere between v, and = as
below: The sum of the downward normal flux of
radiation I_{7,, {2) incident on the upper boundary
7o and the upward flux of the radiation I, (v, Q) at
any level  results in the flux of the diffusely reflected
radiation I, (7, Q), the flux of downward radiation
I_{r, Q) incident on the surface 7, and the flux of the
radiation that comes from the absorption of the
radiation {I_(7,, Q) + I,.(7, Q)}, incident on the upper
boundary and level », by the atmosphere of optical
thickness (r — 7,). Then

[[umo+iew
~ I (74, Q) — I_(r, Q) dp’ d¢’
=£ {I-("o, QI) + I+(T’ Q,)}
2r
_f f L(rg, 7, QY (79, Q) + I(r, Q)} du’ dy'.
(16)
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On differentiating Eq. (16) with respect to =,
passing to the limit 7,, and making use of boundary
conditions (3) and (4), we have

f f {[dh( Q)] T [‘%— () Q’)L,l}”' du' dgy

- f ' f z”{—— (70, 71, Q) (o, )

+ L(Toa Tis Ql)[% (T, Q’):] ’ dﬂ, d(P’ (17)
T T=T1

On using Egs. (1)-(6), we find (after some rear-
rangement of the terms) another important equation:

oL
or,

(105 715 Qo)
_ e—-(fr—fo)/llo(l — @fy('rl, Q', —-Qy) d-Q,)
47

+ };(_'ﬂ) e—(rl—ro)/nof L(To »T1s Q/)'}’(Tl s Q’, —Qo)

477
ase }*(7'1)
,u' + 167*

daQ’
f’y(‘rl,Q QT (79, 115 7, Qo)——

Lryy 7, Q) i‘l

’1(71) f f Wy, Q& QYT (g, 743 ', Qo) dQ

dgy

Q — | T(zg, 713 ', Qo)—-

I
Equations (15) and (18) are the required invariant

imbedding equations, together with boundary con-
dition

(18)

[L(7o> 715 Qo)lryr, = 0. (19)
When no re-emission of interacting photons takes

place (i.e., in the case of pure absorption with 4 = 0),
Eq. (18) becomes

L(7g, 71, Qo) = .“0(1 - e_(rl—m)/uu)- (20)

The above equation is readily derived for the rate of
production of absorbing photons from the equation
of transfer.

Furthermore, passing to the limit = = 7, in Eq.
(12) and using boundary conditions (3), (4), (5), and
(6), we get

D(To, Tis Q0) + 1 fs("'o’ o Q', Qo) do
.‘40 4mpg J+

+ T(7q, 113 &, Qo) dQ' + e~Mi—TlBo — 1,
417;.&,,
(1)

BELLMAN et al.

This represents the principle of energy conservation
for the standard diffuse reflection and transmission
problem in an inhomogeneous medium. Probabilisti-
cally, given a photon incident in a given direction
(—pg, ®o) on the upper boundary, the sum of the
probability of absorption in the finite atmosphere,
the probability of diffuse reflection, the probability
of diffuse transmission, and the probability of direct
transmission results in unity.

In the homogeneous medium with isotropic scat-
tering [i.e., A(7) = 4, »(7, Q, Q) = 1, and 7, = 0],
Eqs. (15) and (18) reduce, respectively, to

("'1 s o) + — (7'1 » o)
Ho

1M , d
- (1+—fS(n;u,uo>i,)
2 Je u

1 /dl
x(x—a+5fL(n,u)i,) @2)
2 Jo H
and

a — 1 , du
(“'1,/‘0) = { e 4 — f ACGH ) _lu,—}
2Jo u

1 ’
X {1 2+ ilj L(n,u’)‘—iﬁ}. 23)
2Jo u

In Eqs. (22) and (23), S(y; @, po) and T(ry; p, pg)
are, respectively, the Chandrasekhar scattering and
transmission functions.

Then, combining Eqgs. (22) and (23), we obtain

A — 1 ~d
L, o) = 5 oL = €71/%) f L(Tl,,u)f,—

1! , d
(1= Dl = et 2 [ stos st

1 1 , d ’
__f T(7y; i, o) i,] +- :u()ffL(Tlnu)
2 Jo u

du’
(503 ', ) = T ' ) W (24

Furthermore, Eq. (20) becomes

1 — e—TI/uo + L(Tl’/“o)

1
+—fsm;u,m)du
Ho 2py Jo

1 , )
+2—fT(n;u,ﬂo)d/4- (25)
[l, 0

0

Equations (23) and (25) coincide, respectively, with
Eqgs. (2) and (6) of Ref. 4.
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3. MONODIRECTIONAL ILLUMINATION OF
THE LOWER BOUNDARY

3.1. Equation of Transfer

Suppose that a parallel beam of radiation of con-
stant flux = per unit area normal to the direction of
the propagation is incident on the lower boundary
7 = 7, of the atmosphere considered in the previous
section at a fixed polar angle cos™ u, (0 < gy < 1)
with respect to the upward normal at the bottom and
at azimuth ¢, (0 < @, < 27).

The equation of transfer appropriate to this case
is given by Eq. (1), together with boundary conditions

I(7,Q)=0, (26)

I(m1, Q) = md(p — p)d(p — @0).  (27)
3.2. Scattering and Transmission Functions
In a manner similar to that given in Sec. 2.2, putting
Li(ro, Q) = (T/4p)(71, 75 Q, Q)
+ (e — pe)d(@ — pole” M, (28)
I_(my, Q) = (5/4u)(1, 705 Q, ), (29)

the invariant imbedding equations for the S(ry, 74;
Q, Q) and T(ry, 7y; Q, Q) functions take the forms

1 1 as
(Zz+ —)S(n,ro; Q, Q) + == (11, 703 @, Qo)
/’to a‘Tl

- ﬂ.(‘rl){y('rl, —~Q, Q)

Q”
+L f Prs Q Q)S(ry, 703 Q, Q) X
47 J- u

1 Q
+L f S(ry 703 @ Qi ', Q) 22
47 J+ ¢

1
+ 2 f f S(Tl ,VTO; Q, Q’)y('rl N Q,, Q”)
167" J+ J-

X S(ry,ma; ¥, Q) X 4 } (30)
7

1 T

L 10 @ Q) + 2L (70 Q, Q)
Mo a”'z ‘
= 1(71)=y(71’ Q, Qo)e—(n—ro)/u

1 aqQ’
+ — fT(Tl > Tos L, Q)y(ry, ', Q) -
47 J+ 12

+ ;‘1; gt f Y1, @ Q)S(ry, 703 @, Q)

QII
iT + ! 2
U 167

f f T(ry, 703 @, Q(m, X, Q1)
+ —_—

X S(71, 705 ", Qp) 1(,2— il"(,l—},
"

4

(31
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together with boundary conditions
[S(ry, 703 Q, QO)]ro=rl =0,
[T(71, 705 2, Q'o)]r,,=,1 =0
The principle of reciprocity is written in the forms
S(r1, 705 Q, Q) = S(71,79; 2, Q),  (33)
T(ry, 795 2, Qo) = T(7o, 715y, Q). . (34)
Apart from matters of notation, Eqs. (30) and (31)
reduce to those given by Yanovitskii.!* Furthermore,
in the homogeneous case the scattering and the

transmission functions reduce to those given by
Chandrasekhar.®

(32)

3.3. Invariant Imbedding Equations for the
Absorption Function
Let

L(ry, 7, Q
Lin, 7o, h) [the probability of ultimate absorption of
Ho photon with direction Q, which is incident

on the lower boundary 7, of the atmosphere
of optical thickness (r; — 7), where €,
stands for (x,, o)l

In a manner similar to that used in a previous section,

we shall formulate the principle of invariant im-

bedding with the aid of the absorption operator

integral £*, defined by

EH{ Q) = f f "Liry 7y, Q)LQ) di 'y (35)

for the range (7, 7;), where 7y < 7, < 7; £ 75

Consider the balance equation of radiation flux in
the atmospheric layer between 7 and =, as follows:
The sum of the downward normal flux of radiation
I_(, Q) incident on the level =, and the upward flux
of the external radiation I, (v, Q) incident on the
bottom, results in the flux of upward radiation I, (r, Q)
at level 7, the flux of the diffusely reflected radiation
I (71, ) at the bottom, and the flux of the radiation
that comes from the absorption of radiation

{L(, Q) + L(71, )},

incident on the level + and on the bottom =, by the
atmosphere of optical thickness (v, — 7). Then

1 pr2r
L UL, @) + I, @)
= L(n Q) — I(ny, Q)}p' dp’ d¢/
=X (7, Q) + L(r,, Q)}, (36)

where L(t;, 75, Q') = L(ry, 7, Q). Equation (36) is
similar in form to Eq. (16) for monodirectional
illumination of the upper boundary.

10 E, G. Yanovitskii, Russ. Astron. J. 38, 912 (1961).
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On differentiating Eq. (36) with respect to 7, passing
to the limit 74, and making use of boundary con-
ditions (26) and (27), we have

[ (o] ~[em]_avsr
= f 1 f h(g’-: (712 70» Q) (ry, )

+L(7'1,"'0sQ')[ = (r, Q’)] }’d,t dg'. (37)

On recalling Egs. (1), (2), and (26)-(29), from Eq.
(37) we get

- Z_Ii (1'1,1‘0, Qﬂ)
To

== e—-—(n—fo)/uu[l —

Aro) , ,
2y, @, ) dn]

+ Zg’q) e__(n—fﬂ)/m)f L(TI s Tas QI)?"(TO L4 Q,’ Qo)

k.

+ M) f f L(ry, 7o, QYp(my, @, Q)

161r
X T(ry, 7o 7, Qo) da del

A.(To) ff y( To» QI Q")T(-r,,'ro, Qﬂ Qo)dgr

dq)’

dQ” 1 ,
T 703 &, Qo)_"-

(38)

Simllarly, consider another balance equatlon of
radiation flux in the atmosphere between 7, and 7 as
follows: The upward normal flux of radiation 7, (, Q)
at the level 7 results in the flux of transmitted radiation
at the upper boundary I, (7, Q), the flux of downward
radiation I_(r, Q) at the level =, and the flux of
radiation that comes from the absorption of radiation
I_(=, Q) by the atmosphere between 7, and =. There-
fore, we have

1 plr
[ [ e o - Lo ) - L 0w aw ay
=L, )}, (39)
where L(7;, 75, Q) = L(7, 79, Q').
On differentiating Eq. (39) with respect to , passing
to the limit =;, and making use of boundary condi-
tions (26) and (27), we obtain

J- rc{[‘i& (r, Q’):L_u-— [dd—I; (r, Q,)Ln}"' ' dy
_.J‘ fﬂr{?_’:(ﬁ,%’ Q) (ry, @)

+ L(7y, 7o, Q’)[-dIJT (7, Q’):' }d,/ do’. (40)

Py
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On making use of Egs. (1), (2), and (26)-(29), from
Eq. (40) we get

_(71:7'09 Qo) + M)

= T Lo, D, no)i‘?-'
+ 13 [ [ Lm0 @t @, 20

1671
X S(Tl, 7‘0; Q”, slo d_g‘}"’ "—'I);""

U
+1- 20y, @, 09 der

+ —l-jsm,n; @, 0907 - 1
6
’ 14 Y/ 4 Q’ Q”
ffy(n,ﬂ Q)S(ry»0; 2, Qo)"
" an

In this case a complete set of the invariant im-
bedding equations consists of Eqgs. (38) and (41),
together with boundary condition

[L(Tlt To>» gzu)]ro =1y =0 (42)

In the case of pure absorption, from Eq. (38) we
have Eq. (20).

Furthermore, passing to the limit r = 7, in Eq.

(39) and using boundary conditions (28) and (29),
we obtain the principle of energy conservation:

L(ty, 7o, Qo) 1 fS(ﬂrl, 705 £2, Q) dQ
[lo 4 ”0

+ 1 J‘T(Tl > Tos Q QO) dQ + e—("l“fo)/ﬂn —= 1
4oy J+
(43)

which is similar in form to Eq. (21).
When A(7) = 4, y(r, Q, Qy) = 1, and 7, = 0, Eqgs.
(38) and (41) become, respectively, Eqs. (23) and (22).
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The Feynman path-integral formulation is used to analyze the grand-partition function Z and the
n-body Green’s function G, or rather their cumulants (or connected parts) G, for a system governed by
p-body interaction potentials v,. It is shown that the functional relationship expressing G, in terms of
vy is invariant under the transformation exchanging —(—)"G,, and v, everywhere. Under the same
transformation log Z undergoes a change of sign. The content of these results is discussed in conclusion.

INTRODUCTION

THERE have been many attempts in the past™2 to
formulate statistical mechanics in such a way as to
replace the potentials appearing in a perturbation
theory by more physical or “observable” quantities
such as densities or Green’s functions. These efforts
toward ‘“renormalized” theories were motivated
either by the search for more convergent expansions
or by the necessity of new, “anomalous” solutions.
We would like to show that there actually exists an
extremely simple duality relationship between poten-
tials and Green’s functions for quantum systems.
More precisely, we are going to show? that the func-
tional forms (as given, e.g., by perturbation theory)
for the grand-partition function Z and the successive
n-body Green’s functions G, in terms of the original
p-body potentials v, governing the system remain
essentially invariant, if, within phase factors, we
exchange everywhere v,, and G,, (or rather the cumu-
lant or “connected” part of G,). In the end, we
comment upon some related results of classical
statistical mechanics, and discuss the meaning and
content of these dual relationships.

The relationships obtained are entirely formal in
the sense that no attempt is made to discuss the con-

* Supported in part by the U.S. Air Force under grant No. AFE
OAR 63-51 and monitored by the European Office of Aerospace
Research.

1 J. Yvon, Act. Sci. Ind. 203 (1935), to quote the earliest attempt
known to the authors, where the one-body potential is eliminated in
favor of the ‘‘observable’ one-body density, yielding, in particular,
the so-called virial expansion,

2 See, for example, the review article of C. Bloch, Studiesin Statisti-
cal Mechanics (North-Holland Publishing Company, Amsterdam,
1965), Vol. 3, p. 1.

® A perturbation expansion approach to this result viewed in the
framework of field theory together with comments on possible
applications to “bootstrap’ theory of interaction is being published
elsewhere; F. Englert and C. De Dominicis, Nuovo Cimento (to be
published).

ditions of existence for the initial, intermediate, or
final steps of the proof.

1. DEFINITIONS

To begin with, consider a system of identical
particies governed by the Hamiltonian

A0, 0) = f 8,01, 1) (D) d1 dr’
. ! (13t
* o f 512, 12)0' (1)0' (2)
x O(YD2) dl d2d1’ d2 + -+, (1)

where variable j stands for position x, (or momentum
k;) and internal degrees of freedom, where #, is the
kinetic part minus the chemical potential, §, a two-body
interaction potential, etc.

Those potentials may also be time-dependent, or
rather “temperature”-dependent, for the purpose of
application to equilibrium statistical mechanics. In
that case, the variable j also includes* a “temperature”
variable @, varying in the interval (0, § = (kT)-1),
where T is the temperature, or the Fourier conjugate
of 4;, @, taking the values 2n,iw/f for a bose system
where n; is any integer. The quantity defined by the
right-hand side of Eq. (1) is, in that case, § times the
Hamiltonian. It is more convenient to use dimen-
sionless variables by introducing 0 < u#; <1 and
w; = 2n,iw, and by always working with the combi-
nations v = B instead of 5. ®' and ® are creation
and annihilation operators properly normalized. In
the following, we consider only bose systems to avoid
signs and we stick to the momentum-‘“energy”
variables to have discrete summations.

4 Section 20 of Ref. 2 discusses the psendoperiodicity conditions
imposed on many-*‘time” potentials.
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II. FEYNMAN PATH-INTEGRAL
FORMULATION

The equilibrium statistical mechanics of such a
system® is contained in the “action”

S(@', ®) =3 dus0,® (Ho() - HE@', @). (2)

For reasons of symmetry and more generality, we
write the action in the form

S,(@', fD)——Z M(1 p g’
@*(1) < ®(p) x D) - - - D(q),

the summation being over the momentum-“energy”
variables k;, w;, and over the subscripts p, g charac-
terizing now the various ‘“potentials” v, ,. Here we
have incorporated the w; term of Eq. (2) in the
one-body part of the action

00107, J) = B6,(J, J) + @64 .

Also, we now have introduced anomalous potentials
Up.¢ (g # p) such as, for example, source or sink
potentials v, ,, v; .

As is well known,5 the grand-partition function is
given by the functional integral

d d
20) = [ 22D exp (5.5, )

= J D(g*, @) exp {S,(¢*, @)},

where the integration is over the c-number variables
®(j) and @*(j), that is, variables indexed by k;, w;.
The domain of integration is the whole space for the
real and imaginary part of each ¢(j). Likewise, the
average T product of any number of operators
(“thermal” Green’s function) is given in Fourier
transform by the dimensionless functional integral
form

Gnm(l 2.

3)

;1,2

D(g*, p)p(1) - -

m’)
*(m')

“p(me*(1) - g

x exp {S,(¢*, 9)}, (4)

or in functional differential form, by

Z()

G,m(1,2 -n; 1,2+ -m’)
1 2 /] m J
=—T1I|- - Z{o}.
zo 2 [ avo,l(j)]rlll[ avl.o(j')] 8 {”})
S

5 See, for example, N. N. Bogoliubov and D. V. Shirkov, Introduc-
tion to the Theory of Quantized Fields (Interscience Publishers, Inc.,
New York, 1959), and J. S. Bell in The Many-Body Problem, E.
Caianiello, Ed. (Academic Press, Inc., New York, 1962), for its
quantum statistical mechanics aspect.
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That is, the quantity p = ¢%/Z can be thought of
as a density matrix in a functional phase space, the
observables (the average value of which are calculated
with the weight p) being products of ¢, ¢* corre-
sponding to T products of operators ®, ®'. To em-
phasize the functional dependence of G, , upon
v, [Whether in its closed form as in the right-hand
side of Eq. (4) or in its perturbation expansion form
in terms of Feynman diagrams], we write

Gn.m(ls 2: M (M 1,’ 2” e m’)

=F,mil, 01 m' v, .}

HI. DUAL RELATIONSHIPS

Let us consider now the generating functional
E(7n*, n), defined by

E(m*,n) = f D(¢*, ¢)

X exp {S@Gp*, @) + 12 (n(Me*(1) + n*(l)tp(l))’ ,
(6)

and expand E(#n*, ) in powers of 7, n*. According
to the definition (4), we have

)

._.(7] 7]) Z(U)[ §q=o(pf'—q -~ q(l - p; .- q:)

X 7% @) 0@ |
If we introduce the cumulants G, ,,, defined by

Gom(1,2,-+-0;1,2, -+ m’)

=,1:Tl [" au,,i(j)lﬁ'[_ ""lj(j )

that is, the “connected” parts of G, ,,, we have

]log Z{s}, (1)

E(n*,m) = Z(v) exp{ > @ G,, (e p1eg)
274 p q
p+e #0
X (1) - o) - -n(q')}. ®)

Again, to exhibit the functional dependence of G, ,,
upon the “potentials” v,, ,, we write

Gon@,2,:--m;1,2,
=f“'m{1...n;l'...

com)
m' v,
where ¥, ,, may bé thought as the sum of all con-
nected Feynman diagrams with m incoming and n

outgoing external lines, constructed with vertices
—v, , and propagator [v;,] %
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TasLe I. Correspondence between original and dual systems.

Original system

Dual system

Potentials

Upiq
Grand partition function Z{v,o}
Cumulants Gmmg ceeni )

=3"n.m{l"'n;1""m

— _(}')””Gaq
Z{— (i’ Gp,q}t = Z vy}
=@ " Onm(1 e 3 1)

4 I Uzm} = Fpm{l - n r---m l —(i)ﬁ'vép.o}

A. Dual Relationships for Z

We now integrate both sides of Eq. (8) over all
variables #n*, 7. The left-hand side, as given by Eq.
(6), yields a product of § functions in ¢*, ¢ for each
corresponding variable in %*, » space. Hence, after
integrations over ¢*, ¢, we obtain an exponential
with null argument. We thus have

1 =Z{v,} Z{— (i)pﬂép,qh ©
where Z{—(i)*+*G, ,} is the grand-partition function
where the potentials v, , occurring in the “action” are
replaced by the cumulants G, , multiplied by — (i)**<.

B. Dual Relationships for G, ,,

We integrate both sides of Eq. (8) over , n* after
multiplication by

exp (-—i );, @(Dge (1) + n*(l)%(l)))-
We obtain

exp {Sy(pe » go)} = Z(v) f D(r*, )

x exp (So(n* 1) = i 3 (DRI D + 7° Vg
where Sz is obtained from S, by substituting
— ()76,  for v, 4.

Again, expansion of the right-hand side in powers
of pf , @, gives
exp {Sy(ps ‘P:)} = Z{v, JZ{—()"** Go.a)

x [S e am e w @

X §l1) - @0 90|
where
() -+ q@n*() - - (MmN
=F il ol m' | = (PG,
is the Green’s function in a dual system where the
potentials v, , are replaced by —(i)*+G, . Using Eq.
(9) and the definitions of the cumulants, we obtain
._(i)”‘l'mvﬂ‘m(l R N 1' «on m')
=F, U eem | =G, ) (10)
Thus, in this dual system, the cumulants [that is, in
perturbation theory, the sum of all connected dia-

grams constructed with vertices (i)?+G,, ., propagator
[G111"! and having m incoming, n outgoing lines]
are, within a phase factor, numerically equal to the
original potentials v, ,,. We have the correspondence.®
See Table I.

C. Alternate Form

Suppose, for simplicity, the system to be “normal,”
that is
Gouw=0, n#m
Call
Gun=G,.
We also have
G, =G,
diagonal in k, w space, and we recall that the un-
perturbed propagator in the original system is
G" = (o4,
Define the “correlation functions™ C,, by
G (l,- - nm 1, 1)
= [Gi(1) - - Gi(MG,(1) - - Go(1)]
X C,(1-+-myl"---n). (11)
By changing variables of integration in Eq. (8) from
n(j) to 7(j) with
() = APIG(PI,
we obtain the duality relationship in the form
log Z{[G"]™; 0} = + 3 log Gi(J)

= log Z{[G\]"; =(—)"C,}. (12)
In the original system, we had

propagator: G{® = [v,,],

13)
vertices: —v, = —v,,, 7> L
In the dual system, we have
propagator: G, = [Ci]7, 14)
vertices: (—)°C,, n> 1,

¢ Results of Table I remain valid if the factors ({)?+¢ or (/)"*"™ are
suppressed everywhere (this immediately follows from the structure
of the diagram expansions, for example). In that form, however, the
propagator has an opposite sign.

Results of Ref. 3 for field theory are recovered by the substitutions

+ o
i +» dw
porima 3 - [

where @ is the usual energy variable.
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and we have the correspondence (n > 1):
C, = sum of all distinct Feynman diagrams with their
2n external lines removed, built with propagator
G{®, vertices —v,,p > 1; (13
— (=), = sum of all distinct Feynman diagrams
with their 2n external lines removed,
built with propagator G,, and vertices
(=)Cop > 1. (16)

D. Dual Equations of Motion

The hierarchy of equations of motion for the
original system can be viewed as expressing that, by
partial integration, one has

fD(qv ?)
f D(¢* p)p(1)

an

Py )exp (S,) =0,

exp (S,)

0
dgp(1')
= —tuu [ Dg* Desp (50 (19)

Likewise, dual equations of motion follow by partial
integration of the integrand exp (Sg) upon 7*(j) or
7(j). However, they are equations which couple each
“correlation function” C, to all higher-order C,,
withr=0,1,2,--

IV. EXTENSIONS AND DISCUSSION

The procedure used here for a quantum system
could also be applied to the functional integral form
of spin, Ising or classical systems.” The results would
be slightly more complicated, because the unperturbed
part of the effective “action” is in those cases non-
linear in the field variables (p*, ). i

It is interesting to notice that in the case of classical
systems, whether or not at equilibrium, one has the
following *“‘dual’” relationships®:

!
”u(la 2,00 n) = E P J‘DP(L 2,:p)
pzn (p — n)!
X dmn+ Ddrn+2)---dp, (19)

D,1,2,--+n)
= _1- 2(—_J.Iun+p(1 2 > 1 + P)
n!

xdn+ Ddn+2)---dn+p. (20)
Here each variable j stands for position andmo men-
tum, u(l1, 2, - « - n) is the average n-point distribution

7 See, for example, S. F. Edwards, Phil. Mag. 4, 1171 (1959) for
classical systems; B. Miihischiegel and H. Zittartz, Z. Physik 175,
553 (1963) for Ising systems.

8 ). Yvon, Les corrélations et I'entropie en mécanique statistique
classique (Cie Dunod, Paris, 1966). Equations (19) and (20) of the
text are his equations (4) and (5), Chap. 2, Sec. 2.
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function, and D(1, 2, -- - n) is the density in phase
space of a system of n particles. Equation (19) is a
definition of g, in terms of D,; Eq. (20) is the result
of inverting Eq. (19) to obtain D, in terms of u,.
J. Yvon? has also written relationships nearly identical
to (19) and (20) for quantum statistical mechanics.
Clearly, Egs. (19) and (20) contain only the combi-
natorics of statistical mechanics, In contradistinction,
the dual relationships established in Sec. III are also
containing quantum dynamics through the starting
form of the “action” and, in particular, the linearity
in the fields ¢*, ¢ of its unperturbed part.

From the point of view of “renormalization,” the
dual formulation of quantum statistical mechanics is
not very satisfactory for at least two reasons. First,
the conjugate variables v, and C,, are not on an equal
footing. For example, a system having v, #% 0,
vy, = 0, r > 0, has, in general, a/l its C,’s nonvanish-
ing. If the potentials v, are indeed the “natural”
variables of log Z, the correlation functions C, are
usually understood as “natural” variables for the
entropy, that is, for the quantity

F*! = log Z{v} + E IGPMr* + mi]GI(j)

+Tr2( )sz 2y

Here the trace is over v, and G, considered as matrices
with oneindex 1,2, - - -, p and the other 1/, 2’, - - - p'.

Using Eqgs. (12) and (16), the entropy can then be
written as a functional of the C,’s alone:

F=)C, - Cpe o} = 3 [log Gi(j) + 0,Gy(J)]

® 1
+ Tr [El (p~—!)20,,{01 Gyt -}G,}
— log Z{[G,]}; —(=)"C..},
where v,{C,--- C, - -} is given by Eq. (16).
There is actually a considerable amount of cancella-
tion between the last two terms of Eq. (22). The
functional logZ contains all connected diagrams,
whereas F{*) will turn out to contain only a much
restricted class of diagrams (irreducible diagrams and
“ladders™). The analysis of these cancellations together
with the introduction of new independent “observables”
conjugate to v, is the object of a separate paper.1®
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Potential scattering is formulated in terms of an integral equation on the group space of Os. The
potential need not be spherically symmetric except at large distances from the scattering center.

1. INTRODUCTION
N particle physics, the physical assumptions are
usually expressed either in group or in dispersion
language. By establishing a correspondence between
group space and momentum space, it is perhaps
possible to relate these two approaches in an inter-
esting way. We have attempted to explore this idea by
formulating the general scattering problem in terms
of an integral equation on the space of the symmetry
group.

Here we present some results for potential scat-
tering. The method is not restricted to spherically
symmetric potentials, although we work with O;.
However, we do assume that space is isotropic far
from the scatterer.

2. INTEGRAL EQUATIONS IN
MOMENTUM SPACE

We consider the integral equations for the Green’s
function and the scattering amplitude:

(E — g, p) — J 7 — p)g@", p) dp”

=d&p—p), 21
10.0) =F@.p) — [ L@ SUEDE @

where

3
Ve —p) = (Zi) J oY (x) dx  (2.32)
T

= (=277, p),
and we have taken 2m = h = 1.
Let us put z = E + ie and regard these equations
as functions of the complex parameter z:

0* ~ D, p's 2) + f 70 — 9@, v, 2) dp’
= —3(p — P,
1

f,p,2) + f 7~ 1) Wf ®",p',2) dp’
=f@. @2)
We may first solve these equations for z real and
negative; the scattering solution may then be obtained
by continuation to the positive real axis, since

(2.3b)

1)

* Work supported in part by the National Science Foundation.

g, p',2) and f(p,p’, z) are regular everywhere in

the complex z-plane with the exception of the real axis.
The reason for proceeding in this way is to connect

with a compact, rather than a noncompact, group.

3. GROUP SPACE
We transform these equations into integral equations
on the group space of Oy by introducing the following
correspondence between a point (p) in momentum
space and a point (w) in group space:
iew _ Po + i‘P°' - 3.1)

Po — ipo

The components of p provide a stereographic co-

ordinate system for group space. In this coordinate
system the group metric! is

8ap = G26aﬂ > (3.2)
where
2
G= 2P° 5 (3.2a)
P+ p

By Eq. (3.2) the group metric is determined by the
free propagator.

Alternatively one assigns a non-Euclidean metric to
momentum space in a way which depends on the
local propagator. With this metric momentum, space
is the group space, and its volume is, of course, finite.

The irreducible representations of the rotation
group Di _(p) satisfy the orthogonality relations

f D4, (0D D)t dp = 67 8,8, Qd,, (3.3)

where

d,=2j+1, (3.3a)

¢t =G (3.3b)
and Q is the volume of the group space

Q = }=°p}. (3.30)

Let us introduce the orthonormal set

D,(®) = (d;/Q DL (p), u=(jmn). (3.4)
Then,

'[ D@D p) dr =0, dr=gtdp. (3.5

1 R. Finkelstein, J. Math. Phys. 8, 443 (1967).
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The 6 function on the group space is
D@ — p) = 2 D, (D)
n

This function is related to the usual ¢ function on
momentum space in the following way:

s —p) = ¢'D — p)
= ¢ 3 D,@)D.@).
B
4. INTEGRAL EQUATIONS ON
GROUP SPACE

Let us now put z = —p?, where p, is real, into Eqs.

(2.1") and (2.2'), since we are going to obtain solu-
tion for z real and negative.

At the same time, we introduce the new (amputated)
functions

(3.6)

3.7
(3.72)

G(p, P) = G (p/po)g@, p)G*(P'[ps),  (4.1)
F(p,p) = G (p/lp)f(0, )G (P'[py). (42)
Then,
G(p, p) — (27*pd™ f Fo, ¥)GW', ) dr”
= —D(p — p)/p;, (43)

F(p, ) — Qr*pd)~ f o, pYFQ", ) dr”

= F@. ). (44)
The amputated Green’s function and scattering
amplitude satisfy integral equations which differ only
in the inhomogeneous term.
It is now natural to expand the two point functions
on the group space in terms of the irreducible repre-
sentations:

Fp, ) = 3 D%, 0,0, (4.5)
F(p, p') = 2 D,(p)e, D,(p), (4.6)
- G, p) =2 D@7 D\, 4.7
and, of course,
D(p,p) = ; D,(»)D,(p). (4.8)

Substituting in the integral equations, one obtains

the algebraic equations
— Qe 3 Ly = =

— [e] o
Cpy — (27721’3) ! ; Cuilay = c;gv,

with the solutions

wlPs,  (4.9)

(4.10)

1 1
B T S
_ ¢
1= Qe
= —picy, (4.12)
and
poy + @n*ppyle = —1. (4.13)
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Therefore, the Green’s function and scattering
amplitude are given explicitly by continuation of the
following expressions‘ '

—G(p,p) = —2 Z DMt — 27*pey e D),
” (4.14)

F(p,p) = 3 DIt — 27°py) ¢, Du(p)-
w (4.15)

If the matrix ¢ happens to be diagonal, these results
are particularly simple, but in any case, one has a
formal solution of the scattering problem. It follows
from (4.13) that

G, p) + (27°pYy'F(p, »') = —3 D, (»)D,(0")
= —d(p — p)G(p),
(4.16)

or

(P2 + PHe®, @5 + p'D + Q7)Y (p, p)
= —4(p — p)(P* + pd).

In particular, if p # p’,

~27%g(p, ) = (p5 + PO (0, )} + PO

4.17)

(4.17a)
5. BOUND STATES
The condition for bound states is
o(p) = Fp, p)@@) dr’,  (5.1)
where
O(p) = G *(p/p)V(p),

and ¢(p) is the probability amplitude in momentum
space. Putting

O(p) =2 V,D(p), (5.2)
we obtain
z (Coul + 277’2E6“)V;' = 0. (5.3)
A
The condition for an eigensolution is
|6,y + 2m2ES,,| = 0, (5.4

which, of course, is the condition that ¢ becomes
singular or that the inversion of (4.9) and (4.10) is not
possible.

If ¢ happens to be diagonal, then

G = (N, po)d,s (5.52)

or
¢(N, po) = —27*E(N), (5.5b)
where N labels the bound state. That is, when p,

corresponds to a bound state, the following condition
is satisfied:

&(N, po) — 27 = 0.
6. DISCUSSION OF THE MATRIX ¢

In order to investigate this method, it is necessary
to learn something about ¢, which determines the

(5.5¢)
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representation of the Born approximation on the
group space. We have, by inverting (4.5),

&, = f B0, 2)D,@)D,@) drdr,  (6.1)
where

F(p, p) = —27°G(p/po)G~ (' [po)V(p — P')
= —27%G(p/p)G P’ o) f 00Xy (x) dx.

(6.2)
Therefore,
8y = —2m f dx V(%) f drG(p)e™* D,(p)
x [ 6 (pre D, @)
= —27? f dx V)T, (0)(x), (6.3)
where
¥ (x) = f PG p)D(p) dr  (6.4a)

= fe"""‘Gz(p)D,.(p) dp.

The G*(p/po)D,(p/p,) are known to be eigensolutions
of the Coulomb problem in the momentum repre-
sentation,! provided that p} = —E, where E belongs
to the Balmer spectrum. They are, however, not
eigenfunctions of the angular momentum. The ¥',(x)
are therefore eigenfunctions of the Coulomb problem
in configuration space under the same restrictions.
They are, of course, not eigenfunctions of the angular
momentum either.

According to (6.3), the matrix ¢é is obtained by
calculating matrix elements of the arbitrary potential
V(x) with respect to the basis ¥, (x)—which we shall
call the Coulomb basis, even when p, is not determined
by the Balmer formula.

Another way to characterize the functions ¥’/ is as
follows:

(6.4b)

e—-ipx

— ‘}P .D .
Clpy ~ 2 PH0D®)

It is important to notice that these functions are
not orthonormal, and therefore,

(@)1 #~ Q) f T,V @PY,(x) dx.
In fact,

(32);:1 = g Couacoaz
— @3 ( f 7Y, dx) ( f TV, dx)

= 2% f dx dx' V(R V()T 4(x)

(6.5)

X (Z ‘I’,(X)‘T’,(X’)), (6.6)
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where
3 ¥,®)F,(x)

=3 f f dp dp' e e GX(p)G¥(p')D,(p) D.(p').
But

2 D@D, (p) = é(p — )G,
and therefore,

g \Fﬂ(x)l?”(X') = fdpeib(x’—x)G(p)

= 2ri6(x — %),  (6.7)
where .
0 1 .
G(x) = — e d
=) 2w 2+ P P

1 )
= e'™ dp, 6.8
27* JpPP — E P ©8)

which is, after continuation, the usual Green’s function
of the free particle. It follows from (6.6) that

() = Qmpt f f P,®VEEX — X)

X V(W (x) dx dx’
and the complete perturbation expansion of the
amputated amplitude follows from (4.12),

=&l + Qu*p) e+ -],
and therefore is

F(p,p) = 2 Dy(p) { f ‘?,,(x)[(—znz)V(x) + (—27%?
XfV(X)CO;(x — XV (x)dx + - -:I‘Fl(x) dx}Dl(p’)

- G—l(p)G-l(p'){(—zwz) f 03 V(x) dx

+ (_2ﬂ2)2ffei(p—p’)x

x V(x)G(x — x)W(x') dx dx’ + - - }

by Eq. (6.5). The scattering amplitude itself is

e py =@ f+f6f+-1p) (69
which is a more familiar form of the solution to the
Lippmann-Schwinger equation.

7. CASIMIR POTENTIALS
The simplest potentials in the present approach lead
to matrices ¢ (and therefore ¢) which are diagonal and
will be called diagonal potentials. In addition, let the
diagonal entries depend only on j and not on m and n;
that is, the potential is a Casimir operator with respect
to the group and will be called a Casimir potential.
Then,
cuv = C(N) 6[lv’

Yy = Y(V) Opy

(.1
(71.2)
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The Coulomb potential is the simplest such example,
but all Casimir potentials may be treated in the same
way as we now show. We now have

Ia 1 j » '
Fp,p) = jZ Ne(N)D.(9) D7 (),
where N = d; = 2j + 1 by (3.4). Then,

F@,P) =— Z=NC(N)x‘N "(pp'™)
=2 3 NetNZ$) (73)
N=1
where
( N) Sln N ¢
()= sin ¢ (7.4)
is the character, and
sin® $¢ = G(p)(P ~ P)*G(p)/p;- (7.5)

The connection between momentum space and group
space is made explicit in (7.5).
For the Green’s function, we have similarly

: 13
G, ) = 3 Ny(Ny'M(9). (1.6)
NZo
8. COULOMB POTENTIAL
In this case, we know!
F ) = ap,| & 5 D1, 0)D%,0)
jmn
o1
= e’nlp, z DM®D,P)— 8.1)
" a,
or
o e*mp,
Cpy = —96,, 8.2
M N (8.2)
Then,
&,y = €O where §=24 (8.3)
uv uv s N ) \ 5.
¢,y = cd,,, where c¢= A , 8.9
—a
Vuy = ¥Y0,,, where y = N , (8.5)
N—a
and
A = etnip,, (8.6)
a = ¢e*2p,. 8.7
To evaluate F(p, p’) and G(p, p’), consider
® N N N
H(u, $,a) =3 Nz (P’
N=1 N—a
d 2 Y™
= u— . 8.8
# du Nz=1 N—a &8)
Let
= pet, (8.9)
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Then
sin ¢ 2isin ¢
and
d

H(u, ¢,a) = El—l S(u, ¢, a), (8.10)

where

© x — xN

S(u, ¢, =, 8.11
. ¢ a) = 21sm¢§ N—a @11

We choose an integral representation of the sum as
follows:

0 3 1
z —_ z xNj yN-—a—l dy
1 1 0

=f1y—a—1 xy dy
0 1—xy
and

1
S, ¢, a) = i f VI — 2uy cos ¢ + u®'T dy.

N—a

(8.12)
Therefore,
d (* py_*dy
H(u,
(b, . ) = d,uf1—2,uycosq$+,u”y2
a4 y
_ dvy ™ 1 fad
'uf Y dul — 2ucos ¢ + u%?
1
= u dyy uy .
”L d(uy) 1 — 2u cos ¢ + (uy)?
(8.13)
Similarly,
dH ! d d
== = | dyy™ —=—(uy) Sorar
du  Jo d(uy) """ d(uy)1 — 2ucos ¢ + uy
(8.14)
From Egs. (7.3) and (8.4), we have the scattering
amplitude:
F@p,p)==>— 8.15
R T A I CED
_4 H(1, @, a). (8.16)
The corresponding expression for the Green’s functxon
follows from (7.6) and (8.5):
1 2
—G(p,p') = —; N 8.17
(. p") o X (9 @17
= ( H 4,0) - 819)
“op\a PV
Therefore,
1 d y
F(p, d —— ,
@.p) = Q vy dy(1—2ycos</>+y2)-
(8.19)
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~6@.p) = o

Qp? yy y

() dy” dy

X (l -2 cclws ¢+ y2)' 620

This representation of the Coulomb Green’s function
has been given by Schwinger.?
9. GENERAL CASIMIR POTENTIAL

The general diagonal potential may be expressed in
terms of the Coulomb potential by introducing the
Stieltjes transform:

e(N) = f L ON - di, (9.1)

where

&y = 2-3-” [c(Ae™) — che™™)]  (9.1a)

is the discontinuity of ¢(4) on the negative real axis.
Then, by (7.3) and (9.1),

Fpp) =+ f a3

x”(r,é)
-1 f dAEHH(, &, —1)

.__f dzc(i)fdﬂ ( 2ycis¢+)’)

or
' Y
F(p,p")=— — dy, (9.2
@0 =5 [t N (e LA
where
iy = [Tdnyran o2
0
is the Mellin transform.
Starting from (7.6), we similarly obtain,
y
G(p,p)=— — dy, (9.3
0n)=4 [0 (o) 09
where $(p) is the Mellin transform of
FO) == [0 =y 932)
10. WATSON TRANSFORM
We again start with
Nl
Fe.p) =73 ; Ne(NM(p".  (10.0)

Since N and %V (¢$) both vanish at N = 0, the sum may
be extended to include N = 0, unless c(N) becomes
correspondingly infinite. We consider only those
potentials for which ¢(N) does not increase so fast.

1 3, Schwinger, J. Math. Phys. 5, 1606 (1964).
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Let us next make a Watson-Sommerfeld trans-
formation by choosing a contour which includes the
entire real axis. Then,

@p 2945

When the contour is opened up, one obtains poles
from only c¢(4). Then, in the usual way,

L[ 2

1(_”)16(;_);{(1)(55) di. (10.2)
sin 74

F(p,p)= —
@ ») 2iQ Ji-iw sin 74
+ _1: z rkak(':—,u) kx k(¢) R (10.3)
Q% sin 7a,

where the sum is over the poles of ¢(2) and r; is the
residue at g;.
In the Coulomb case, we have, by Eq. (8.4),

, iA Lrtiao a(_)zxz

F(p, =— _—

@) =20 ) e G — a)sin A
+é[wf1("')a]x(a)’ (10_4)

Q| sin ra
and

dH
G(p,p) = — =|— s 10.5
®p) = Q( d#)m (10.5)

where H(p) is by Eq. (8.8) the same as Eq. (10.1) and
therefore, also the same as Eq. (10.3) with

Q
N) = .
o(N) N —a
Therefore,
H(p) = — l e (—)* 2™ da
2i }. —a
(=%, (10.6)
sm na
1 FA-too evillzx(l)
G(p, da
(p P ) 2i Q L—fo0 A— a
2
+ =" g (10.7)
sin wa

11. CONTINUATION TO POSITIVE ENERGY

To obtain the physical limit, we continue from
z= —pi to z =154 ie, where s is the scattering
energy. Then,

G(p/p)y” =1 + p'lps =1 — p'lz.
After continuation to the scattering region, we have

Gl ——S_ i, 11.1
s + ie s ( )
Then,
é l — EG »
sin® & ~ — ; (® — p)G(PG(P),
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where G(p) and G(p') both stand for sfie. Then also
2 , '
cos ¢ ~=G(P)G()P — P )%
. 2i 12 ne
sin ¢ ~= G(P)G(P)P — P>

et ~ 0,
€% ~2cos .

Now let
x =™
4 ' '
= GOGE)@ — p)* (11.2)
The character then goes to the following limit:
idg _ —idd
=~ (119
ev —¢
and (10.3) gives us
: prLtio EEPAY Ve )
QF(p, p') = - M{_ﬁ)_x_ di
2 Ji-in sin 7
Bk 071
I ) T
x sin 7a,

As we approach the physical limit, x — o0 and
the integral goes as xZ 1,

Now assume that there are no poles of c¢(4) to the
left of the imaginary axis (the situation for the
Coulomb potential). Then the terms in the sum do
not vanish faster than x—*. On the other hand, since
L <0, the integral disappears in the physical limit
and the exact solution is simply

, r (__ k5 Ok
Fp,p) = - 3BT )
x & sin way
In the Coulomb case,
A) = , = 1.
c(4) —a #

Then there is just a single pole at a, and therefore,

 Aa(—1) %!

Fp,p) = - s (11.6a)
Q sin 7a
which in the limit is the same as
Fp,p) = — 29 priey@  (11.6b)
€ sin 7a

where y'* is the character, and
A = ezﬂzpo,
a = é[2p,,
Q = #*pi/4.

This expression for the scattering amplitude agrees
with that found by Okubo and Feldman.®

3 8. Okubo and D. Feldman, Phys. Rev. 117, 292 (1960).

R. FINKELSTEIN AND D. LEVY

It is remarkable that this simple expression is the
exact solution of the Coulomb problem. To express it
in a more familiar form, return to the variable x and
use (11.2). Then,

2 4(p - pl)2 —a
o p) = — —— [— ]
(r-pY s
x I'A — aP(1 + IG(P)G(P], (11.7)
e .
a=—Ii
2p
The dependence on ¢ = —(p—p’)® is correct.

However, the factor [G(p)G(p)]* becomes «o® as one
goes onto the energy shell. This feature of the result
stems from the infinite range of the Coulomb potential
and requires a renormalization which distinguishes
between the assumed asymptotic plane waves and the
actual asymptotic states which are distorted plane
waves. This point has been discussed by several
authors.* In the Appendix, it is shown that in the
physical limit

1 2
G(p)G(p")* — [ (=" (11.8
COEEN — | 0 19
One then gets the usual result for the complete
amplitude:
—(i/2)e% k) — (io®
t ) I'l1 — (ie®[2k)] 11.9)

N
fp, p) = t( 4s L[t + (ie*2k)]

In the general case of a Casimir amplitude, one finds
from Eq. (11.5) and (11.8)

n_ 1 =1 + ap)

f(,p) tgrk( S) Tl—ay

This general result may be described as a super-

position of Coulomb-like amplitudes. It is not the

same as the amplitude produced by a superposition of

Coulomb potentials, which, of course, would still be a

Coulomb potential and would still be described by
only a single pole.

12. REGGE POLES

The basis functions appearing in the expansion (10.1)
are the characters of the rotation group and are
related to the Tschebyscheff polynomials as follows:
Uyi(x) = xN = (sin N¢/sin ¢), where x = cos ¢. In
the Coulomb bound state problem, these basis
functions are labeled by the principal quantum
number. Therefore, we have an expansion in partial
waves which are Tschebyscheff instead of Legendre
functions and these are labeled by the principal in-
stead of the angular momentum quantum number.
The operator corresponding to the principal quantum
number may be expressed in terms of the Runge-Lenz

(11.10)

4 See, for example, W, Ford, Phys. Rev. 133, 1616 (1964).
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vector. In the general non-Coulombic case, this vector
is not conserved, but it may still be used to define the
partial waves of Eq. (10.1). That is, of course, analo-
gous to using an expansion in angular momentum
states when the potential is not spherically symmetric.

We have made a Watson-Sommerfeld transfor-
mation of the character expansion instead of the
Legendre expansion, and have thereby obtained a
representation of Casimir scattering amplitudes as a
sum over poles in the N plane, instead of the L plane.

According to Regge, the Watson-Sommerfeld
transformation of the Legendre series for a Yukawian
amplitude leads to the result that the scattering
amplitude at large, unphysical (¢/s) approaches the sum

Xz
fp,p) = E-.ﬂ#(— i) :
x sin moy 2s
where the o« are poles of the partial waves of the
Legendre expansion when continued into the complex
L plane. The corresponding transformation of the
character series for Casimir amplitudes leads to the
exact representation, valid at all physical #/s:

T 1\
fp,p)=3—* ak(—-),
© sin ma, s

where the g, are the poles of the partial waves of the
character expansion when continued into the complex
N plane. It follows that the amplitudes produced by
Yukawian potentials behave at large /s like Casimir
amplitudes insofar as they may be represented by Egs.
(12.1) and (12.2). Of course, the g, trajectories are not
the same as the «, (Regge) trajectories, although they
both give the bound states (for positive integral L
and N, respectively). Finally, the Yukawian matrix
does in fact approach diagonal form at large s/u.

13. REMARKS
(a) This last result suggests that an approximate
method based on the smallness of the off-diagonal
elements might be useful.
(b) The general method indicated here can be
applied to potentials which are not isotropic, and
avoids the nen-separability problem of the Schrodinger

(12.1)

(12.2)

complex p' plane

k+ie

Fic. 1. Contour used in integration.
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equation. In particular, it appears natural to investi-
gate multipole potentials since they are simply
derivatives of the Coulomb potential and simpler in
the context of the rotation group than Yukawians
(and also less singular than r—™),

(c) The general potential corresponding to the
matrix ¢ is not local. Although all local potentials may
be represented in this way, it would be interesting to
know how locality limits &.

APPENDIX
We are interested in the limit of
L(p, p') = [G(P)G(P)I*
as we go onto the energy shell. As already remarked,
L(p, p") blows up if taken between states of precisely
defined momentum, but these are not correct
asymptotic states if the potential has infinite range.
Therefore, we assume initial and final wave packets
w(p — k) and calculate the following amplitude:

um=“lmwww—mmw—mamw
Then, L(k) = I(k)?, where
KD=fW@WMP—an

To calculate this, choose wave packets of the following
form:

wp(p — k) = &(Q — €)
(p—K) .
exp (1 X ) exp ( i
2mi(p — k — ie)
This packet has a spread A and, as A — 0, becomes a

0 function. We have explicitly (after angular integra-
tions)

(» -A’ k))

X

0 i~k A —ilp'—k) /A
I(k) = J’ dp'le e 1
o @ri)p' + kP — k — i

We evaluate this integral by utilizing the contour shown
in Fig. 1.

In the limit A — 0, only the contribution from the
cut A is significant. The path B gives a part which goes
to zero like A. We find that

1a

=D Ay T
10 =0 — i Y = ra =i ™

We renormalize by dropping the infinite phase factor
(o). Then we find that

um=ﬁﬁ%5ﬁAW%

as claimed.
A more careful discussion of this question will be

found in a forthcoming paper by one of the authors

(D. L)).
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A necessary condition on any pair-correlation function, arising from the symmetry of a system of

three or more identical particles, is derived.

THE purpose of this paper is to point out a necessary
restriction on the pair-correlation function corre-
sponding to a three- (or more) particle system.

By a pair-correlation function, we mean that func-
tion C(¢£) which denotes the probability of encountering
any two particles at a distance £ from each other (we
consider here a one-dimensional laboratory space).
This is the pair-correlation function we are forced to
use if the system under consideration consists of identi-
cal bosons or fermions (i.e., particles without individu-
ality), and is the function we may choose to use if
we are interested in the distance between any two par-
ticles, regardless of identity, even in the case of dis-
tinguishable particles.

‘We are concerned here with a system of a finite
number of particles N > 3 distributed over the space
—0<LxK +oo.

[ *C@) de = (N - DN

is the normalizing condition.

C(&) =C(-9%
and
C(¢) > 0 everywhere.

We now establish a further condition:

2a -+ 0
f CHE<3 f C®de foralla.
a 0

The proof is as follows.

Consider any conﬁguration'of labeled particles 1, 2,
3, - - - in the locations x,, x5, X3, " "
This corresponds to a system of the following values:

E=5 =40 —xy), E=&=(x, — x)) = —&,
f=f=4(1— %), E=85=(x—x)=—&,

and
=& =4(xy—x3) =& — &,
=& = (x3 — X)) = & — &= —¢&;.

Thus, we have a “Ritz spectrum” (a triplet in the
positive region of &) such that the location of any
“line” (4 function) is given by a & value which is the
sum or difference of the & values of the other two lines.
A consequence of this relationship within the triplet
is that at most two of the J functions may be in the
interval a < & < 2a, since, for any two d-function
members of a Ritz triplet within the interval a <
& < 24, there must be a third é-function member of
the triplet outside that interval, either in the interval
0 < £ < a or in the region 2a < & Thus, for this
Ritz spectrum’s contribution R(£) to C(£) we have

f “RE)dE <} L "R@®)dE foralla. (1)

Any C(&) function can be regarded as a superposi-
tion of such Ritz triplets. Now the relationship (1) is
“inherited” in the sense that any superposition of
R’s again fulfills the condition (1). Hence,

J “C©dE< 3 f “C(e)dé foralla. QE.D.

We had to choose the somewhat awkward integral
condition (1), since the Ritz principle as such is not
“inherited” in the semse that it does not hold in
general for a superposition of “alien” triplets, and
thus does not yield a necessary condition on the
correlation function.

The restriction is significant for systems of particles
whose interactions include short-range repulsion, and
for fermions in general. It holds & fortiori for N > 3.
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